
Intern
ation

al
C

on
feren

ce
on

A
lgeb

ra
an

d
R

elated
T
op

ics

(IC
A

R
T

2008)
M

ay
29,

2008
http

://www.math.sc.chula.ac.th/∼
icart2008/

O
n

th
e

M
a
rk

o
ff

E
q
u
a
tio

n
x

2
+

y
2
+

z
2

=
3x

yz

M
ichel

W
aldschm

idt

http://www.math.jussieu.fr/∼
miw/

1
/
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A
bstract

It
is

easy
to

ch
eck

th
at

th
e

equ
ation

x
2
+

y
2
+

z
2

=
3x

yz,
w

h
ere

th
e

th
ree

u
n
kn

ow
n
s

x
,
y,

z
are

p
ositive

integers,
h
as

in
fi
n
itely

m
any

solu
tion

s.
T

h
ere

is
a

sim
p
le

algorith
m

w
h
ich

p
rod

u
ces

all
of

th
em

.
H

ow
ever,

th
is

d
oes

n
ot

an
sw

er
to

all
qu

estion
s

on
th

is
equ

ation
:
in

p
articu

lar
F
rob

en
iu

s
asked

w
h
eth

er
it

is
tru

e
th

at
for

each
integer

z
>

0,
th

ere
is

at
m

ost
on

e
p
air

(x
,y)

su
ch

th
at

x
<

y
<

z
an

d
(x

,y,z)
is

a
solu

tion
.
T

h
is

qu
estion

is
an

active
research

top
ic

n
ow

ad
ays.

2
/
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A
bstract

(continued)

M
arkoff

’s
equ

ation
occu

rred
in

itially
in

th
e

stu
d
y

of
m

in
im

a
of

qu
ad

ratic
form

s
at

th
e

en
d

of
th

e
X

IX
–th

centu
ry

an
d

th
e

b
egin

n
in

g
of

th
e

X
X

–th
centu

ry.
It

w
as

investigated
by

m
any

a
m

ath
em

atician
,
in

clu
d
in

g
L
agran

ge,
H

erm
ite,

K
orkin

e,
Z
olotarev,

M
arkoff

,
F
rob

en
iu

s,
H

u
rw

itz,
C

assels.
T

h
e

solu
tion

s
are

related
w

ith
th

e
L
agran

ge-M
arkoff

spectrum
,
w

h
ich

con
sists

of
th

ose
qu

ad
ratic

nu
m

b
ers

w
h
ich

are
b
ad

ly
ap

p
roxim

ab
le

by
ration

al
nu

m
b
ers.

It
occu

rs
also

in
oth

er
p
arts

of
m

ath
em

atics,
in

p
articu

lar
free

grou
p
s,

F
u
ch

sian
grou

p
s

an
d

hyp
erb

olic
R

iem
an

n
su

rfaces
(F

ord
,
L
eh

n
er,

C
oh

n
,

R
an

kin
,
C

onw
ay,

C
oxeter,

H
irzeb

ru
ch

an
d

Z
agier...).

W
e

d
iscu

ss
som

e
asp

ects
of

th
is

top
ic

w
ith

ou
t

tryin
g

to
cover

all
of

th
em

.

3
/
7
9

T
he

sequence
of

M
arkoff

num
b
ers

A
M

arkoff
n
um

ber
is

a
p
ositive

integer
z

su
ch

th
at

th
ere

exist
tw

o
p
ositive

integers
x

an
d

y
satisfyin

g

x
2
+

y
2
+

z
2

=
3x

yz.

F
or

in
stan

ce
1

is
a

M
arkoff

nu
m

b
er,

sin
ce

(x
,y,z)

=
(1,1,1)

is
a

solu
tion

.

A
n
d
rei

A
n
d
reyevich

M
arkoff

(1856–1922)

P
hotos

:
http

://www-history.mcs.st-andrews.ac.uk/history/

4
/
7
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T
he

O
n-L

ine
E

ncyclop
edia

of
Integer

Sequences
1,

2,
5,

13,
29,

34,
89,

169,
194,

233,
433,

610,
985,

1325,
1597,

2897,
4181,

5741,
6466,

7561,
9077,

10946,
14701,

28657,
33461,

37666,
43261,

51641,
62210,

75025,
96557,

135137,
195025,

196418,
294685,

...

T
h
e

sequ
en

ce
of

M
arkoff

nu
m

b
ers

is
availab

le
on

th
e

w
eb

T
h
e

O
n
-L

in
e

E
n
cy

clo
p
ed

ia
o
f
In

teg
er

S
eq

u
en

ces

N
eil

J.
A

.
S
loan

e

h
t
t
p

:
/
/
w
w
w
.
r
e
s
e
a
r
c
h
.
a
t
t
.
c
o
m
/∼

n
j
a
s
/
s
e
q
u
e
n
c
e
s
/
A
0
0
2
5
5
9

5
/
7
9

Integer
p
oints

on
a

surface

G
iven

a
M

arkoff
nu

m
b
er

z,
th

ere
exist

in
fi
n
itely

m
any

p
airs

of
p
ositive

integers
x

an
d

y
satisfyin

g

x
2
+

y
2
+

z
2

=
3x

yz.

T
h
is

is
a

cu
b
ic

equ
ation

in
th

e
3

variab
les

(x
,y,z),

of
w

h
ich

w
e

kn
ow

a
solu

tion
(1,1,1).

T
h
ere

is
an

algorith
m

p
rod

u
cin

g
all

integer
solu

tion
s.

6
/
7
9

M
arkoff

’s
cubic

variety

T
h
e

su
rface

d
efi

n
ed

by
M

arkoff
’s

equ
ation

x
2
+

y
2
+

z
2

=
3x

yz.

is
an

algeb
raic

variety
w

ith
m

any
au

tom
orp

h
ism

s
:

p
erm

u
tation

s
of

th
e

variab
les,

ch
an

ges
of

sign
s

an
d(x
,y,z)"→

(3yz
−

x
,y,z).

A
.A

.
M

arkoff
(1856–1922)

7
/
7
9

A
lgorithm

producing
all

solutions

L
et

(m
,m

1 ,m
2 )

b
e

a
solu

tion
of

M
arkoff

’s
equ

ation
:

m
2
+

m
21
+

m
22

=
3m

m
1 m

2 .

F
ix

tw
o

coord
in

ates
of

th
is

solu
tion

,
say

m
1

an
d

m
2 .

W
e

get
a

qu
ad

ratic
equ

ation
in

th
e

th
ird

coord
in

ate
m

,
of

w
h
ich

w
e

kn
ow

a
solu

tion
,
h
en

ce
th

e
equ

ation

x
2
+

m
21
+

m
22

=
3x

m
1 m

2 .

h
as

tw
o

solu
tion

s,
x

=
m

an
d
,
say,

x
=

m
′,

w
ith

m
+

m
′=

3m
1 m

2
an

d
m

m
′=

m
21
+

m
22 .

T
h
is

is
th

e
cord

an
d

tan
gen

te
process.

