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1 Introduction

1.1 Irrationality of V2
We first give a geometrical proof of the irrationality of the number

V2 =1,414213 562 373 095 048 801 688 724209 ...

Starting with a rectangle having sides 1 and 1+ /2, we split it into two unit
squares and a smaller rectangle. The length of this second rectangle is 1, its
width is v/2 — 1, hence its proportion is

=1+V2.

1

V2-1
Therefore the first and second rectangles have the same proportion. Now, if
we repeat the process and split the small rectangle into two squares (of sides
v/2 — 1) and a third tiny rectangle, the proportions of this third rectangle
will again be 1 4 v/2. This means that the process will not end, each time
we shall get two squares and a remaining smaller rectangle having the same
proportion.

IThis text is available on the internet at the address
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On the other hand, if we start with a rectangle having integer side—
lengths, if we split it into several squares and if a small rectangle remains,
then clearly the small rectangle while have integer sideflengths@. Therefore
the process will not continue forever, it will stop when there is no remaining
small rectangle. This proves the irrationality of v/2.

In algebraic terms, the number z = 1 + /2 satisfies

1
$:2+*7
x

hence also

1
=204 —7 =24 ——— =,
2+ = 2+ —

T

which yields the continued fraction expansion of 1 + /2.

1.2 Continued fractions

Here is the definition of the continued fraction expansion of a real number.

Given a real number x, the Euclidean division in R of x by 1 yields a
quotient |z] € Z (the integral part of x) and a remainder {z} in the interval
iu( [0,1) (the fractional part of ) satisfying

x=|z| + {z}.

Set ap = |z]. Hence ap € Z. If = is an integer then = = |[z] = ag and
{z} = 0. In this case we just write x = ag with ap € Z. Otherwise we have
{z} > 0 and we set x; = 1/{z} and a; = |z1]. Since {x} < 1 we have
x1 >1and a; > 1. Also

1

rT=ayg+ ——
O + {21}

Again, we consider two cases: if x; € Z then {z1} =0, z; = a; and

1
r=ag+ —
ax

2Starting with a rectangle of side-lengths a and b, the process stops when a square of
side-length d is reached, where d is the gcd of a and b: also d is the largest positive integer
such that the initial rectangle can be covered with square tiles of side length d.



with two integers ag and ai, with a; > 2 (recall 1 > 1). Otherwise we can
define z9 = 1/{x1}, ag = |x2] and go one step further:

1
T =ap+ 1
a1+ —————
as + {2}
Inductively one obtains a relation
1
r=ag+ 1
ai + 1
az +
. N 1
a _ —
n—1 an n {xn}

with 0 < {z,,} < 1. The connexion with the geometric proof of irrationality
of v/2 by means of rectangles and squares is now obvious: start with a
positive real number x and consider a rectangle of sides 1 and x. Divide this
rectangle into unit squares and a second rectangle. Then ag is the number
of unit squares which occur, while the sides of the second rectangle are 1
and {z}. If z is not an integer, meaning {z} > 0, then we split the second
rectangle into squares of sides {z} plus a third rectangle. The number of
squares is now a; and the third rectangle has sides {z} and 1 —a;{z}. Going
one in the same way, one checks that the number of squares we get at the
n-th step is a,.

This geometric point of view shows that the process stops after finitely
many steps (meaning that some {z,} is zero, or equivalently that x,, is in
Z) if and only if x is rational.

For simplicity of notation, when zg,z1,...,z, are real numbers with
ri,...,T, positive, we write
1
x = [zg, x1,...,2y] for z¢+ T
r1 + i
T2 +
: 1
Tp—1+ —
n
When ag, ay,...,a, are integers with aq, . . ., a, positive, then [ag, ai,. .., a,]
is a rational number. Conversely, given a rational number x, the previous al-
gorithm produces a finite continued fraction [ag, a1, ..., a,| where ag = | x|

and a; > 0 (1 <7 < n) are integers. If x is a rational integer, then n = 0,



ap = x and the continued fraction which is produced by this algorithm is
x = [ag]. If x is not an integer, then n > 1 and a, > 2. For any rational
number, there are exactly two finite continued fractions equal to x: one,
say [ag, ai,...,an—1,0ay], is given by the previous algorithm, the other one
is [ag, ai,...,an—1,a, — 1,1]. For instance if x is an integer the continued
fraction produced by the algorithm is [z], as we just saw, while the other
continued fraction equal to z is [x — 1,1]. The two continued fractions equal
to 1 are [1] and [0, 1], while any positive rational number distinct from 1 has
one continued fraction expansion with the last term a, > 2 and one with
the last term 1.

When z is irrational, we write the continued fraction as [ag, a1,...,an,...].

We shall check later that when ag, a1, ..., a,, ... areintegers with ay,...,an,,...

positive, the limit of [ag, a1,...,a,] exists and is equal to z.

We need a further notation for ultimately periodic continued fraction.
Assume that z is irrational and that for some integers ng and r > 0 its
continued fraction expansion [ag, a1, ...,an,...] satisfies

Gntr = an  for any n > ng.

Then we write

T = [CL[), A1,.--,0ng—1,0ngy; Ano+1;-- '7an0+7‘—1]'
For instance
V2=1[1,2 2 2,...]1=[1, 2
and
V3=1[1,1,21,21,2,...]=[1, 1,2].

References on continued fractions are [11) BT} 19, 23| 4]. An interesting
remark [29] on the continued fraction expansion of v/2 is to relate the A4
paper format 21 x 29.7 to the fraction expansion

%:%:[1, 2,2, 2,2, 2]

There is nothing special with the square root of 2: most of the previous
argument extend to the proof of irrationality of \/n when n is a positive
integer which is not the square of an integer. For instance, a proof of the
irrationality of \/n when n is not the square of an integer runs as follows.
Write /n = a/b where b is the smallest positive integer such that by/n is
an integer. Further, denote by m the integral part of y/n: this means that
m is the positive integer such that m < y/n < m + 1. The strict inequality



m < y/n is the assumption that n is not a square. From 0 < /n —m < 1
one deduces
0< (vn—m)b<b.

