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A
bstract

M
ost

irrationality
proofs

rest
on

the
follow

ing
criterion

:

A
real

num
ber

x
is

irrational
if

and
only

if,
for

any
ε

>
0,

there
exist

tw
o

rational
integers

p
and

q
w

ith
q

>
0,

such
that

0
<

|qx
−

p|
<

ε.

W
e

survey
generalisations

of
this

criterion
to

linear
independence,

transcendence
and

algebraic
independence.
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Leonhard
E
uler

(1707
–

1783)

1748
:
Irrationality

of
the

num
ber

e
=

2.718
281

828
459

0
...

T
he

num
ber

e
=

∑n≥
0

1n
!

is
irrational

C
ontinued

fractions
expansions.

http://www-history.mcs.st-andrews.ac.uk/
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Joseph
Fourier

(1768
-

1830)

P
roof

of
E
uler’s

1748
result

on
the

irrationality
of

the
num

ber
e

by
truncating

the
series

e
=

∑n≥
0

1n
! ·

C
ourse

of
analysis

at
the

É
cole

P
olytechnique

P
aris,

1815.
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Frits
B

eukers
(2008)

:
irrationality

of
e −

1

N
!e −

1
=

N
∑n

=
0

(−
1)

nN
!

n
!

+
∑m
≥

N
+

1

(−
1)

m
N

!

m
!

·

T
ake

for
N

a
large

odd
integer

and
set

A
N

=
N

∑n
=

0

(−
1)

nN
!

n
!

·

T
hen

A
N
∈

Z
and

A
N

<
N

!e −
1

<
A

N
+

1

N
+

1 ·

H
ence

e −
1

is
irrational.
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Irrationality
proof

Let
ϑ
∈

Q
,
say

ϑ
=

a/b.
T

hen
for

any
p/q

∈
Q

w
ith

p/q
$=

ϑ
w
e

have

|qϑ
−

p|≥
1b ·

P
r
o
o
f
:
|qa
−

pb|≥
1.

C
onsequence.

Let
ϑ
∈

R
.
A
ssum

e
that

for
any

ε
>

0,
there

exists
p/q

∈
Q

w
ith

0
<

|qϑ
−

p|
<

ε.

T
hen

ϑ
is

irrational.
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Irrationality
of

ζ(3),
follow

ing
A
péry

(1978)

T
here

exist
tw

o
sequences

of
rational

num
bers

(a
n )

n≥
0

and
(b

n )
n≥

0 ,
such

that
a

n
∈

Z
and

d
3n b

n
∈

Z
for

all
n
≥

0,
w

ith

lim
n→
∞
|2a

n ζ(3)−
b
n | 1

/n
=

( √
2
−

1)
4,

w
here

d
n

is
the

lcm
of

1,2,...,n
.

W
e

have
d

n
=

e
n
+

o(n
)
and

e
3( √

2
−

1)
4

<
1.

S
et

q
n

=
d

3n b
n ,

p
n

=
2d

3n a
n ,

so
that

0
<

|q
n ζ(3)−

p
n |

<
ε
n

w
ith

ε
n
→

0.

8
/
54



Infinitely
m

any
odd

zeta
are

irrational

T
anguy

R
ivoal

(2000)

Let
ε

>
0.

For
any

suffi
ciently

large
odd

integer
a,

the
dim

ension
of

the
Q

–vector
space

spanned
by

the
num

bers
1,

ζ(3),
ζ(5),

···
,ζ(a)

is
at

least

1
−

ε

1
+

log
2

log
a.
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R
eferences

S
téphane

F
ischler

Irrationalité
de

valeurs
de

zêta,
(d’après

A
péry,

R
ivoal,

...),
S
ém

.
N

icolas
B
ourbaki,

2002-2003,
N
◦

910
(N

ovem
bre

2002).

h
t
t
p:/

/
w
w
w
.
m
a
t
h
.
u
-
p
s
u
d
.
f
r
/∼

f
i
s
c
h
l
e
r
/
p
u
b
l
i
.
h
t
m
l
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C
hristian

K
rattenthaler

and
T
anguy

R
ivoal

http://www-fourier.ujf-grenoble.fr/∼
rivoal/articles.html

C
.
K

rattenthaler
et

T
.
R
ivoal,

H
ypergéom

étrie
et

fonction
zêta

de
R
iem

ann,
M

em
.