H
en

ce
an

other
solu

tion
is

(m
′,m

1 ,m
2 )

w
ith

m
′=

3m
1 m

2 −
m

.

8
/
7
9



T
hree

solutions
derived

from
one

S
tartin

g
w

ith
on

e
solu

tion
(m

,m
1 ,m

2 ),
w

e
d
erive

th
ree

n
ew

solu
tion

s
:(m
′,m

1 ,m
2 ),

(m
,m

′1 ,m
2 ),

(m
,m

1 ,m
′2 ).

If
th

e
solu

tion
w

e
start

w
ith

is
(1,1,1),

w
e

p
rod

u
ce

on
ly

on
e

n
ew

solu
tion

,
(2,1,1)

(u
p

to
p
erm

u
tation

).

If
w

e
start

from
(2,1,1),

w
e

p
rod

u
ce

on
ly

tw
o

n
ew

solu
tion

s,
(1,1,1)

an
d

(5,2,1)
(u

p
to

p
erm

u
tation

).

A
n
ew

solu
tion

m
ean

s
distin

ct
from

the
on

e
w
e

start
w
ith.

9
/
7
9

N
ew

solutions

W
e

sh
all

see
th

at
any

solu
tion

d
iff

erent
from

(1,1,1)
an

d
from

(2,1,1)
yield

s
th

ree
n
ew

d
iff

erent
solu

tion
s

–
an

d
w

e
sh

all
see

also
th

at
in

each
oth

er
solu

tion
th

e
th

ree
nu

m
b
ers

m
,
m

1
an

d
m

2
are

p
airw

ise
d
istin

ct.

T
w

o
solu

tion
s

are
n
eighbors

if
th

ey
sh

are
tw

o
com

p
on

ents.

1
0
/
7
9

M
arkoff

’s
tree

A
ssu

m
e

w
e

start
w

ith
(m

,m
1 ,m

2 )
satisfyin

g
m

>
m

1
>

m
2 .

W
e

sh
all

ch
eck

m
′2

>
m
′1

>
m

>
m
′.

W
e

ord
er

th
e

solu
tion

accord
in

g
to

th
e

largest
coord

in
ate.

T
h
en

tw
o

of
th

e
n
eighb

ors
of

(m
,m

1 ,m
2 )

are
larger

th
an

th
e

in
itial

solu
tion

,
th

e
th

ird
on

e
is

sm
aller.

H
en

ce
if

w
e

start
from

(1,1,1),
w

e
p
rod

u
ce

in
fi
n
itely

m
any

solu
tion

s,
w

h
ich

w
e

organ
ize

in
a

tree
:
th

is
is

M
arkoff

’s
tree.

1
1
/
7
9

T
his

algorithm
yields

all
the

solutions

C
onversely,

startin
g

from
any

solu
tion

oth
er

th
an

(1,1,1),
th

e
algorith

m
p
rod

u
ces

a
sm

aller
solu

tion
.

H
en

ce
by

in
d
u
ction

w
e

get
a

sequ
en

ce
of

sm
aller

an
d

sm
aller

solu
tion

s,
u
ntil

w
e

reach
(1,1,1).

T
h
erefore

th
e

solu
tion

w
e

started
from

w
as

in
M

arkoff
’s

tree.

1
2
/
7
9



F
irst

branches
of

M
arkoff

’s
tree

1
3
/
7
9

M
arkoff

’s
tree

starting
from

(2,5,29)

D
O

N
 
Z

A
G

I
E

R
 

F
I
G

U
R

E2
  

M
ark

o
ff 

trip
les (

p
, q

, r ) w
ith

 m
a
x

( p
, q

)
 

1
0
0
0
0
0
  

C
o
n
v
ersely

, 
g
iv

en
 

a 
M

ark
o
ff 

trip
le

 
(
p

, q
, r

)
 w

ith
 

r >
 1

, 
o

n
e
 
ch

eck
s 

easily
 

th
a
t 

3
p

q
 -

r <
r; a

n
d

 fro
m

 th
s

 it fo
llo

w
s b

y
 in

d
u

c
tio

n
 th

a
t all M

ark
o
ff 

trip
le

s o
c
c
u

r, 

a
n

d
 o

ccu
r o

n
ly

 o
n
ce, o

n
 th

is tree (fo
r a

 fu
ller d

iscu
ssio

n
 o

f 
th

s
 a

n
d

 o
th

e
r p

ro
p

e
rtie

s 

o
f 

th
e
 M

ark
o
ff 

tree, see [2
]). 

T
o

 p
ro

v
e 

th
e
 th

eo
rem

 w
e m

u
st a

n
a
ly

z
e
 th

e
 a

sy
m

p
to

tic
 b

eh
av

io
r 

o
f 

th
e
 M

ark
o
ff 

tre
e
. F

ro
m

 th
e
 M

a
rk

o
ff e

q
u

a
tio

n
 (1

) w
e fin

d
 th

a
t 3

r2
 2
 3

p
q

r o
r r 

2
p

q
; if p

 is larg
e 

(w
h
ich

 w
ill h

a
p

p
e
n

 fo
r a

ll b
u

t a
 sm

all p
o

rtio
n

 o
f th

e
 tree, c

o
n

trib
u

tin
g

 O
(lo

g
 x

)
 to

 

M
(x

)), th
e
n

 th
is im

p
lies th

a
t r is m

u
ch

 larg
er th

a
n

 q
 a

n
d

 h
e
n

c
e
 (1

) g
iv

es r
2

 <
 3

p
q

r <
 

r
2

 + o
(r2

) o
r r -

3
p

q
. 

M
u

ltip
ly

in
g

 b
o

th
 

sid
es 

o
f 

th
is 

e
q

u
a
tio

n
 

b
y
 

3
 a

n
d

 
ta

k
in

g
 

lo
g

a
rith

m
s g

iv
es lo

g
(3

p
) +

 lo
g

(3
q

) =
 lo

g
(3

r) +
 o

(1
) 

(
p la

rg
e
) 1

4
/
7
9

M
arkoff

’s
tree

up
to

100
000

D
O

N
 
Z

A
G

I
E

R
 

F
I
G

U
R

E2
  

M
ark

o
ff 

trip
les (

p
, q

, r ) w
ith

 m
a
x

( p
, q

)
 

1
0
0
0
0
0
  

C
o
n
v
ersely

, 
g
iv

en
 

a 
M

ark
o
ff 

trip
le

 
(
p

, q
, r

)
 w

ith
 

r >
 1

, 
o

n
e
 
ch

eck
s 

easily
 

th
a
t 

3
p

q
 -

r <
r; a

n
d

 fro
m

 th
s

 it fo
llo

w
s b

y
 in

d
u

c
tio

n
 th

a
t all M

ark
o
ff 

trip
le

s o
c
c
u

r, 

a
n

d
 o

ccu
r o

n
ly

 o
n
ce, o

n
 th

is tree (fo
r a

 fu
ller d

iscu
ssio

n
 o

f 
th

s
 a

n
d

 o
th

e
r p

ro
p

e
rtie

s 

o
f 

th
e
 M

ark
o
ff 

tree, see [2
]). 