Now the number
V= (vn—m)b=a—mb

is a positive rational integer, the product
b/n=bn—am

is an integer and b’ < b, which contradicts the choice of b minimal.

The irrationality of v/5 is equivalent to the irrationality of the Golden
ratio ® = (1 ++/5)/2, root of the polynomial X? — X — 1, whose continued
fraction expansion is

o=[1,1,1,1...] =1

This continued fraction expansion follows from the relation

1
=14 —-
* )
The geometric irrationality proof using rectangles that we described above
for 1 + /2 works in a similar way for the Golden ratio: a rectangle of sides
® and 1 splits into a square and a small rectangle of sides 1 and ® — 1, hence

the first and the second rectangles have the same proportion, namely

1
=51 )

Therefore the process continues forever with one square and one smaller
rectangle with the same proportion. Hence ® and /5 are irrational numbers.

Exercise 1. (a) Check that, in the geometric construction of splitting a
rectangle of sides 1 and x into squares and rectangles, the number of suc-
cessive squares is the sequence of integers (an)n>, in the continued fraction
expansion of x.

(b) Start with a unit square. Put on top of it another unit square: you get
a rectangle with sides 1 and 2. Next put on the right a square of sides 2,
which produces a rectangle with sides 2 and 3. Continue the process as fol-
lows: when you reach a rectangle of small side a and large side b, complete
it with a square of sides b, so that you get a rectangle with sides b and a+b.
Which is the sequence of sides of the rectangles you obtain with this process?



Generalizing this idea, given positive integers ag, ai,...,ar, devise a geo-
metrical construction of the positive rational number having the continued
fraction expansion

[ag, ai,...,ak].

Another proof of the irrationality of ® is to deduce from the equation
that a relation ® = a/b with 0 < b < a yields

hence a/b is not a rational fraction with minimal denominator.

1.3 Irrational numbers

If k is a positive integer and n a positive integer which is not the k-th power
of a rational integer, then the number n'/* is irrational. This follows, for
instance, from the fact that the roots of X¥ — n are algebraic integers, and
algebraic integers which are rational numbers are rational integers.

Other numbers for which it is easy to prove the irrationality are quotients
of logarithms: if m and n are positive integers such that (logm)/(logn) is
rational, say a/b, then mb = n?, which means that m and n are multiplica-
tively dependent. Recall that elements x1,...,z, in an additive group are
linearly independent if a relation a1x1 + - - -+ ayx, = 0 with rational integers
ai,...,a, implies a; = - -+ = a, = 0. Similarly, elements z1, ..., z, in a mul-
tiplicative group are multiplicatively independent if a relation ' -- -z =1
with rational integers ay,...,a, implies a; = --- = a, = 0. Therefore a
quotient like (log2)/log3, and more generally (logm)/logn where m and
n are multiplicatively independent positive rational numbers, is irrational.

We have seen that a real number is rational if and only if its continued
fraction expansion is finite. There is another criterion of irrationality using
the b-adic expansion when b is an integer > 2 (for b = 10 this is the decimal
expansion, for b = 2 it is the diadic expansion). Indeed any real number z
can be written

=z +dib Fdob - Fdyb

where the integers d,, (the digits of x) are in the range 0 < d,, < b. There
is unicity of such an expansion, unless z is an integral multiple of some b~"
with n > 0, in which case x has two expansions: one where all sufficiently
large digits vanish, and one for which all sufficiently large digits are b — 1.



This is due to the equation

n

b= (b—1)b A

k=0

Here is the irrationality criterion using such expansions: fix an integer b > 2.
Then the real number x is rational if and only if the sequence of digits
(dp)n>1 of x in basis b is ultimately periodic.

Exercise 2. Let b > 2 be an integer.
(a) Show that a real number x is rational if and only if the sequence (dy)n>1
of digits of x in the expansion in basis b

r=|z] +dib 4 db 2 dbT (0 <d, <b)

1s ultimately periodic.
(b) Let (up)n>0 be an increasing sequence of positive integers. Assume there
exists ¢ > 0 such that, for all sufficiently large n,

Up — Up_1 > CN.

Deduce from (a) that the number

9= b

n>0
1s irrational.

One might be tempted to conclude that it should be easy to decide
whether a given real number is rational or not. However this is not the case
with many constants from analysis, because most often one does not know
any expansion, either in continued fraction or in any basis b > 2. And the
fact is that for many such constants the answer is not known. For instance,
one does not know whether the Fuler—Mascheroni constant

. 1 1 1
~v = lim <1+++"'+—10gn)
n—r00 2 3 n

= 0,577215664 901 532860606 512090 082.. ..



is rational or not: one expects that it is an irrational number (and even a
transcendental number - see later). Other formulas for the same number are

yzi(;_log (1+3))
(e
L

J. Sondow uses (a generalization of) the last double integral in [35], he was
inspired by F. Beukers’” work on Apéry’s proof of the irrationality of

1
¢(3) = Z 3= 1,202 056 903 159 594 285 399 738 161 511 . ..

n>1

in 1978. Recall that the values of the Riemann zeta function

—Y

n>1

was considered by Euler for real s and by Riemann for complex s, the series
being convergent for the real part of s greater than 1. Euler proved that
the values ((2k) of this function at the even positive integers (k € Z, k > 1)
are rational multiples of 72, For instance, ((2) = 72/6. It is interesting
to notice that Euler’s proof relates the values ((2k) at the positive even
integers with the values of the same function at the odd negative integers,
namely ((1 — 2k). For Euler this involved divergent series, while Riemann
defined ((s) for s € C, s # 1, by analytic continuation.