A
m

er.
M

ath.
S
oc.

1
8
6

(2007),
93

p.
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C
riterion

:
necessary

and
suffi

cient
condition

W
e

saw
that

any
ϑ
∈

R
for

w
hich

there
exists

a
sequence

(p
n /q

n )
n≥

0
of

rational
num

bers
w

ith

0
<

|q
n ϑ
−

p
n |

<
ε
n

w
ith

ε
n
→

0

is
irrational.

C
onversely,

given
ϑ
∈

R
\
Q

,
there

exists
a

sequence
(p

n /q
n )

n≥
0

w
ith

0
<

|q
n ϑ
−

p
n |

<
ε
n

and
ε
n
→

0.

M
ore

precisely,
given

ϑ
∈

R
,
for

each
real

num
ber

Q
>

1,
there

exists
p/q

∈
Q

w
ith

|qϑ
−

p|≤
1Q

and
0

<
q

<
Q

.

H
ence,

for
ϑ
$∈

Q
,
there

exists
a

sequence
(p

n /q
n )

n≥
0

w
ith

0
<

|q
n ϑ
−

p
n |

<
1q
n

and
q
n
→
∞

.
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G
ustave

Lejeune–D
irichlet

(1805
-

1859)

G
.
D

irichlet

1842
:
B
ox

(pigeonhole)
principle
A

m
ap

f
:
E
→

F
w

ith
C

ard
E

>
C

ard
F

is
not

injective.
A

m
ap

f
:
E
→

F
w

ith
C

ard
E

<
C

ard
F

is
not

surjective.
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P
igeonhole

P
rinciple

M
ore

holes
than

pigeons
M

ore
pigeons

than
holes
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/
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E
xistence

of
rational

approxim
ations

For
any

ϑ
∈

R
and

any
real

num
ber

Q
>

1,
there

exists
p/q

∈
Q

w
ith

|qϑ
−

p|≤
1Q

and
0

<
q

<
Q

.

P
roof.

For
sim

plicity
assum

e
Q
∈

Z
.
T
ake

E
=

{
0,{ϑ},{2ϑ},...,{(Q

−
1)ϑ},

1 }
⊂

[0,1],

w
here

{x}
denotes

the
fractional

part
of

x
,
F

is
the

partition
[0,

1Q

)
, [

1Q
, 2Q

)
,
..., [

Q
−

2

Q
, Q
−

1

Q

)
, [

Q
−

1

Q
,1 ]

,

of
[0,1],

so
thatC

ard
E

=
Q

+
1

>
Q

=
C

ard
F
,

and
f

:
E
→

F
m

aps
x
∈

E
to

I
∈

F
w

ith
I
+

x
.
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H
erm

ann
M

inkow
ski

(1864
-

1909)

H
.
M

inkow
ski

1896
:
G

eom
etry

of
num

bers.
T

he
set

C
=

{(u
,v)∈

R
2

;|v|≤
Q

,
|vϑ
−

u|≤
1/Q

}
is

convex,
sym

m
etric,

com
pact,

w
ith

volum
e

4.
H

ence
C
∩

Z
2$=

{(0,0)}.
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A
dolf

H
urw

itz
(1859

-
1919)

A
.
H

urw
itz

1891
For

any
ϑ
∈

R
\
Q

,
there

exists
a

sequence
(p

n /q
n )

n≥
0

of
rational

num
bers

w
ith

0
<

|q
n ϑ
−

p
n |

<
1

√
5q

n

and
q
n
→
∞

.
M

ethods
:
C
ontinued

fractions,
Farey

sections.

B
est

possible
for

the
G

olden
ratio

1
+
√

5

2
=

1.618
033

988
749

9
...
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Irrationality
criterion

Let
ϑ

be
a

real
num

ber.
T

he
follow

ing
conditions

are
equivalent.
(i)

ϑ
is

irrational.
(ii)

For
any

ε
>

0,
there

exists
p/q

∈
Q

such
that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

εq ·

(iii)
For

any
real

num
ber

Q
>

1,
there

exists
an

integer
q

in
the

interval
1
≤

q
<

Q
and

there
exists

an
integer

p
such

that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

1qQ
·

(iv)
T

here
exist

infinitely
m

any
p/q

∈
Q

satisfying
∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

1
√

5q
2 ·
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Irrationality
criterion