T
o

 p
ro

v
e 

th
e
 th

eo
rem

 w
e m

u
st a

n
a
ly

z
e
 th

e
 a

sy
m

p
to

tic
 b

eh
av

io
r 

o
f 

th
e
 M

ark
o
ff 

tre
e
. F

ro
m

 th
e
 M

a
rk

o
ff e

q
u

a
tio

n
 (1

) w
e fin

d
 th

a
t 3

r2
 2
 3

p
q

r o
r r 

2
p

q
; if p

 is larg
e 

(w
h
ich

 w
ill h

a
p

p
e
n

 fo
r a

ll b
u

t a
 sm

all p
o

rtio
n

 o
f th

e
 tree, c

o
n

trib
u

tin
g

 O
(lo

g
 x

)
 to

 

M
(x

)), th
e
n

 th
is im

p
lies th

a
t r is m

u
ch

 larg
er th

a
n

 q
 a

n
d

 h
e
n

c
e
 (1

) g
iv

es r
2

 <
 3

p
q

r <
 

r
2

 + o
(r2

) o
r r -

3
p

q
. 

M
u

ltip
ly

in
g

 b
o

th
 

sid
es 

o
f 

th
is 

e
q

u
a
tio

n
 

b
y
 

3
 a

n
d

 
ta

k
in

g
 

lo
g

a
rith

m
s g

iv
es lo

g
(3

p
) +

 lo
g

(3
q

) =
 lo

g
(3

r) +
 o

(1
) 

(
p la

rg
e
) 

D
on

Z
agier,

O
n

the
n
um

ber
of

M
arkoff

n
um

bers
below

a
given

boun
d.

M
ath

em
atics

of
C

om
p
u
tation

,
3
9

160
(1982),

709–723.

1
5
/
7
9

M
arkoff

’s
tree

1
6
/
7
9



a
2
+

b
2
+

c
2

=
3abc

X
2−

3abX
+

a
2
+

b
2

=
(X
−

c)(X
−

3ab
+

c)

1
7
/
7
9

T
he

F
ib

onacci
sequence

and
the

M
arkoff

equation

T
h
e

sm
allest

M
arkoff

nu
m

b
er

is
1.

W
h
en

w
e

im
p
ose

z
=

1
in

th
e

M
arkoff

equ
ation

x
2
+

y
2
+

z
2

=
3x

yz,
w

e
ob

tain
th

e
equ

ation
x

2
+

y
2
+

1
=

3x
y.

G
oin

g
alon

g
th

e
M

arkoff
’s

tree
startin

g
from

(1,1,1),
w

e
ob

tain
th

e
su

b
sequ

en
ce

of
M

arkoff
nu

m
b
ers

1,
2,

5,
13,

34,
89,

233,
610,

1597,4181,
10946,

28657,
...

w
h
ich

is
th

e
sequ

en
ce

of
F
ib

on
acci

nu
m

b
ers

w
ith

od
d

in
d
ices

F
1

=
1,

F
3

=
2,

F
5

=
5,

F
7

=
13,

F
9

=
34,

F
11

=
89,

...

1
8
/
7
9

L
eonardo

P
isano

(F
ib

onacci)

T
h
e

F
ib

on
acci

sequ
en

ce
(F

n )
n≥

0
:

0,
1,

1,
2,

3,
5,

8,
13,

21,

34,
55,

89,
144,

233
...

is
d
efi

n
ed

by

F
0

=
0,

F
1

=
1,

F
n

=
F

n−
1
+

F
n−

2
(n
≥

2).

L
eon

ard
o

P
isan

o
(F

ib
on

acci)
(1170–1250)

1
9
/
7
9

E
ncyclop

edia
of

integer
sequences

(again)
0,

1,
1,

2,
3,

5,
8,

13,
21,

34,
55,

89,
144,

233,
377,

610,
987,

1597,
2584,

4181,
6765,

10946,
17711,

28657,
46368,

75025,
121393,

196418,
317811,

514229,
832040,

1346269,
2178309,

3524578,
5702887,

9227465,
...

T
h
e

F
ib

on
acci

sequ
en

ce
is

availab
le

on
lin

e
T

h
e

O
n
-L

in
e

E
n
cy

clo
p
ed

ia
o
f
In

teg
er

S
eq

u
en

ces

N
eil

J.
A

.
S
loan

e

h
t
t
p

:
/
/
w
w
w
.
r
e
s
e
a
r
c
h
.
a
t
t
.
c
o
m
/∼

n
j
a
s
/
s
e
q
u
e
n
c
e
s
/
A
0
0
0
0
4
5

2
0
/
7
9



F
ib

onacci
num

b
ers

w
ith

odd
indices

F
ib

on
acci

nu
m

b
ers

w
ith

od
d

in
d
ices

are
M

arkoff
’s

nu
m

b
ers

:F
m

+
3 F

m
−

1 −
F

2m
+

1
=

(−
1)

m
for

m
≥

1

an
d

F
m

+
3
+

F
m
−

1
=

3F
m

+
1

for
m
≥

1.

S
et

y
=

F
m

+
1 ,

x
=

F
m
−

1 ,
x
′=

F
m

+
3 ,

so
th

at,
for

even
m

,

x
+

x
′=

3y,
x
x
′=

y
2
+

1

an
d

X
2−

3yX
+

y
2
+

1
=

(X
−

x
)(X

−
x
′).

2
1
/
7
9

O
rder

of
the

n
ew

solutions

L
et

(m
,m

1 ,m
2 )

b
e

a
solu

tion
of

M
arkoff

’s
equ

ation

m
2
+

m
21
+

m
22

=
3m

m
1 m

2 .

D
en

ote
by

m
′
th

e
oth

er
root

of
th

e
qu

ad
ratic

p
olyn

om
ial

X
2−

3m
1 m

2 X
+

m
21
+

m
22 .

H
en

ceX
2−

3m
1 m

2 X
+

m
21
+

m
22

=
(X
−

m
)(X

−
m
′)

an
d

m
+

m
′=

3m
1 m

2 ,
m

m
′=

m
21
+

m
22 .

2
2
/
7
9

m
1 &=

m
2

L
et

u
s

ch
eck

th
at

if
m

1
=

m
2 ,

then
m

1
=

m
2

=
1

:
th

is
h
old

s
on

ly
for

th
e

tw
o

excep
tion

al
solu

tion
s

(1,1,1),
(2,1,1).

A
ssu

m
e

m
1

=
m

2 .
W

e
h
ave

m
2
+

2m
21

=
3m

m
21

h
en

ce
m

2
=

(3m
−

2)m
21 .

T
h
erefore

m
1

d
ivid

es
m

.
L
et

m
=

k
m

1 .
W

e
h
ave

k
2

=
3k

m
1 −

2,
h
en

ce
k

d
ivise

2.
F
or

k
=

1
w

e
get

m
=

m
1

=
1.