One might be tempted to guess that ¢(2k+1)/m**! is a rational number
when k& > 1 is a positive integer. However the folklore conjecture is that
this is not the case. In fact there are good reasons to conjecture that for
any k > 1 and any non-zero polynomial P € Z[Xy, X, ..., Xi], the number
P(m,¢(3),¢(5),...,{(2k+ 1)) is not 0. But one does not know whether

1
¢(b) = Z 5= 1,036 927 755 143 369 926 331 365486 457 . . .

n>1

is irrational or not. And there is no proof so far that ¢(3)/m is irrational.
According to T. Rivoal, among the numbers ((2n + 1) with n > 2, infinitely



many are irrational. And W. Zudilin proved that one at least of the four
numbers

¢(5),¢(7),¢(9),¢(11)

is irrational. References with more information on this topic are given in
the Bourbaki talk [14] by S. Fischler.
A related open question is the arithmetic nature of Catalan’s constant

=
G = —— =10,9159655941772190150. ..
> et -

Other open questions can be asked on the values of Fuler’s Gamma
fonction

o
z\ 1 oo dt
[(z) =e 77271 (1 —) e*/m —/ et —.
(2) [+ i ;
n=1
As an example we do not know how to prove that the number

I'(1/5) = 4,590 843711 998 803 053 204 758 275929 1520. ...

is irrational.
The only rational values of z for which the answer is known (and in fact
one knows the transcendence of the Gamma value in these cases) are

—y T/ /Y Y Ty Ty — 1.
r€{6432346} (mod 1)

The number I'(1/n) appears when one computes periods of the Fermat curve
X"+ Y™ = Z" and this curve is simpler (in technical terms it has genus
< 1) for n =2,3,4 and 6. For n = 5 the genus is 2 and this is related with
the fact that one is not able so far to give the answer for I'(1/5).

The list of similar open problems is endless. For instance, is the number

e+ m="5,859874482048838473822930854632...

rational or not? The answer is not yet known. And the same is true for any
number in the following list

¥ e e e
logm, 27, 2° 7°, €°.



1.4 History of irrationality

The history of irrationality is closely connected with the history of continued
fractions (see[2,3]). (Even the first examples of transcendental numbers pro-
duced by Liouville in 1844 involved continued fractions, before he considered
series).

The question of the irrationality of m was raised in India by Nilakantha
Somayaji, who was born around 1444 AD. In his comments on the work
of Aryabhata, (b. 476 AD) who stated that an approximation for 7 is 7 ~
3.1416, Somayajt asks(EI):

Why then has an approrimate value been mentioned here leav-
ing behind the actual value? Because it (exact value) cannot be
expressed.

In 1767, H. Lambert [20] proved that for x rational and non—zero, the
number tanx cannot be rational. Since tanw/4 = 1 it follows that 7 is
irrational. Then he produced a continued fraction expansion for e* and
deduced that e" is irrational when r is a non—zero rational number. This
is equivalent to the fact that non—zero positive rational numbers have an
irrational logarithm. A detailed description of Lambert’s proof is given in
2.

Euler gave continued fractions expansions not only for e and e?:

=% 1,27, 1> =[21,21,1,4,1, 1,6, 1,...],
[7;37—1, 1, 1, 35, 12j +6);51 = [7; 2, 1, 1, 3, 18, 5, 1, 1, 6, 30, 8,...],

but also for (e +1)/(e — 1), for (e2 +1)/(e? — 1), for e¥/™ with n > 1, for
e?/™ with odd n > 1 and Hurwitz (1896) for 2e and (e + 1)/3:

e
62

1 -
ZJ_rl =[2(25 +1)];50 = [2; 6, 10, 14,...],
e?+1 —
7= 2Tz =1[153,5, 7]
e =1, (25 +)n—1, 1]j>0 for n>2,

e/ = 1, (n—1)/2+ 3jn, 6n+ 12jn, (5n —1)/2+ 3jn, 1];50 for odd n >3,
2¢ =[5, 2, 3, 2j, 3, 1, 2j, 1)1,
e+l
5=
1, 4,5, 4j—-3,1,1,36j—16, 1, 1, 4j—2, 1, 1, 36j — 4, 1, 1, 45 — 1, 1, 5, 47, 1]j>1.

3 K. Ramasubramanian, The Notion of Proof in Indian Science, 13th World Sanskrit
Conference, 2006. http://www.iitb.ac.in/campus/diary /2006 /august/tday2.htm
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Hermite proved the irrationality of 7 and 72 (see [3] p. 207 and p. 247).
Furthermore, A.M. Legendre proved, in 1794, by a modification of Lambert’s
proof, that 72 is also an irrational number (see [3] p. 14).

There are not so many numbers for which one knows the irrationality but
we don’t know whether they are algebraic or transcendental @ A notable
exception is ((3), known to be irrational (Apéry, 1978) and expected to be
transcendental.

1.5 Variation on a proof by Fourier (1815)

That e is not quadratic follows from the fact that the continued fraction
expansion of e, which was known by L. Euler in 1737 [I1, [7, [32], 36], is not
periodic:

e=1[2,1,2,1,1,4,1,1,6, 1, 1, 8,...]

Since this expansion is infinite we deduce that e is irrational. The fact that it
is not ultimately periodic implies also that e is not a quadratic irrationality,
as shown by Lagrange in 1770 — Euler knew already in 1737 that a number
with an ultimately periodic continued fraction expansion is quadratic (see
[111 4, (31]).