(continued)

Let
ϑ

be
a

real
num

ber.
T

he
follow

ing
conditions

are
equivalent.
(i)

ϑ
is

irrational.
(ii)’

For
any

ε
>

0,
there

exist
tw

o
linearly

independent
linear

form
s

L
0 (X

0 ,X
1 )

=
a

0 X
0
+

b
0 X

1
and

L
1 (X

0 ,X
1 )

=
a

1 X
0
+

b
1 X

1 ,

w
ith

rational
integer

coeffi
cients,

such
that

m
ax {|L

0 (1,ϑ
)|

,
|L

1 (1,ϑ
)| }

<
ε.

19
/
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P
roof

of
(ii)⇐

⇒
(ii)’

(ii)
For

any
ε

>
0,

there
exists

p/q
∈

Q
such

that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

εq ·

(ii)’
For

any
ε

>
0,

there
exist

tw
o

linearly
independent

linear
form

s
L

0 ,
L

1
in

Z
X

0
+

Z
X

1
such

that

m
ax {|L

0 (1,ϑ
)|

,
|L

1 (1,ϑ
)| }

<
ε.

P
roof

of
(ii)’

=⇒
(ii)

S
ince

L
0 ,

L
1

are
linearly

independent,
one

at
least

of
them

does
not

vanish
at

(1,ϑ
).

W
rite

it
pX

0 −
qX

1 .
P
roof

of
(ii)

=⇒
(ii’)

U
sing

(ii),
set

L
0 (X

0 ,X
1 )

=
pX

0 −
qX

1 ,
and

use
(ii)

again
w

ith
ε

replaced
by

|qϑ
−

p|.
20
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Irrationality
of

at
least

one
num

ber
Let

ϑ
1 ,...,ϑ

m
be

real
num

bers.
T

he
follow

ing
conditions

are
equivalent
(i)

O
ne

at
least

of
ϑ

1 ,...,ϑ
m

is
irrational.

(ii)
For

any
ε

>
0,

there
exist

p
1 ,...,p

m
,q

in
Z

w
ith

q
>

0
such

that

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣
<

εq ·

(iii)
For

any
ε

>
0,

there
exist

m
+

1
linearly

independent
linear

form
s

L
0 ,...,L

m
w

ith
coeffi

cients
in

Z
in

m
+

1
variables

X
0 ,...,X

m
,
such

that

m
ax

0≤
k≤

m
|L

k (1,ϑ
1 ,...,ϑ

m
)|

<
ε.

(iv)
For

any
real

num
ber

Q
>

1,
there

exists
(p

1 ,...,p
m

,q)
in

Z
m

+
1

such
that

1
≤

q
≤

Q
and

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣ ≤
1

qQ
1
/m

·

(v)
T

here
is

an
infinite

set
of

q
∈

Z
,
q

>
0,

for
w

hich
there

there
exist

p
1 ,...,p

m
in

Z
satisfying

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣
<

1

q
1+

1
/m

·
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Linear
independence

Irrationality
of

ϑ
:
m

eans
that

1,ϑ
are

linearly
independent

over
Q

.

Irrationality
of

at
least

one
of

ϑ
1 ,...,ϑ

m
:
m

eans
(ϑ

1 ,...,ϑ
m

)$∈
Q

m
.
A
lso

:
m

eans
that

the
dim

ension
of

the
Q

–vector
space

spanned
by

1,ϑ
1 ,...,ϑ

m
is
≥

2.

Linear
independence

of
1,ϑ

1 ,...,ϑ
m

over
Q

:
m

eans
that

for
any

hyperplane
H

:
a

0 z
0
+

···+
a

m
z

m
=

0
of

R
m

+
1

rational
over

Q
(i.e.

a
i ∈

Q
),

the
point

(1,ϑ
1 ,...,ϑ

m
)

does
not

belong
to

H
.

T
ranscendence

of
ϑ

:
m

eans
that

1,ϑ
,ϑ

2,...,ϑ
n
...

are
linearly

independent
over

Q
.
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C
harles

H
erm

ite
(1822

-
1901)

C
harles

H
erm

ite

1873
:
H

erm
ite’s

m
ethod

for
proving

linear
independence.