F
or

k
=

2
w

e
get

m
1

=
1,

m
=

2.

C
on

sid
er

n
ow

a
solu

tion
d
istin

ct
from

(1,1,1)
or

(2,1,1)
:

h
en

ce
m

1 &=
m

2 .

2
3
/
7
9

T
w

o
larger,

one
sm

aller

A
ssu

m
e

m
1

>
m

2 .
Q

u
estion

:
D

o
w
e

have
m
′>

m
1

or
else

m
′<

m
1
?

C
on

sid
er

th
e

nu
m

b
er

a
=

(m
1 −

m
)(m

1 −
m
′).

S
in

ce
m

+
m
′=

3m
1 m

2 ,
an

d
m

m
′=

m
21
+

m
22 ,

w
e

h
ave

a=
m

21 −
m

1 (m
+

m
′)

+
m

m
′

=
2m

21
+

m
22 −

3m
21 m

2

=
(2m

21 −
2m

21 m
2 )

+
(m

22 −
m

21 m
2 ).

H
ow

ever
2m

21
<

2m
21 m

2
an

d
m

22
<

m
21 m

2 ,
h
en

ce
a

<
0.

T
h
is

m
ean

s
th

at
m

1
is

in
th

e
interval

d
efi

n
ed

by
m

an
d

m
′.

2
4
/
7
9



O
rder

of
the

solutions

If
m

>
m

1 ,
w

e
h
ave

m
1

>
m
′
an

d
th

e
n
ew

solu
tion

(m
′,m

1 ,m
2 )

is
sm

aller
th

an
th

e
in

itial
solu

tion
(m

,m
1 ,m

2 ).
If

m
<

m
1 ,

w
e

h
ave

m
1

<
m
′
an

d
th

e
n
ew

solu
tion

(m
′,m

1 ,m
2 )

is
larger

th
an

th
e

in
itial

solu
tion

(m
,m

1 ,m
2 ).

2
5
/
7
9

P
rim

e
factors

R
em

ark.
L
et

m
b
e

a
M

arkoff
nu

m
b
er

w
ith

m
2
+

m
21
+

m
22

=
3m

m
1 m

2 .

T
h
e

sam
e

p
roof

sh
ow

s
th

at
th

e
g
c
d

of
m

,
m

1
an

d
m

2
is

1
:

in
d
eed

,
if

p
d
ivid

es
m

1 ,
m

2
an

d
m

,
th

en
p

d
ivid

es
th

e
n
ew

solu
tion

s
w

h
ich

are
p
rod

u
ced

by
th

e
p
reced

in
g

p
rocess

–
goin

g
d
ow

n
in

th
e

tree
sh

ow
s

th
at

p
w

ou
ld

d
ivid

e
1.

T
h
e

od
d

p
rim

e
factors

of
m

are
all

con
gru

ent
to

1
m

od
u
lo

4
(sin

ce
th

ey
d
ivid

e
a

su
m

of
tw

o
relatively

p
rim

e
squ

ares).

If
m

is
even

,
th

en
th

e
nu

m
b
ers

m2
,

3m
−

2

4
,

3m
+

2

8
,

are
od

d
integers.

2
6
/
7
9

M
arkoff

’s
C

onjecture

T
h
e

p
reviou

s
algorith

m
p
rod

u
ces

th
e

sequ
en

ce
of

M
arkoff

nu
m

b
ers.

E
ach

M
arkoff

nu
m

b
er

occu
rs

in
fi
n
itely

often
in

th
e

tree
as

on
e

of
th

e
com

p
on

ents
of

th
e

solu
tion

.

A
ccord

in
g

to
th

e
d
efi

n
ition

,
for

a
M

arkoff
nu

m
b
er

m
>

2
th

ere
exist

a
p
air

(m
1 ,m

2 )
of

p
ositive

integers
w

ith
m

>
m

1
>

m
2

su
ch

th
at

m
2
+

m
21
+

m
22

=
3m

m
1 m

2 .

Q
u
estio

n
:
G

iven
m

,
is

such
a

pair
(m

1 ,m
2 )

un
ique

?

T
h
e

an
sw

er
is

yes,
as

lon
g

as
m
≤

10
105.

2
7
/
7
9

Frob
enius’s

w
ork

M
arkoff

’s
C

on
jecture

d
oes

n
ot

occu
r

in
M

arkoff
’s

1879
an

d
1880

p
ap

ers
b
u
t

in
F
rob

en
iu

s’s
on

e
in

1913.

F
erd

in
an

d
G

eorg
F
rob

en
iu

s
(1849–1917)

2
8
/
7
9



Sp
ecial

cases

T
h
e

C
on

jectu
re

h
as

b
een

p
roved

for
certain

classes
of

M
arkoff

nu
m

b
ers

m
like

p
n,

p
n
±

2

3
for

p
p
rim

e.
A

.
B

aragar
(1996),

P
.
S
ch

m
u
tz

(1996),
J.O

.
B

u
tton

(1998),
M

.L
.
L
an

g,
S
.P

.
T
an

(2005),
Y

in
g

Z
h
an

g
(2007).

A
rthu

r
B

aragar

http
://www.nevada.edu/

baragar/

2
9
/
7
9

P
ow

ers
of

a
prim

e
num

b
er

A
n
ith

a
S
rin

ivasan
,
2007

A
really

sim
ple

proof
of

the
M

arkoff
con

jecture
for

prim
e

pow
ers

N
u
m

b
er

T
h
eory

W
eb

C
reated

an
d

m
aintain

ed
by

K
eith

M
atth

ew
s,

B
risb

an
e,

A
u
stralia

w
w
w
.
n
u
m
b
e
r
t
h
e
o
r
y
.
o
r
g
/
p
d
f
s
/
s
i
m
p
l
e
p
r
o
o
f
.
p
d
f

3
0
/
7
9

T
he

state
of

the
art

10/09/2007,
04/12/2007

:
N

orb
ert

R
ied

el
http

://fr.arxiv.org/ab
s/0709.1499v2

h
t
t
p

:
/
/
f
r
.
a
r
x
i
v
.
o
r
g
/
a
b
s
/
0
7
0
9
.
1
4
9
9

A
triple

(a,b,c)
of

positive
in

tegers
is

called
a

M
arkoff

triple
iff

it
satisfi

es
the

diophan
tin

e
equation

a
2
+

b
2
+

c
2

=
abc.

R
ecastin

g
the

M
arkoff

tree,
w
hose

vertices
are

M
arkoff

triples,
in

the
fram

ew
ork

of
in

tegral
upper

trian
gular

3
×

3
m

atrices,
it

w
ill

be
show

n
that

the
largest

m
em

ber
of

such
a

triple
determ

in
es

the
other

tw
o

un
iquely.

T
his

an
sw

ers
a

question
w
hich

has
been

open
for

alm
ost

100
years.

F
law

in
th

e
p
roof

d
iscovered

by
S
erge

P
errin

e.