The following easier and well known proof of the irrationality of e was
given by J. Fourier in his course at the Ecole Polytechnique in 1815. Later,
in 1872 , C. Hermite proved that e is transcendental, while the work of
F. Lindemann a dozen of years later led to a proof of the so-called Hermite—
Lindemann Theorem: for any nonzero algebraic number o the number e® is
transcendental. However for this first section we study only weaker state-
ments which are very easy to prove. We also show that Fourier’s argument
can be pushed a little bit further than what is usually done, as pointed out
by J. Liouville in 1840.

1.5.1 Irrationality of e

We truncate the exponential series giving the value of e at some point N:

N

NI NI

| _ = - .

Ne Zn!_Z(N—i—k)! 2)
n=0 k>1

4Unless one considers complex numbers of the form iz where  is a real number expected
to be transcendental, but for which no proof of irrationality is known: there are plenty of
them!

11



The right hand side of is a sum of positive numbers, hence is positive
(not zero). From the lower bound (for the binomial coefficient)

(N + k)!
WEN"‘:[ fOI'kZ].,
one deduces N . ) 1
! e —
< — = :
2 N S NI T NG

k>1 k>1

Therefore the right hand side of tends to 0 when N tends to infinity. In

the left hand side, Zg:o N!/n! is an integer. It follows that for any integer
N > 1 the number Nle is not an integer, hence e is an irrational number.

1.5.2 Irrationality of e~!, following C.L. Siegel

In 1949, in his book on transcendental numbers [34], C.L. Siegel simplified
the proof by Fourier: considering e~! instead of e yields alternating series,
hence it is no more necessary to estimate the remainder term.

The sequence (1/n!),>¢ is decreasing and tends to 0, hence for odd N,

L M- Loy T
_ — —_— — e e e —_—_— e _— —_— e e . R —————
1 2 (N—1)! NI 12l (N +1)!

Multiply by N!; the left hand side becomes

NI N NN
S N L R L L=
N TR TN e

while the right hand side becomes

an + <ay—+1.

1
N+1
Hence 0 < Nle™! —ay < 1, and therefore Nle™! is not an integer.

1.5.3 The number e is not quadratic

The fact that e is not a rational number implies that for each m > 1 the
number e!/™ is not rational. To prove that e2, for instance, is also irrational
is not so easy (see the comment on this point in [I]).

The proof below is essentially the one given by J. Liouville in 1840 [25]
which is quoted by Ch. Hermite [I7] (“ces travaux de 'illustre géometre”).

12



To prove that e does not satisfy a quadratic relation ae? 4 be + ¢ with a,
b and c rational integers, not all zero, requires some new trick. Indeed if we
just mimic the same argument we get

N > n N'_ N+1+k b N!
c .—1—20(2 a+b)n!——kz<2 a—{—)m.
n= >0

The left hand side is a rational integer, but the right hand side tends to
infinity (and not 0) with IV, so we draw no conclusion.

Instead of this approach, Liouville writes the quadratic relation as ae +
b+ ce~! = 0. This time it works:

| Y n N! N+1+k N!
n=0 ’ E>0 ’

Again the left hand side is a rational integer, but now the right hand side
tends to 0 when IV tends to infinity, which is what we expected. However we
need a little more work to conclude: we do not yet get the desired conclusion;
we only deduce that both sides vanish. Now let us look more closely to the
series in the right hand side. Write the two first terms Ay for £ = 0 and
By for k =1:

N!
D (o (1) (g = A+ B+ O
with
1 1
AN:(a—(—l)NC)N+1’ BN:(a—i-(—l)Nc) (N+1)(N+2)

and

N!
Cn = kz>2 <a + (—1)N+1+kc> CESET

The above proof that the sum Ay + By + Cn tends to zero as N tends to
infinity shows more: each of the three sequences

Ay, (N+1)By, (N+1)(N+2)Cn

tends to 0 as N tends to infinity. Hence, from the fact that the sum Ay +
Bn+Cy vanishes for sufficiently large IV, it easily follows that for sufficiently
large N, each of the three terms Ay, By and Cy vanishes, hence a—(—1)¢
and a + (—1)" ¢ vanish, therefore a = ¢ = 0, and finally b = 0.

13



Exercise 3. Let (an)n>0 be a bounded sequence of rational integers. Prove
that the following conditions are equivalent:

(i) The number
an
h=3 o
n>0

1s rational.
(ii) There exists Ny > 0 such that a, = 0 for all n > Ny.

1.5.4 The number ¢? is not quadratic

The proof below is the one given by J. Liouville in 1840 [24] . See also [§].

We saw in § that there was a difficulty to prove that e is not
a quadratic number if we were to follow too closely Fourier’s initial idea.
Considering e~! provided the clue. Now we prove that e? is not a quadratic
number by truncating the series at carefully selected places. Consider a
relation ae? + be? + ¢ = 0 with rational integer coefficients a, b and c. Write
ae? + b+ ce™? = 0. Hence

N
N'b N! 2k N1
1y _ ( _1)NHL+E ) .
2N—1+n§(a+( R kzm at(=1) ) INT1+k)

Like in § the right hand side tends to 0 as N tends to infinity, and if
the two first terms of the series vanish for some value of N, then we conclude
a = ¢ = 0. What remains to be proved is that the numbers

N!

N1, (0<n<N)

are integers. For m = 0 this is the coefficient of b, namely 2~ V*1N1. The
fact that these numbers are integers is not true for all values of IV, it is not
true even for all sufficiently large IN; but we do not need so much, it suffices
that they are integers for infinitely many /N, and that much is true.