Let
ϑ

1 ,...,ϑ
m

be
real

num
bers

and
a

0 ,
a

1 ,...,
a

m

rational
integers,

not
all

of
w

hich
are

0.
T

he
goal

is
to

prove
that

the
num

ber

L
=

a
0
+

a
1 ϑ

1
+

···+
a

m
ϑ

m

is
not

0.

H
erm

ite’s
idea

is
to

approxim
ate

sim
ultaneously

ϑ
1 ,...,ϑ

m
by

rational
num

bers
p

1 /q,...,p
m

/q
w

ith
the

sam
e

denom
inator

q
>

0.
23

/
54

L
=

a
0
+

a
1 ϑ

1
+
···+

a
m
ϑ

m

Let
q,p

1 ,...,p
m

be
rational

integers
w

ith
q

>
0.

For
1
≤

k
≤

m
,
set

ε
k

=
qϑ

k −
p

k .

T
hen

qL
=

M
+

R
w

ith

M
=

a
0 q

+
a

1 p
1
+

···+
a

m
p

m
∈

Z

and
R

=
a

1 ε
1
+

···+
a

m
ε
m
∈

R
.

If
M
$=

0
and

|R
|
<

1
w
e

deduce
L
$=

0.
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Z
ero

estim
ate

M
ain

diffi
culty

:
to

check
M
$=

0.

W
e

w
ish

to
find

a
sim

ultaneous
rational

approxim
ation

(q,p
1 ,...,p

m
)

to
(ϑ

1 ,...,ϑ
m

)
outside

the
hyperplane

a
0 z

0
+

a
1 z

1
+

···+
a

m
z

m
=

0
of

Q
m

+
1.

T
his

needs
to

be
checked

for
all

hyperplanes.

S
olution

:
to

construct
not

only
one

tuple
u

=
(q,p

1 ,...,p
m

)
in

Z
m

+
1\

{0},
but

m
+

1
such

tuples
w

hich
are

linearly
independent.

T
his

yields
m

+
1

pairs
(M

k ,R
k ),

k
=

0,...,m
in

place
of

a
single

pair
(M

,R
),

and
from

(a
0 ,...,a

m
)$=

0
one

deduces
that

one
at

least
of

M
0 ,...,M

m
is

not
0.

25
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R
ational

approxim
ations

(follow
ing

M
ichel

Laurent)

Let
(ϑ

1 ,...,ϑ
m

)∈
R

m
.

T
hen

the
follow

ing
conditions

are
equivalent.

(i)
T

he
num

bers
1,ϑ

1 ,...,ϑ
m

are
linearly

independent
over

Q
.

(ii)
For

any
ε

>
0,

there
exist

m
+

1
linearly

independent
elem

ents
u

0 ,u
1 ,...,u

m
in

Z
m

+
1,

say

u
i
=

(q
i ,p

1
i ,...,p

m
i )

(0
≤

i≤
m

)

w
ith

q
i
>

0,
such

that

m
ax

1≤
k≤

m

∣∣∣∣ ϑ
k −

p
k
i

q
i ∣∣∣∣ ≤

εq
i

(0
≤

i≤
m

).
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H
erm

ite
–

Lindem
ann

T
heorem

H
erm

ite
(1873)

:
transcendence

of
e.

Lindem
ann

(1882)
:

transcendence
of

π
.

H
erm

ite
–

L
in

d
em

an
n

T
h
eorem

For
any

non–zero
com

plex
num

ber
z,

at
least

one
of

the
tw

o
num

bers
z,

e
z

is
transcendental.

C
orollaries

:
transcendence

of
log

α
and

e
β

for
α

and
β

non–zero
algebraic

num
bers

w
ith

log
α
$=

0.

27
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Lindem
ann

–
W

eierstraß
T

heorem

Let
β

1 ,...,β
n

be
algebraic

num
bers

w
hich

are
linearly

independent
over

Q
.
T

hen
the

num
bers

e
β
1,...,e

β
n

are
algebraically

independent
over

Q
.

E
quivalent

to
:

Let
α

1 ,...,α
m

be
distinct

algebraic
num

bers.
T

hen
the

num
bers

e
α

1,...,e
α

m
are

linearly
independent

over
Q

.
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C
arl

Ludw
ig

Siegel
(1896

-
1981)

S
iegel’s

m
ethod

for
proving

linear
independence.

Let
ϑ

1 ,...,ϑ
m

be
com

plex
num

bers.

C
.L.