3
1
/
7
9

W
hy

the
coeffi

cient
3

?
L
et

n
b
e

a
p
ositive

integer.
If

the
equation

x
2
+

y
2
+

z
2

=
n
x
yz

has
a

solution
in

positive
in

tegers,
then

either
n

=
3

an
d

x
,
y,

z
are

relatively
prim

e,
or

n
=

1
an

d
the

g
c
d

of
the

n
um

bers
x
,
y,

z
is

3.

F
ried

rich
H

irzeb
ru

ch
&

D
on

Z
agier,

T
he

A
tiyah–S

in
ger

T
heorem

an
d

elem
en

tary
n
um

ber
theory,

P
u
b
lish

or
P
erish

(1974)

3
2
/
7
9



M
arkoff

typ
e

equations

B
ijection

betw
een

the
solution

s
for

n
=

1
an

d
those

for
n

=
3

:

•
if

x
2
+

y
2
+

z
2

=
3x

yz,
th

en
(3x

,3y,3z)
is

solu
tion

of
X

2
+

Y
2
+

Z
2

=
X

Y
Z

,
sin

ce
(3x

)
2
+

(3y)
2
+

(3z)
2

=
(3x

)(3y)(3z).

•
if

X
2
+

Y
2
+

Z
2

=
X

Y
Z

,
th

en
X

,
Y

,
Z

are
m

u
ltip

les
of

3
an

d
(X

/3)
2
+

(Y
/3)

2
+

(Z
/3)

2
=

3(X
/3)(Y

/3)(Z
/3).

T
h
e

squ
ares

m
od

u
lo

3
are

0
an

d
1.

If
X

,
Y

an
d

Z
are

n
ot

m
u
ltip

les
of

3,
th

en
X

2
+

Y
2
+

Z
2

is
a

m
u
ltip

le
of

3.

If
on

e
or

tw
o

(n
ot

th
ree)

integers
am

on
g

X
,
Y

,
Z

are
m

u
ltip

les
of

3,
th

en
X

2
+

Y
2
+

Z
2

is
n
ot

a
m

u
ltip

le
of

3.

3
3
/
7
9

E
quations

x
2
+

ay
2
+

bz
2

=
(1

+
a

+
b)x

yz
If

w
e

in
sist

th
at

(1,1,1)
is

a
solu

tion
,
th

en
u
p

to
p
erm

u
tation

s
th

ere
are

on
ly

tw
o

m
ore

D
iop

h
antin

e
equ

ation
s

of
th

e
typ

e

x
2
+

ay
2
+

bz
2

=
(1

+
a

+
b)x

yz

h
avin

g
in

fi
n
itely

m
any

integer
solu

tion
s,

n
am

ely
th

ose
w

ith
(a,b)

=
(1,2)

an
d

(2,3)
:

x
2
+

y
2
+

2z
2

=
4x

yz
an

d
x

2
+

2y
2
+

3z
2

=
6x

yz

•
x

2
+

y
2
+

z
2

:
tessalation

of
th

e
p
lan

e
by

equ
ilateral

trian
gles

•
x

2
+

y
2
+

2z
2

=
4x

yz
:
tessalation

of
th

e
p
lan

e
by

isoceles
rectan

gle
trian

gles
•

x
2
+

2y
2
+

3z
2

=
6x

yz
:
tessalation

?
3
4
/
7
9

L
aurent’s

phenom
enon

C
on

n
ection

w
ith

L
au

rent
p
olyn

om
ials.

Jam
es

P
rop

p
,
T

he
com

bin
atorics

of
frieze

pattern
s

an
d

M
arkoff

n
um

bers,
http

://fr.arxiv.org/abs/math/0511633
If

f
,
g,

h
are

L
au

rent
p
olyn

om
ials

in
tw

o
variab

les
x

an
d

y,
i.e.,

p
olyn

om
ials

in
x
,
x
−

1,
y,

y
−

1,
in

gen
eral

h (f
(x

,y),g(x
,y) )

is
n
ot

a
L
au

rent
p
olyn

om
ial

:

f
(x

)
=

x
2
+

1

x
=

x
+

1x
,

f (f
(x

) )
=

(
x

+
1x )

2

+
1

x
+

1x

=
x

4
+

3x
2
+

1

x
(x

2
+

1)
·

3
5
/
7
9

H
urw

itz’s
equation

(1907)
F
or

each
n
≥

2
th

e
set

K
n

of
p
ositive

integers
k

for
w

h
ich

th
e

equ
ation

x
21
+

x
22
+

···+
x

2n
=

k
x

1 ···x
n

h
as

a
solu

tion
in

p
ositive

integers
is

fi
n
ite.

T
h
e

largest
valu

e
of

k
in

K
n

is
n

—
w

ith
th

e
solu

tion

(1,1,...,1).

E
x
a
m

p
les

:

K
3 =

{1,
3},

K
4 =

{1,
4},

K
7 =

{1,
2,

3,
5,

7}.

3
6
/
7
9



H
urw

itz’s
equation

x
21
+

x
22
+
···+

x
2n

=
k
x

1 ···x
n

W
h
en

th
ere

is
a

solu
tion

in
p
ositive

integers,
th

ere
are

in
fi
n
itely

m
any

solu
tion

s,
w

h
ich

can
b
e

organ
ized

in
fi
n
itely

m
any

trees.

A
.
B

aragar
p
roved

th
at

there
exists

such
equation

s
w
hich

require
an

arbitrarily
large

n
um

ber
of

trees
J.

N
u
m

b
er

T
h
eory

(1994),
4
9

N
o

1,
27-44.

T
h
e

an
alog

for
th

e
ran

k
of

ellip
tic

cu
rves

over
th

e
ration

al
nu

m
b
er

fi
eld

is
yet

a
con

jectu
re.

3
7
/
7
9

G
row

th
of

M
arkoff

’s
sequence

1978
:
ord

er
of

m
agn

itu
d
e

of
m

,
m

1
an

d
m

2
for

m
2
+

m
21
+

m
22

=
3m

m
1 m

2

w
ith

m
1

<
m

2
<

m
,

log(3m
1 )

+
log(3m

2 )
=

log(3m
)
+

o(1).

T
o

id
entify

p
rim

itive
w

ord
s

in
a

free
grou

p
w

ith
tw

o
gen

erators,
H

.
C

oh
n

u
sed

M
arkoff

form
s.

H
arvey

C
oh

n

x
"→

log(3x
)

:
(m

1 ,m
2 ,m

)"→
(a,b,c)

w
ith

a
+

b
∼

c.

3
8
/
7
9

E
uclidean

tree
S
tart

w
ith

(0,1,1).
F
rom

a
trip

le
(a,b,c)

satisfyin
g

a
+

b
=

c
an

d
a
≤

b
≤

c,
on

e
p
rod

u
ces

tw
o

larger
su

ch
trip

les
(a,c,a

+
c)

an
d

(b,c,b
+

c)
an

d
a

sm
aller

on
e

(a,b−
a,b)

or
(b−

a,a,b).