The exponent v,(N!) of p in the prime decomposition of N! is given by
the (finite) sum (see, for instance, [16])

vy (N1) = ; LZJ . (3)

Using the trivial upper bound |m/p’| < m/p’ we deduce the upper bound

n
p—1

vp(n!) <

14



for all n > 0. In particular va(n!) < n. On the other hand, when N is a
power of p, say N = p', then (3 yields

‘-1 N-1

NY)=p g pt=2 4 ... =272 .

op(N)=p = +p ™ e ptl =" =
Therefore when N is a power of 2 the number N! is divisible by 2¥~! and

we have, for 0 < m < N,
vo(N!/nl) > N —n —1,
which means that the numbers N!/2V="~1n! are integers.

Exercise 4. (Continuation of exercise [3). Let (an)n>0 be a bounded se-
quence of rational integers. Prove that these properties are also equivalent
to

(iii) The number

a,2"
=) =
n!
n>0
s rational.
Exercise 5. Prove that eV? is an irrational number.

Hint. Prove the stronger result that eV? + e~ V2 is irrational.
Prove also the irrationality of eVv3.
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2 Irrationality Criteria

2.1 Statement of a criterion

Proposition 4. Let ¢ be a real number. The following conditions are equiv-
alent:

(i) ¥ is irrational.

(ii) For any € > 0, there exists (p,q) € Z* such that ¢ > 0 and

0< g9 —p|l<e

(iii) For any € > 0, there exist two linearly independent linear forms in two
variables

Lo(Xo, X1) = aoXo +bo X1 and Lq1(Xo,X1) = a1 Xo + b1 X1,
with rational integer coefficients, such that
max{|L0(1,19)] , ]L1(1,0)|} < €.

(iv) For any real number Q@ > 1, there exists an integer q in the range
1 < q < @ and a rational integer p such that

1
0<|q¥—p|l < —=-
| \ 0
(v) There exist infinitely many p/q € Q such that

1
-2 <x
q q

(vi) There exist infinitely many p/q € Q such that

'ﬁ—p‘<

al Vo2

16



The implication (vi) = (v) is trivial. We shall prove (i) = (vi) later (in
the section on continued fractions). We now prove the equivalence between
the other conditions of Proposition [4] as follows:

(iv) = (i) = (iii) = (i) = (iv) = (v) and (v) = (ii).

Notice that given a positive integer ¢, there is at most one value of p
such that g9 — p| < 1/2, namely the nearest integer to ¢iJ. Hence, when we
approximate ¥ by a rational number p/q, we have only one free parameter
in Z~g, namely q.

In condition (v), there is no need to assume that the left hand side is
not 0: if one p/q € Q produces 0, then all other ones do not, and there are
again infinitely many of them.

Proof of (iv) = (ii). Using (iv) with @ satisfying @ > 1 and @ > 1/e, we
get (ii). O

Proof of (v) = (ii). According to (v), there is an infinite sequence of distinct
rational numbers (p;/¢;)i>0 with g; > 0 such that

1
< P ——
V5¢;

For each ¢;, there is a single value for the numerator p; for which this in-
equality is satisfied. Hence the set of ¢; is unbounded. Taking ¢; > 1/e
yields (ii). O

=
qi

Proof of (ii) = (iii). Let e > 0. From (ii) we deduce the existence of (p, q) €
Z x Z with ¢ > 0 and ged(p, ¢) = 1 such that

0< g9 —p|l<e

We use (ii) once more with e replaced by | —p|. There exists (p',¢') € ZxZ
with ¢/ > 0 such that

0<|qV—p'| <lgd—pl (5)

Define Lo(XQ,Xl) = pXo — le and Ll(Xo,Xl) = p,Xo — q,Xl. It only
remains to check that Ly(Xp, X1) and Lq(Xo, X1) are linearly independent.
Otherwise, there exists (s,t) € Z2\ (0,0) such that sLy = tL;. Hence
sp=tp, sq =tq, and p/q = p'/q’. Since ged(p,q) = 1, we deduce ¢t = 1,
P’ =sp, ¢ =sqand ¢ —p’ = s(q¥ — p). This is not compatible with ().
O
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Proof of (iii) = (i). Assume 9 € Q, say ¥ = a/b with ged(a,b) =1 and b >
0. For any non—zero linear form L € Z X, + Z X, the condition L(1,7) # 0
implies |L(1,9)| > 1/b, hence for e = 1/b condition (iii) does not hold.

U

Proof of (i) = (iv) using Dirichlet’s box principle. Let @@ > 1 be a given
real number. Define N = [Q]: this means that N is the integer such
that N —1 < @ < N. Since Q > 1, we have N > 2.

Let ¥ € R\ Q. Consider the subset E of the unit interval [0, 1] which
consists of the N + 1 elements

0, {9}, {20}, {39}, ..., {(N — 1)}, 1.

Since ¥ is irrational, these N + 1 elements are pairwise distinct. Split the
interval [0, 1] into N intervals

J J+1 .
Ii=|=,—— 0<j3<N-1).
J |:N7 N:| ( >7> )

One at least of these N intervals, say I, contains at least two elements of
E. Apart from 0 and 1, all elements {¢U¥} in F with 1 < ¢ < N —1 are
irrational, hence belong to the union of the open intervals (j/N, (j+1)/N)
with 0 < j < N — 1.

If jo = N — 1, then the interval

1
1j0:1N1:[1—N, 1]

contains 1 as well as another element of E of the form {¢g¥} with 1 < ¢ <
N —1. Set p=[g¥] + 1. Then we have 1 <¢< N —1 < @ and

11
p—q¥ = [qV]+1—[qV] —{q¥} =1—{qV}, hence 0<p—qv“<ﬁﬁa

Otherwise we have 0 < jo < N —2 and I, contains two elements {¢;9} and
{g20} with 0 < ¢; < g2 < N — 1. Set

=@ —q, p=[@I] - |nd]
Then we have 0 < g=¢qo —q1 < N —1 < @ and

g9 — p| = {@20} —{q19}| < 1/N < 1/Q.
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Remark. Theorem 1.A in Chap. II of [31] states that for any real number 9,
for any real number @) > 1, there exists an integer ¢ in the range 1 < ¢ < @
and a rational integer p such that

The proof given there yields strict inequality |¢¢ — p| < 1/Q in case @ is not
an integer. In the case where @ is an integer and 1 is rational, the result
does not hold with a strict inequality in general. For instance, if ¥ = a/b
with ged(a,b) = 1 and b > 2, there is a solution p/q to this problem with
strict inequality for Q = b+ 1, but not for Q) = b.