S
iegel

1929
:

A
ssum

e
that,

for
any

ε
>

0,
there

exists
m

+
1

linearly
independent

linear
form

s
L

0 ,...,L
m

,
w

ith
coeffi

cients
in

Z
,
such

that

m
ax

0≤
k≤

m
|L

k (1,ϑ
1 ,...,ϑ

m
)|

<
ε

H
m
−

1

w
here

H
=

m
ax

0≤
k≤

m
H

(L
k ).

T
hen

1,ϑ
1 ,...,ϑ

m
are

linearly
independent

over
Q

.
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Linear
independence,

follow
ing

Siegel
(1929)

H
eight

of
a

linear
form

:
H

(L
)

=
m

ax|coeffi
cients

of
L|.

E
xam

ple
:
m

=
1

(irrationality
criterion).

A
real

num
ber

ϑ
is

irrational
if

and
only,

for
any

ε
>

0,
if

there
exists

tw
o

linearly
independent

linear
form

s
L

0 (X
0 ,X

1 )
and

L
1 (X

0 ,X
1 )

in
Z

X
0
+

Z
X

1
such

that|L
i (1,ϑ

)|
<

ε.

S
ketch

of
proof

of
S
iegel’s

criterion.
A
ssum

e
1,ϑ

1 ,...,ϑ
m

are
linearly

dependent
over

Q
.
Let

L
∈

Z
X

0
+

···+
Z

X
m

be
a

non–zero
linear

form
vanishing

at
(1,ϑ

1 ,...,ϑ
m

).
A
m

ong
L

0 ,...,L
m

,
select

m
linear

form
s,

say
L

1 ,...,L
m

,
w

hich
constitute

w
ith

L
a

com
plete

system
of

linearly
independent

form
s

in
m

+
1

variables.
T

he
determ

inant
∆

of
L
,L

1 ,...,L
m

is
a

non–zero
integer,

hence
its

absolute
value

is≥
1.

Inverting
the

m
atrix,

w
rite

∆
as

a
linear

com
bination

w
ith

integer
coeffi

cients
of

the
L

i (1,ϑ
1 ,...,ϑ

m
)

(1
≤

i≤
m

)
and

estim
ate

the
coeffi

cients.
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C
riterion

of
Y
u.

V
.
N

esterenko
Let

ϑ
1 ,...,ϑ

m
be

com
plex

num
bers.

Y
u.V

.N
esterenko

(1985)

Let
α

and
β

be
tw

o
positive

num
bers

satisfying
α

>
β
(m
−

1).
A
ssum

e
there

is
a

sequence
(L

n )
n≥

0
of

linear
form

s
in

Z
X

0
+

Z
X

1
+

...+
Z

X
m

of
height≤

e
β
n

such
that

|L
n (1,ϑ

1 ,...,ϑ
m

)|
=

e −
α

n
+

o(n
).

T
hen

1,ϑ
1 ,...,ϑ

m
are

linearly
independent

over
Q

.

E
xam

ple
:
m

=
1

–
irrationality

criterion.
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Sim
plified

proof
of

N
esterenko’s

T
heorem

Francesco
A
m

oroso
P
ierre

C
olm

ez

R
efinem

ents
:

R
aff

aele
M

arcovecchio,
P
ierre

B
el.
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Irrationality
m

easure
for

log
2

:
history

∣∣∣∣ log
2
−

pq ∣∣∣∣
>

1q
µ

H
erm

ite–Lindem
ann,

M
ahler,

B
aker,

G
el’fond,

Feldm
an,...

:
transcendence

m
easures

G
.
R
hin

1987
µ
(log

2)
<

4.07
E
.A

.
R
ukhadze

1987
µ
(log

2)
<

3.89
R
.
M

arcovecchio
2008

µ
(log

2)
<

3.57

33
/
54

R
ecent

developm
ents

S
téphane

F
ischler

and
W

adim
Z
udilin,

A
refinem

ent
of

N
esterenko’s

linear
independence

criterion
w

ith
applications

to
zeta

values.
P
reprint

M
P
IM

2009-35.
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R
ecent

developm
ents

S
téphane

F
ischler

and
T
anguy

R
ivoal,

Irrationality
exponent

and
rational

approxim
ations

w
ith

prescribed
grow

th.
T
rans.

A
m

er.
M

ath.
S
oc.