(0,1,1)
|

(1,1,2)
|

(1,2,3)
|

|
|

(1,3,4)
(2,3,5)

|
|

|
|

|
|

(1,4,5)
(3,4,7)

(2,5,7)
(3,5,8)

|
...

...
|

...
...

|
...

...
|

...
...

3
9
/
7
9

M
arkoff

and
E

uclidean
trees

T
om

C
u
sik

&
M

ary
F
lah

ive,
T

he
M

arkoff
an

d
L
agran

ge
spectra,

M
ath

.
S
u
rveys

an
d

M
on

ograp
h
s
3
0
,
A

M
S

(1989).

4
0
/
7
9



G
row

th
of

M
arkoff

’s
sequence

D
on

Z
agier

(1982)
:

estim
atin

g
th

e
nu

m
b
er

of
th

e
M

arkoff
trip

les
b
ou

n
d
ed

by
x

:

c(log
x
)
2
+

O
(log

x
(log

log
x
)
2 ),

c
=

0,18071704711507
...

C
o
n
jectu

re
:
th

e
n
-th

M
arkoff

nu
m

b
er

m
n

is

m
n
∼

A
√

n
w

ith
A

=
10,5101504···

4
1
/
7
9

H
istorical

origin
:
rational

approxim
ation

H
u
rw

itz’s
T

h
eo

rem
(1891)

:
F
or

an
y

real
irration

al
n
um

ber
x
,
there

exist
in

fi
n
itely

m
an

y
ration

al
n
um

bers
p/q

such
that

∣∣∣∣ x
−

pq ∣∣∣∣ ≤
1

√
5q

2 ·

G
old

en
ratio

Φ
=

(1
+
√

5)/2
=

1,6180339887498948482
...

H
u
rw

itz’s
resu

lt
is

op
tim

al.

A
d
olf

H
u
rw

itz
(1859–1919)

4
2
/
7
9

T
he

F
ib

onacci
sequence

and
the

G
olden

ratio

F
orm

u
la

of
A

.
D

e
M

oivre
(1730),

L
.
E

u
ler

(1765),
J.P

.M
.
B

in
et

(1843)
:

F
n

=
1√5

(
1

+
√

5

2

)
n

−
1√5

(
1
−
√

5

2

)
n

.

4
3
/
7
9

Form
ula

of
D

e
M

oivre–E
uler–B

inet

A
b
rah

am
d
e

M
oivre

(1667–1754)

L
eon

h
ard

E
u
ler

(1707–1783)
Jacqu

es
P

h
ilip

p
e

M
arie

B
in

et
(1786–1856)

F
n

is
th

e
n
earest

integer
to

1√5
Φ

n.

4
4
/
7
9



Q
uadratic

relation

O
n
e

ch
ecks

by
in

d
u
ction

F
2n
+

1 −
F

n
+

1 F
n
−

F
2n

=
(−

1)
n

for
all

n
≥

0.

T
h
e

left
h
an

d
sid

e
is

th
e

valu
e

at
(F

n
+

1 ,F
n )

of
th

e
qu

ad
ratic

form

X
2−

X
Y
−

Y
2

=
(X
−

Φ
Y

)(X
+

Φ
−

1Y
).

T
h
e

sequ
en

ce
u

n
=

F
n
+

1 /F
n ,

n
≥

1
converges

to
th

e
G

old
en

ratio
Φ

an
d

F
2n
+

1 −
F

n
+

1 F
n
−

F
2n

=
F

2n
(u

n
−

Φ
)(u

n
+

Φ
−

1).

4
5
/
7
9

Q
uotients

of
consecutive

F
ib

onacci
num

b
ers

O
n
e

d
ed

u
ces

F
2n |Φ
−

u
n |

=
1

Φ
−

1
+

u
n
→

1

Φ
−

1
+

Φ
=

1√5 ·

H
en

ce

lim
n→

∞
F

2n

∣∣∣∣ Φ
−

F
n
+

1

F
n

∣∣∣∣
=

1√5 ·

4
6
/
7
9

C
ontinued

fractions

T
h
e

sequ
en

ce
u

n
=

F
n
+

1 /F
n

is
also

d
efi

n
ed

by

u
1

=
1,

u
n

=
1

+
1

u
n−

1 ,
(n
≥

2).

H
en

ce

u
n =

1
+

1

1
+

1

u
n−

2

=
1

+
1

1
+

1

1
+

1

u
n−

3

=
···

=
[1,1,...,1]

n
tim

es

=
[1]

4
7
/
7
9

H
urw

itz’s
result

is
optim

al
H

u
rw

itz’s
resu

lt

lim
in

f
q→
∞

(q
m

in
p∈

Z
|qx
−

p| )
≤

1√5
for

all
x
∈

R
\
Q

is
op

tim
al

:
th

ere
is

equ
ality

for
x

=
Φ

.
F
or

|qΦ
−

p|≤
1,

w
e

h
ave

1
≤

|q
2
+

pq
−

p
2|

=
|qΦ

−
p|·(qΦ

−
1
+

p)

w
ith

qΦ
−

1
+

p
=

q(Φ
+

Φ
−

1)
+

p
−

qΦ
≤

q √
5

+
1,

h
en

ce
1
≤

|qΦ
−

p|·(q √
5

+
1).

N
otice

th
at

P
(X

)
=

X
2−

X
−

1
h
as

d
iscrim

in
ant

5
an

d
P
′(Φ

)
=
√

∆
=
√

5.
4
8
/
7
9



L
iouville’s

inequality

L
io

u
v
ille’s

in
eq

u
a
lity

.
L
et

α
be

an
algebraic

n
um

ber
of

degree
d
≥

2,
P
∈

Z
[X

]
its

m
in

im
al

polyn
om

ial,
c

=
|P
′(α

)|
an

d
ε

>
0.

T
here

exists
q
0

such
that,

for
an

y
p/q

∈
Q

w
ith

q
≥

q
0 ,

∣∣∣∣ α
−

pq ∣∣∣∣ ≥
1

(c
+

ε)q
d ·

Josep
h

L
iou

ville,
1844

4
9
/
7
9

M
arkoff

’s
constant

F
or

x
∈

R
\
Q

d
en

ote
by

λ
(x

)∈
[ √

5,+
∞

]
th

e
least

u
p
p
er

b
ou

n
d

of
th

e
nu

m
b
ers

γ
>

0
su

ch
th

at
th

ere
exist

in
fi
n
itely

m
any

p/q
∈

Q
satisfyin

g∣∣∣∣ x
−

pq ∣∣∣∣ ≤
1γ
q
2 ·

T
h
is

m
ean

s

1

λ
(x

)
=

lim
in

f
q→
∞

(q
m

in
p∈

Z
|qx
−

p| ).

H
u
rw

itz
:
λ
(x

)≥
√

5
for

any
x

an
d

λ
(Φ

)
=
√

5.