However, when @) is an integer and 9 is irrational, the number |q¥ — p|
is irrational (recall that ¢ > 0), hence not equal to 1/Q).

Proof of (iv) = (v). Assume (iv). We already know that (iv) = (i), hence
¥ is irrational.

Let {q1,...,qn} be a finite set of positive integers. We are going to show
that there exists a positive integer q € {qi,...,qn} satisfying the condition
(v). Denote by || - || the distance to the nearest integer: for x € R,

|z|| = min |z — al.
a€Z

Since ¥ is irrational, it follows that for 1 < j < N, the number ||g;?|| is
non—zero. Let @@ > 1 satisfy

~1
> i 1 .
Q> (i, ool

From (iv) we deduce that there exists an integer ¢ in the range 1 < ¢ < @
such that

1
0 < |lqvi]| < =-
lad]| 0
The right hand side is < 1/¢, and the choice of @ implies q & {q1,...,qn}.

O]

In the next section, we give another proof of (i) = (iv) which rests on
Minkowski geometry of numbers.
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2.2 Geometry of numbers

Recall that a discrete subgroup of R™ of maximal rank n is called a lattice
of R™.

Let G be a lattice in R". For each basis e = {ej,...,e,} of G the
parallelogram

Pe:{I1€1+"‘+$nen;0§xi<1(1§i§n)}

is a fundamental domain for G, which means a complete system of repre-
sentative of classes modulo G. We get a partition of R as

R" = [ J(Pe+9) (6)
geG

A change of bases of GG is obtained with a matrix with integer coefficients
having determinant +1, hence the Lebesgue measure u(Pe) of Pe does not
depend on e: this number is called the volume of the lattice G and denoted
by v(G).

Here is an example of results obtained by H. Minkowski in the XIX—th
century as an application of his geometry of numbers.

Theorem 7 (Minkowski). Let G be a lattice in R™ and B a measurable
subset of R"™. Assume p(B) > v(G). Then there exist © # y in B such that
x—yeqG.

Proof. From ([6)) we deduce that B is the disjoint union of the BN (Pe + g)
with ¢ running over G. Hence
w(B) =3 w (BN (Po+g)).
geG

Since Lebesgue measure is invariant under translation
w(BN(Petg))=p((—g+B)NF).

The sets (—g+ B) N Pe are all contained in Pe and the sum of their measures
is u(B) > p(Pe). Therefore they are not all pairwise disjoint — this is one
of the versions of the Dirichlet box principle. There exists g # ¢’ in G such
that

(—g+B)N(—¢' +B) #0.

Let x and y in B satisty —g+z=—¢'+y. Thenz —y=9g—¢ € G\ {0}.
]
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From Theorem [7| we deduce Minkowski’s convex body Theorem (Theo-
rem 2B, Chapter II of [31]).

Corollary 8. Let G be a lattice in R™ and let B be a measurable subset
of R™, convex and symmetric with respect to the origin, such that u(B) >

2"(G). Then BN G # {0}.
Proof. We use Theorem [7] with the set

1
B/:§B:{xER";2x€B}.

We have u(B') = 27"u(B) > v(G), hence by Theorem [7| there exists x # y
in B’ such that z—y € G. Now 2x and 2y are in B, and since B is symmetric
—2y € B. Finally B is convex, hence (20 —2y)/2 =2 —y € GN B\ {0}.

O

Corollary 9. With the notations of Corollary[8, if B is also compact in R",
then the weaker inequality pu(B) > 2"v(G) suffices to reach the conclusion.

Proof. Assume p(B) = 2"v(G). Fore > 0, set B, = (1+€)B = {(1+¢€)t; t €
B}. Since p(Be) > 2"v(G), we deduce from Corollary[§| B.NG # {0}. Since
B is compact and G discrete, B. NG \ {0} is a finite non—empty set. Also

BoNnGcCcBNG

for ¢ < e. Hence there exists t € G \ {0} such that ¢t € B, for all € > 0.
Define t. € B by t = (1 + €)t.. Since B is compact, there is a sequence
€, — 0 such that ., has a limit in B. But lim._ote =t. Hence t € B.

]

Remark. The example of G = Z" and B = {(z1,...,2,) € R"; |z;| < 1}
shows how sharp are Corollaries [§ and [9}

Minkowski’s Linear Forms Theorem (see, for instance, [31] Chap. IT § 2
Th. 2C) is the following result.