,
to

appear.
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J.
Liouville

(1809
–

1882)

Liouville’s
inequalities

easiest
:
integers

a
∈

Z
,
a
$=

0
⇒

|a|≥
1.

rational
num

bers
:

r
=

a/b
∈

Q
,
r
$=

0
⇒

|r|≥
1/b.

algebraic
num

bers
:

α
∈

Q
,
α
$=

0
⇒

|α|≥
1

H
(α

)
+

1 ·
1844
E
xistence

of
transcendental

num
bers
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C
riteria

for
transcendence

and
algebraic

independence

A
com

plex
num

ber
ϑ

is
transcendental

if
and

only
if

1,ϑ
,ϑ

2,...,ϑ
n
...

are
linearly

independent
(over

Q
).

C
om

plex
num

bers
ϑ

1 ,...,ϑ
m

are
algebraically

independent
if

and
only

if
the

num
bers

ϑ
i11
···ϑ

imm
,
((i1 ,...,im

)∈
Z

m≥
0

are
linearly

independent.

H
ence,

criteria
for

linear
independence

yield
criteria

for
transcendence

and
for

algebraic
independence.

Furtherm
ore,

criteria
for

transcendence
are

special
case

(m
=

1)
of

criteria
for

algebraic
independence.
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T
ranscendence

and
D

iophantine
approxim

ation
by

algebraic
num

bers

R
ecall

:
C
riterion

for
irrationality.

A
real

num
ber

ϑ
is

irration
al

if
and

only
if

there
is

a
sequence

of
good

rational
approxim

ations
(p

n /q
n )

n≥
0

w
ith

p
n /q

n
$=

ϑ
.

G
eneralization

for
fixed

degree
:

given
a

positive
integer

d,
a

com
plex

num
ber

ϑ
is

n
ot

algeb
raic

of
d
egree

≤
d

if
and

only
if

there
is

a
sequence

of
good

algebraic
approxim

ations
(α

n )
n≥

0
w

ith
α

n
algebraic

of
degree

≤
d

and
α

n
$=

ϑ
.

D
urand’s

criterion
for

transcendence
(1974)

:
a

com
plex

num
ber

ϑ
is

tran
scen

d
ental

if
and

only
if

there
is

a
sequence

of
good

algebraic
approxim

ations
(α

n )
n≥

0
w

ith
α

n
algebraic

and
α

n
$=

ϑ
.
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A
lain

D
urand

(1949–1986)C
inquante

A
ns

de
P
olynôm

es
–

F
ifty

Y
ears

of
P
olynom

ials
Lecture

N
otes

in
M

athem
atics,

S
pringer

V
erlag

1
4
1
5

(1990).

P
roceedings

of
a

C
onference

held
in

honour
of

A
lain

D
urand

at
the

Institut
H

enri
P
oincaré

P
aris,

France,
M

ay
26–27,

1988
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T
ranscendence

and
D

iophantine
approxim

ation
by

polynom
ials

A
com

plex
num

ber
ϑ

is
transcendental

if
and

only
if

there
is

a
sequence

(P
n )

n≥
0

of
polynom

ials
in

Z
[X

]
such

that|P
n (ϑ

)|
is

non–zero
and

sm
all,

in
term

s
of

the
degree

d
n

and
the

height
(m

axim
um

of
the

absolute
values

of
the

coeffi
cients)

of
P

n .

E
xistence

of
a

sequence
:
D

irichlet’s
box

principle.
G

iven
ϑ
∈

C
,
there

exists
P
∈

Z
[X

]\
{0}

such
that|P

n (ϑ
)|

is
sm

all.
If

ϑ
is

transcendental,
then

|P
n (ϑ

)|
is

non–zero.

Low
er

bound
:
Liouville’s

inequality.
If

ϑ
is

algebraic
and

|P
n (ϑ

)|
is

non–zero,
then

|P
n (ϑ

)|
cannot

be
tw

o
sm

all.
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A
leksandr

O
sipovich

G
elfond

(1906
-

1968)
D

irichlet
:
G

iven
ϑ
∈

R
,
d

>
0

and
H

>
0,

there
exists

a
non–zero

polynom
ial

P
∈

Z
[X

]
of

degree
≤

d
and

height≤
H

such
that|P

(ϑ
)|≤

c(ϑ
)
dH

−
d.