5
0
/
7
9

M
arkoff

’s
constant

A
n

irration
al

real
nu

m
b
er

x
is

bad
ly

approxim
able

by
ration

al
nu

m
b
ers

if
its

M
arkoff

’s
con

stant
is

fi
n
ite.

T
h
is

m
ean

s
th

at
th

ere
exists

γ
>

0
su

ch
th

at,
for

any
p/q

∈
Q

,

∣∣∣∣ x
−

pq ∣∣∣∣ ≥
1γ
q
2 ·

F
or

in
stan

ce
L
iou

ville’s
nu

m
b
ers

h
ave

an
in

fi
n
ite

M
arkoff

’s
con

stant.

A
real

nu
m

b
er

is
b
ad

ly
ap

p
roxim

ab
le

if
an

d
on

ly
if

th
e

sequ
en

ce
(a

n )
n≥

0
of

p
artial

qu
otients

in
its

continu
ed

fraction
exp

an
sionx

=
[a

0 ,
a

1 ,
a

2 ,
...,a

n ,...]

is
b
ou

n
d
ed

.
5
1
/
7
9

B
adly

approxim
able

num
b
ers

A
ny

qu
ad

ratic
irration

al
real

nu
m

b
er

h
as

a
fi
n
ite

M
arkoff

’s
con

stant
(=

is
b
ad

ly
ap

p
roxim

ab
le).

It
is

n
ot

kn
ow

n
w

h
eth

er
th

ere
exist

real
algeb

raic
nu

m
b
ers

of
d
egree

≥
3

w
h
ich

are
b
ad

ly
ap

p
roxim

ab
le.

It
is

n
ot

kn
ow

n
w

h
eth

er
th

ere
exist

real
algeb

raic
nu

m
b
ers

of
d
egree

≥
3

w
h
ich

are
n
ot

b
ad

ly
ap

p
roxim

ab
le

...

O
n
e

con
jectu

res
th

at
an

y
irration

al
real

n
um

ber
w
hich

is
n
ot

quadratic
an

d
w
hich

is
bad

ly
approxim

able
is

tran
scen

den
tal.

5
2
/
7
9



L
eb

esgue
m

easure

T
h
e

set
of

b
ad

ly
ap

p
roxim

ab
le

real
nu

m
b
ers

h
as

zero
m

easu
re

for
L
eb

esgu
e’s

m
easu

re.

H
en

ri
L
éon

L
eb

esgu
e

(1875–1941)

5
3
/
7
9

P
rop

erties
of

the
M

arkoff
’s

constant

W
e

h
ave

λ
(x

+
1)

=
λ
(x

)
:

∣∣∣∣ x
+

1
−

pq ∣∣∣∣
=

∣∣∣∣ x
−

p
+

q

q

∣∣∣∣

an
d

λ
(−

x
)

=
λ
(x

)
:

∣∣∣∣ −
x
−

pq ∣∣∣∣
=

∣∣∣∣ x
+

pq ∣∣∣∣ ,

A
lso

λ
(1/x

)
=

λ
(x

)
:

p
2 ∣∣∣∣ 1x

−
qp ∣∣∣∣

=
q
2 ∣∣∣∣

pqx ∣∣∣∣ · ∣∣∣∣ x
−

pq ∣∣∣∣ .

5
4
/
7
9

T
he

m
odular

group

T
h
e

m
u
ltip

licative
grou

p
gen

erated
by

th
e

th
ree

m
atrices

(
1

1
0

1 )
,

(
1

0
0
−

1 )
,

(
0

1
1

0 )

is
th

e
grou

p
G

L
2 (Z

)
of

2
×

2
m

atrices
(

a
b

c
d )

w
ith

coeffi
cients

in

Z
an

d
d
eterm

in
ant

±
1.

J
-P

.
S
e
r
r
e

–
C

ours
d’arithm

étique,
C

oll.
S
U

P
,
P

resses
U

n
iversitaires

d
e

F
ran

ce,
P
aris,

1970.

5
5
/
7
9

(
a

b
c

d )
x

=
ax

+
b

cx
+

d

(
1

1
0

1 )
x

=
x

+
1

(
1

0
0
−

1 )
x

=
−

x

(
0

1
1

0 )
x

=
1x

λ
(x

+
1)

=
λ
(x

)
λ
(−

x
)

=
λ
(x

)
λ
(1/x

)
=

λ
(x

)

C
o
n
seq

u
en

ce
:
L
et

x
∈

R
\
Q

an
d

let
a,

b,
c,

d
be

ration
al

in
tegers

satisfyin
g

ad
−

bc
=

±
1.

S
et

y
=

ax
+

b

cx
+

d ·

T
hen

λ
(x

)
=

λ
(y).

5
6
/
7
9



H
urw

itz’s
w

ork
(continued)

T
h
e

in
equ

ality
λ
(x

)≥
√

5
for

all
real

irration
al

x
is

op
tim

al
for

th
e

G
old

en
ratio

an
d

for
all

th
e

n
oble

irration
al

nu
m

b
ers

w
h
ose

continu
ed

fraction
exp

an
sion

en
d
s

w
ith

an
in

fi
n
ite

sequ
en

ce
of

1’s
–

th
ese

nu
m

b
ers

are
th

e
roots

of
th

e
qu

ad
ratic

p
olyn

om
ials

h
avin

g
d
iscrim

in
ant

5
:

Φ
=

[1,1,1,...]
=

[1].

A
d
olf

H
u
rw

itz,
1891

5
7
/
7
9

T
he

first
elem

ents
of

the
sp

ectrum
H

u
rw

itz’s
in

equ
ality

λ
(x

)≥
√

5
is

op
tim

al
for

th
e

G
old

en
ratio

Φ
an

d
all

th
e

nu
m

b
ers

related
to

Φ
by

a
h
om

ograp
hy

of
d
eterm

in
ant

±
1

:

aΦ
+

b

cΦ
+

d
w

ith

(
a

b
c

d )
∈

G
L

2 (Z
).

F
or

all
th

e
oth

er
real

nu
m

b
ers

w
e

h
ave

λ
(x

)≥
2 √

2.
T

h
is

is
op

tim
al

for

√
2

=
1,414213562373095048801688724209698078

...

w
h
ose

continu
ed

fraction
exp

an
sion

is

[1;
2,

2,
...,2,

...]
=

[1;2].

5
8
/
7
9

M
inim

a
of

quadratic
form

s

L
et

f
(X

,Y
)

=
aX

2
+

bX
Y

+
cY

2
b
e

a
qu

ad
ratic

form
w

ith
real

coeffi
cients.

D
en

ote
by

∆
(f

)
its

d
iscrim

in
ant

b
2−

4ac.

C
on

sid
er

th
e

m
in

im
u
m

m
(f

)
of|f

(x
,y)|

on
Z

2\
{(0,0)}.

A
ssu

m
e

∆
(f

)&=
0

an
d

set

C
(f

)
=

m
(f

)/ √
|∆

(f
)|.

L
et

α
an

d
α
′
b
e

th
e

roots
of

f
(X

,1)
:

f
(X

,Y
)

=
a(X

−
α
Y

)(X
−

α
′Y

),

{α
,α
′}

=

{
12a (−

b±
√

∆
(f

) ) }
.