Theorem 10 (Minkowski’s Linear Forms Theorem). Suppose that 9;; (1 <
i,7 < n) are real numbers with determinant +1 . Suppose that Ay,..., A,
are positive numbers with Aq--- A, = 1. Then there exists an integer point
z=(21,...,2,) # 0 such that

|11 + - + Dinen| < 4; (1<i<n-—-1)

and
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Proof. We apply Corollary |8 with A,, replaced with A, + € for a sequence
of € which tends to 0. O

Here is a consequence of Theorem

Corollary 11. Let 91, ...,%, be real numbers. For any real number Q > 1,
there exist p1,...,Pm,q in Z such that 1 < q < @ and
i 1
max |9¥; — bi < .
1<i<m q qQl/m

Proof of Corollary[11. We apply Theorem to the n x n matrix (with
n=m+1)

1 00 --- 0
—191 1 0 0
—292 01 0
Uy 0 0 -0 1
corresponding to the linear forms Xy and —¢;Xp + X; (1 < i < m), and
with AO = Q’ Al —- ... = Am — Q—l/m'

O]

Proof of (i) = (iv) in Proposition || using Minkowski’s geometry of numbers.
Let € > 0. The subset

Ce = {(zo. 1) € R?; |mo| < Q, |zo¥ — 21| < (1/Q) + €}

of R? is convex, symmetric and has volume > 4. By Minkowski’s Convex
Body Theorem (Corollary [8| below), it contains a non-zero element in Z2.
Since C, is also bounded, the intersection C, N Z? is finite. Consider a non—
zero element (zg,x1) in this intersection with |xg¥ — z1| minimal. Then
(xo,x1) € C, for all € > 0, hence |xgd — x1| < 1/Q + € for all € > 0. Since
this is true for all € > 0, we deduce |zod — z1| < 1/Q. Finally, since 9 is
irrational, we also have |zo¥ — z1| # 1/Q. O

2.3 Irrationality of at least one number

Proposition 12. Let ¥4, ...,1Y,, be real numbers. The following conditions
are equivalent:
(i) One at least of V1, ...,V is irrational.

(ii) For any € > 0, there exist p1,...,Pm,q in Z with ¢ > 0 such that

0< [max. lq¥; — pi| < e.
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(iii) For any € > 0, there exist m + 1 linearly independent linear forms
Lo,..., Ly in m + 1 variables with coefficients in Z in m + 1 variables
Xo, ..., Xm, such that

0131}%};1 ‘Lk(l,ﬁl, . ,ﬂm)‘ < €.

(iv) For any real number QQ > 1, there exists pi,...,pm,q in Z such that
1<q¢<@Q and

0 < max |q¥; —
1§i<m’q !

pi| < 1
Ql/m

(v) There is an infinite set of ¢ € Z, q > 0, for which there exist p1,...,pm
i 2 satisfying

1
q1+1/m '

0 -2
q

We shall prove Proposition [12|in the following way:

i) = ()

0 < max <

1<i<m

0 (v)
e
(i) < (i)
Proof of (iv) = (v). We first deduce (i) from (iv). Indeed, if (i) does not
hold and ¥; = a;/b € Q for 1 <1i < m, then the condition

12?;1(12 bi b

implies q¥; — p; = 0 for 1 < i < m, hence (iv) does not hold as soon as
Q>

Let {q1,...,qn} be a finite set of positive integers. Using (iv) again, we
are going to show that there exists a positive integer ¢ &€ {q1,...,qn} satis-
fying the condition (v). Recall that || - || denotes the distance to the nearest
integer. From (i) it follows that for 1 < j < N, the number maxi<;<m ||g; 3|
is non—zero. Let () > 1 be sufficiently large such that

—1/m ; 9.
Q < Din max fg;vi].

We use (iv): there exists an integer ¢ in the range 1 < g < @ such that

|| < Q Y/m,
0< [max, lqvill < Q

23



The right hand side is < ¢~'/™, and the choice of Q implies ¢ & {q1, ..., qn}-
]

Proof of (v) = (ii). Given e > 0, there is a positive integer ¢ > max{1,1/e™}
satisfying the conclusion of (v). Then (ii) follows. O

Proof of (ii) = (iii). Let € > 0. From (ii) we deduce the existence of (p1,. .., Pm,q)
in Z™*t! with ¢ > 0 such that

0< max. lq¥; — pi| < e.

Without loss of generality we may assume ged(py,...,pm,q) = 1. Define
Ly,...,Ly by Li(Xo,...,Xm) =piXo—qX; for1 <i<m. Then Lq,..., L,
are m linearly independent linear forms in m + 1 variables with rational
integer coeflicients satisfying

0< 11%12'2%}7(”|Li(1,191, e ,ﬁm)’ < €.

We use (ii) once more with € replaced by

125%};1’14(17191’---”9771” :1211.2%};1|q792'*pi|'

Hence there exists p/,...,p,, ¢ in Z with ¢’ > 0 such that
/ /
9 — P, 9 — pil. 1
0<1r£ifgnlq i — Dl <128£§1‘q i — Dil (13)
It remains to check that one at least of the m linear forms
Li(Xo,..., Xm) =piXo— ¢ X;

for 1 <14 < m is linearly independent of L1, ..., Ly,. Otherwise, for 1 <i <
m, there exist rational integers s;,t;1, ..., tim, with s; # 0, such that

Si(p/iXO - q/Xz) = tilLl +---+ tszm
= (tapr + -+ timpm) Xo — ¢(ta X1 + - + timXm)-

These relations imply, for 1 < i <m,
sid = qtii, tr; =0 and s;p; =pity for 1 <k<m, k#i,

meaning that the two projective points (p1 : -+ : pm : q) and (pj : -+ : p), :

q') are the same. Since ged(ps, ..., Pm,q) = 1, it follows that (p},...,p.,,q")

is an integer multiple of (pi,...,Pm,q). This is not compatible with .
O
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Proof of (iii) = (i). We proceed by contradiction. Assume (i) is not true:
there exists (ai,...,am,b) € Z™! with b > 0 such that ¥y = a/b for
1 <k < m. Use (iii) with e = 1/b: we get m + 1 linearly independent linear
forms Lg,...,L,, in ZXg+ -+ + ZX,,. One at least of them, say L, does
not vanish at (1,91,...,%,,). Then we have

0< |Lk(b,a1,...,am)| = b’Lk(l,ﬁl,...,ﬁm)’ < be =1.