For
som

e
specific

ϑ
,d,H

,
m

uch
sm

aller
values

for
|P

(ϑ
)|

can
be

reached.

O
f
course,

this
happens

w
hen

ϑ
is

algebraic
of

degree
≤

d,
but

also
for

instance
w

hen
ϑ

is
a

Liouville
num

ber
and

d
=

1.

Fundam
ental

result
by

G
el’fond

:
If

there
is

a
“regular”

sequence
of

P
n

such
that|P

n (ϑ
)|

is
quite

sm
all,

then
ϑ

is
algebraic

and
all

P
n (ϑ

)
vanish.
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A
lgebraic

independence
m

ethod
of

G
el’fond

A
.O

.
G

el’fond
(1948)

T
he

tw
o

num
bers

2
3 √

2
and

2
3 √

4
are

algebraically
independent.
M

ore
generally,

if
α

is
an

algebraic
num

ber,
α
$=

0,
α
$=

1
and

if
β

is
a

algebraic
num

ber
of

degree
d
≥

3,
then

tw
o

at
least

of
the

num
bers

α
β,

α
β

2,
...

,α
β

d−
1

are
algebraically

independent.
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G
el’fond’s

transcendence
criterion

(1949)

S
im

ple
form

:
G

iven
a

com
plex

num
ber

ϑ
,
if

there
exists

a
sequence

(P
n )

n≥
1

of
non–zero

polynom
ials

in
Z

[X
],

w
ith

P
n

of
degree

≤
n

and
height≤

e
n,

such
that

|P
n (ϑ

)|≤
e −

6
n

2

for
all

n
≥

1,
then

ϑ
is

algebraic
and

P
n (ϑ

)
=

0
for

all
n
≥

1.
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R
ob

T
ijdem

an
and

D
ale

B
row

naw
ell

70’s
:
S
im

plification
et

extensions
due

to
R
.
T

ijdem
an,

W
.D

.
B
row

naw
ell,...

http://www.wiskundemeisjes.nl/20080830/ridder-tijdeman/
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G
el’fond’s

transcendence
criterion

F
irst

extension
:
R
eplace

the
upper

bound
for

the
degree

by
d

n ,
the

upper
bound

for
the

height
by

e
h

n,
and

the
upper

bound
for|P

n (ϑ
)|

by
e −

ν
n.

A
ssum

ptions
on

the
sequences

(d
n )

n≥
1 ,

(h
n )

n≥
1

and
(ν

n )
n≥

1
:

d
n
≤

d
n
+

1 ≤
κ
d

n ,
d

n
≤

h
n
≤

h
n
+

1 ≤
κ
h

n ,

w
ith

som
e

constant
κ
≥

1
independent

of
n
,
and

(
m

ain
assum

ption)
ν

n /d
n h

n
→
∞

.
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T
ranscendence

criterion
w

ith
m

ultiplicities
W

ith
derivatives

:
G

iven
a

com
plex

num
ber

ϑ
,
assum

e
that

there
exists

a
sequence

(P
n )

n≥
1

of
non–zero

polynom
ials

in
Z

[X
],

w
ith

P
n

of
degree

≤
d

n
and

height≤
e

h
n,

such
that

m
ax { ∣∣P

(j)
n

(ϑ
) ∣∣

;
0
≤

j
<

tn }
≤

e −
ν

n

for
all

n
≥

1.
A
ssum

e
ν

n tn /d
n h

n
→
∞

.
T

hen
ϑ

is
algebraic.

D
ue

to
M

.
Laurent

and
D

.
R
oy

(1999),
applications

to
algebraic

independence
w

ith
interpolation

determ
inants.
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C
riterion

w
ith

several
points

G
oal

:
G

iven
a

sequence
of

com
plex

num
bers

(ϑ
i )

i≥
1 ,

assum
e

that
there

exists
a

sequence
(P

n )
n≥

1
of

non–zero
polynom

ials
in

Z
[X

],
w

ith
P

n
of

degree
≤

d
n

and
height≤

e
h

n,
such

that

m
ax { ∣∣P

(j)
n

(ϑ
i ) ∣∣

;
0
≤

j
<

tn ,
1
≤

i≤
s

n }
≤

e −
ν

n

for
all

n
≥

1.
A
ssum

e
ν

n tn s
n /d

n h
n
→
∞

.
W

e
w

ish
to

deduce
that

the
num

bers
ϑ

i
are

algebraic.