5
9
/
7
9

E
xam

ple
w

ith
∆

<
0

T
h
e

form
f
(X

,Y
)

=
X

2
+

X
Y

+
Y

2

h
as

d
iscrim

in
ant

∆
(f

)
=
−

3
an

d
m

in
im

u
m

m
(f

)
=

1,
h
en

ce

C
(f

)
=

m
(f

)
√

|∆
(f

)|
=

1√3 ·

F
or

∆
<

0,
th

e
form

f
(X

,Y
)

=

√
|∆

|3
(X

2
+

X
Y

+
Y

2)

h
as

d
iscrim

in
ant

∆
an

d
m

in
im

u
m

√
|∆

|/3.
A

gain

C
(f

)
=

1√3 ·

6
0
/
7
9



D
efinite

quadratic
form

s
(∆

<
0)

If
th

e
d
iscrim

in
ant

is
n
egative,

J.L
.
L
agran

ge
an

d
C

h
.

H
erm

ite
(letter

to
Jacob

i,
A

u
gu

st
6,

1845)
p
roved

C
(f

)≤
1/ √

3
w

ith
equ

ality
for

f
(X

,Y
)

=
X

2
+

X
Y

+
Y

2.
F
or

each
%
∈

(0,1/ √
3],

th
ere

exists
su

ch
a

form
f

w
ith

C
(f

)
=

%.

Josep
h
-L

ou
is

L
agran

ge
(1736–1813)

C
h
arles

H
erm

ite
(1822–1901)

C
arl

G
u
stav

Jacob
Jacob

i
(1804–1851)

6
1
/
7
9

E
xam

ple
w

ith
∆

>
0

T
h
e

form
f
(X

,Y
)

=
X

2−
X

Y
−

Y
2

h
as

d
iscrim

in
ant

∆
(f

)
=

5
an

d
m

in
im

u
m

m
(f

)
=

1,
h
en

ce

C
(f

)
=

m
(f

)
√

∆
(f

)
=

1√5 ·

F
or

∆
>

0,
th

e
form

f
(X

,Y
)

=

√
∆5

(X
2−

X
Y
−

Y
2)

h
as

d
iscrim

in
ant

∆
an

d
m

in
im

u
m

√
∆

/5.
A

gain

C
(f

)
=

1√5 ·

6
2
/
7
9

Indefinite
quadratic

form
s

(∆
>

0)
A

ssu
m

e
∆

>
0

A
.
K

orkin
e

an
d

E
.I..

Z
olotarev

p
roved

in
1873

C
(f

)≤
1/ √

5
w

ith
equ

ality
for

f
0 (X

,Y
)

=
X

2−
X

Y
−

Y
2.

F
or

all
form

s
w

h
ich

are
n
ot

equ
ivalent

to
f

0
u
n
d
er

G
L
(2,Z

),
th

ey
p
rove

C
(f

)≤
1/ √

8.
1/ √

5
=

0,447
213

595
...

1/ √
8

=
0,353

553
391

...

G
a
p

!

E
gor

Ivan
ovich

Z
olotarev

(1847–1878)

6
3
/
7
9

Indefinite
quadratic

form
s

(∆
>

0).

T
h
e

w
orks

by
K

orkin
e

an
d

Z
olotarev

in
sp

ired
M

arkoff
w

h
o

p
u
rsu

ed
th

e
stu

d
y

of
th

is
qu

estion
.

H
e

p
rod

u
ced

in
fi
n
itely

m
any

valu
es

C
(f

i ),
i
=

0,1,...,
b
etw

een
1/ √

5
an

d
1/3,

w
ith

th
e

sam
e

p
rop

erty
as

f
0 .

T
h
ese

valu
es

form
a

sequ
en

ce
w

h
ich

converges
to

1/3.
H

e
con

stru
cted

th
em

by
m

ean
s

of
th

e
tree

of
solu

tion
s

of
th

e
M

arkoff
equ

ation
.

A
.
M

arkoff
,
1879

an
d

1880.

6
4
/
7
9



Indefinite
quadratic

form
s

(∆
>

0)

A
ssu

m
e

f
((X

,Y
)

=
aX

2
+

bX
Y

+
cY

2∈
R

[X
,Y

]
w

ith
a

>
0

h
as

d
iscrim

in
ant

∆
>

0.

If|f
(x

,y)|
is

sm
all

w
ith

y
&=

0,
th

en
x
/y

is
close

to
a

root
of

f
(X

,1),
say

α
.

T
h
en

|x
−

α
′y|∼

|
y|·|α

−
α
′|

an
d

α
−

α
′=
√

∆
/a.

H
en

ce|f
(x

,y)|
=

|a(x
−

α
y)(x

−
α
′y)|∼

y
2 √

∆

∣∣∣∣ α
−

xy ∣∣∣∣ .

6
5
/
7
9

L
agrange

sp
ectrum

and
M

arkoff
sp

ectrum
M

arkoff
sp

ectru
m

=
set

of
valu

es
taken

by

1

C
(f

)
=

√
∆

(f
)/m

(f
)

w
h
en

f
ru

n
s

over
th

e
set

of
qu

ad
ratic

form
s

ax
2
+

bx
y

+
cy

2
w

ith
real

coeffi
cients

of
d
iscrim

in
ant

∆
(f

)
=

b
2−

4ac
>

0
an

d
m

(f
)

=
in

f
(x

,y
)∈

Z
2\{

0} |f
(x

,y)|.
L
agran

ge
sp

ectru
m

=
set

of
valu

es
taken

by
M

arkoff
’s

con
stant

(
!)

λ
(x

)
=

1/
lim

in
f

q→
∞

q(m
in

p∈
Z
|qx
−

p|)

w
h
en

x
ru

n
s

over
th

e
set

of
real

nu
m

b
ers.

T
h
e

M
arkoff

sp
ectru

m
contain

s
th

e
L
agran

ge
sp

ectru
m

.
T

h
e

intersection
w

ith
th

e
intervall

[ √
5,3[

is
th

e
sam

e
for

b
oth

of
th

em
,
an

d
is

a
d
iscrete

sequ
en

ce.
6
6
/
7
9

Fuchsian
groups

and
hyp

erb
olic

R
iem

ann
surfaces

M
arkoff

’s
tree

can
b
e

seen
as

th
e

d
u
al

of
th

e
trian

gu
lation

of
th

e
hyp

erb
olic

u
p
p
er

h
alf

p
lan

e
by

th
e

im
ages

of
th

e
fu

n
d
am

ental
d
om

ain
of

th
e

m
od

u
lar

invariant
u
n
d
er

th
e

action
of

th
e

m
od

u
lar

grou
p

.

L
azaru

s
Im

m
anu

el
F
u
ch

s
(1833–1902)

6
7
/
7
9

T
riangulation

of
p
olygons,

m
etric

prop
erties

of
p
olytop

es

H
arold
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