D
.
R
oy

:
N

ot
true

in
general,

but
true

in
som

e
special

cases
w

ith
a

structure
on

the
sequence

(ϑ
i )

i≥
1 .

C
om

bines
the

elim
ination

argum
ents

used
for

criteria
of

algebraic
independence

and
for

zero
estim

ates.
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Schanuel’s
C
onjecture

Let
x

1 ,...,x
n

be
Q

-linearly
independent

com
plex

num
bers.

T
hen

at
least

n
of

the
2n

num
bers

x
1 ,...,x

n ,
e

x
1,...,e

x
n

are
algebraically

independent.

In
other

term
s,

the
conclusion

is

tr
d
eg

Q
Q

(x
1 ,...,x

n ,
e

x
1,...,e

x
n )
≥

n
.
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D
ale

B
row

naw
ell

and
Stephen

Schanuel
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H
ow

could
w
e

attack
Schanuel’s

C
onjecture

?

Let
x

1 ,...,x
n

be
Q

–linearly
independent

com
plex

num
bers.

Follow
ing

the
transcendence

m
ethods

of
H

erm
ite,

G
el’fond,

S
chneider...,

one
m

ay
start

by
introducing

an
auxiliary

function
F

(z)
=

P
(z,e

z)

w
here

P
∈

Z
[X

0 ,X
1 ]

is
a

non–zero
polynom

ial.
O

ne
considers

the
derivatives

of
F

F
(k

)
=

(
ddz )

k

F

at
the

points
m

1 x
1
+

···+
m

n x
n

for
various

values
of

(m
1 ,...,m

n )∈
Z

n.

50
/
54

T
he

derivation

LetD
denote

the
derivation

D
=

∂

∂
X

0
+

X
1

∂

∂
X

1

over
the

ring
C

[X
0 ,X

1 ],
so

that
for

P
∈

C
[X

0 ,X
1 ]

the
derivatives

of
the

function

F
(z)

=
P

(z,e
z)

are
given

by
(

ddz )
k

F
=

(D
kP

)(z,e
z).
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A
uxiliary

function

R
ecall

that
x

1 ,...,x
n

are
Q

–linearly
independent

com
plex

num
bers.

Let
α

1 ,...,α
n

be
non–zero

com
plex

num
bers.

T
he

transcendence
m

achinery
produces

a
sequence

(P
N

)
N
≥

0

of
polynom

ials
w

ith
integer

coeffi
cients

satisfying
∣∣∣∣∣ (D

kP
N ) (

n
∑j=

1

m
j x

j ,
n

∏j=
1

α
m

j

j

) ∣∣∣∣∣ ≤
exp

(−
N

u)

for
any

non-negative
integers

k
,
m

1 ,...,m
n

w
ith

k
≤

N
s
0

and
m

ax{m
1 ,...,m

n }
≤

N
s
1.
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R
oy’s

approach
to

Schanuel’s
C
onjecture

(1999)
Follow

ing
D

.
R
oy,

one
m

ay
expect

that
the

existence
of

a
sequence

(P
N

)
N
≥

0
producing

suffi
ciently

m
any

such
equations

w
ill

yield
the

conclusion
:

tr
d
eg

Q
Q

(x
1 ,...,x

n ,α
1 ,...,α

n )
≥

n
.

N
ew

conjecture
equivalent

to
S
chanuel’s

one,
in

the
spirit

of
know

n
transcendence

criteria
by

G
el’fond

(1949),
C
hudnovsky,

P
hilippon,

N
esterenko,

Laurent...

D
.
R
oy.

A
n

arithm
etic

criterion
for

the
values

of
the

exponential
function.

A
cta

A
rith.,

9
7

N
◦

2
(2001),

183–194.
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T
IF

R
,
M

um
bai

O
ctob

er
5–9,

2009
International

conference
on

“A
nalytic

N
um

b
er

T
heory”

www.math.tifr.res.in/∼
ant2009

C
riteria

for
irratio

n
ality,

lin
ear

in
d
ep

en
d
en

ce,
tran

scen
d
en

ce
an

d
alg

ebraic
in

d
ep

en
d
en

ce

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
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Jussieu
&

P
aris

V
I
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L
ecture

given
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O
ctob

er
8,

2009.
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