Since Lg(b,a1,...,an) is a rational integer, we obtain a contradiction.
O

Proof of (i) = (iv). Use Corollary From the assumption (i) we deduce

9; — pi| # 0.
@éggnlqz pil #0

O]

Remark. This proof of the implication (i) = (iv) in Proposition [12{ (com-
pare with [31] Chap. IT § 2 p. 35) relies on Minkowski’s linear form Theorem.
Another proof of (i) = (iv) in the special case where QY™ is an integer,
by means of Dirichlet’s box principle, can be found in [31I] Chap. II Th. 1E
p. 28. A third proof (using again the geometry of numbers, but based on a
result by Blichfeldt) is given in [31] Chap. II § 2 p. 32.

3 Ciriteria for linear independence

3.1 Hermite’s method

Let ¢4,...,9,, be real numbers and aq, a1, ..., a, rational integers, not all
of which are 0. The goal is to prove that, under certain conditions, the
number

L=ay+ a1+ - +anpdy

is not 0.
Hermite’s idea (see [I§] and [I3] Chap. 2 § 1.3) is to approximate si-
multaneously 91, ..., 9, by rational numbers p;/q, ..., pm/q with the same

denominator g > 0.
Let q,p1,...,pm be rational integers with ¢ > 0. For 1 < k < m set

€k = QU — Pk-
Then qL = M + R with

M = apqg +aipr + -+ ampm € Z
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and
R=aie1+ -+ amem € R.

If M # 0 and |R| < 1 we deduce L # 0.

One of the main difficulties is often to check M # 0. This question
gives rise to the so-called zero estimates or mon-vanishing lemmas. In the
present situation, we wish to find a (m + 1)-tuple (¢,p1,...,pm) such that
(p1/4, - .,pm/q) is a simultaneous rational approximation to (¥1,...,9,),
but we also require that it lies outside the hyperplane agXg 4+ a1 X1 + - +
amXm = 0 of Q™. Our goal is to prove the linear independence over Q
of 1,91,...,Yn; hence this needs to be checked for all hyperplanes. The
solution to this problem is to construct not only one tuple (¢, p1,...,Pm)
in Z™*1\ {0}, but m + 1 such tuples which are linearly independent. This
yields m + 1 pairs (M, R) (k =0,...,m) in place of a single pair (M, R).
From (ag,...,an) # (0,...,0), one deduces that one at least of My, ..., M,,
is not 0.

It turns out (Proposition [14] below) that nothing is lost by using such
arguments: existence of linearly independent simultaneous rational approx-
imations for ¥4, ..., 4, are characteristic of linearly independent real num-
bers 1,91, ...,9m.

3.2 Rational approximations
The following criterion is due to M. Laurent [22].

Proposition 14. Let 9 = (V4,...,%,) € R™. Then the following condi-
tions are equivalent:
(i) The numbers 1,91, ...,V are linearly independent over Q.
(ii) For any e > 0, there exist m~+1 linearly independent elements ug, uy, . .., Uy,
in Z™Y say

w; = (Gis P1is--->Pmi) (0 <3 <m)

with q; > 0, such that

max ﬁk—% << (0<i<m). (15)
1<k<m qi qi
The condition of linear independence on the elements ug,ui,...,u,,
means that the determinant
qgo P10 " Pmo
dm Pim ° Pmm
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is not 0.
For 0 <i <m, set

qi ’ qi
Further define, for z = (x1,...,2,,) € R™,
|z| = max |x;|.
1<i<m

Also for z = (21,...,2,) € R™ and y = (y1,...,ym) € R™ set

g_g:(xl_yla"'vxm_ym)a

so that

Then the relation (15]) in Proposition [14] can be written

P-r|< = (0<i<m).
qi

The easy implication (which is also the useful one for Diophantine appli-
cations: linear independence, transcendence and algebraic independence)
is (ii) = (i) . We shall prove a more explicit version of it by check-
ing that any tuple (q,p1,...,pm) € Z™ L, with ¢ > 0, producing a tuple
(p1/4q, - pm/q) € Q™ of sufficiently good rational approrimations to ¥ sat-

isfies the same linear dependence relations as 1,91, ...,0,.
Lemma 16. Let ¥,...,%,, be real numbers. Assume that the numbers
1,91,...,%m, are linearly dependent over Q: let a,by, ..., by be rational in-

tegers, not all of which are zero, satisfying
a+bvr+ -+ by, =0.

Let € be a real number satisfying

m —1
0<e< (E |bk|> .
k=1

Assume further that (q,p1,...,pm) € Z™ ! satisfies ¢ > 0 and

9y — | < e.
12}3&!(1 k—pr| <€

Then
aq +bip1 + -+ + byppm = 0.
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Proof. In the relation

qa+> bepe =Y bi(pr — k),
k=1 k=1

the right hand side has absolute value less than 1 and the left hand side is
a rational integer, so it is 0.
O

Proof of (ii) = (i) in Proposition |1 Let
aXo+ b1 X1+ + b Xm

be a non—zero linear form with integer coefficients. For sufficiently small e,
assumption (ii) show that there exist m + 1 linearly independent elements
u; € Z™*! such that the corresponding rational approximation satisfy the
assumptions of Lemma Since ug, . .., Uy, is a basis of Q™*!, one at least
of the L(u;) is not 0. Hence Lemma (16 implies

a+bd+ -+ b9y, 0.
O

Proof of (i) = (ii) in Proposition[1f} Let ¢ > 0. By Corollary there
exists u = (q,p1,...,pm) € Z™H with ¢ > 0 such that

-
q

max
1<k<m

<

€
q
Consider the subset E. C Z™*! of these tuples. Let V. be the Q-vector
subspace of Q™ *! spanned by E..

If V., # Q™T!, then there is a hyperplane agxg + a1y + - - + apTm = 0
containing E.. Any u = (q,p1,...,Pm) in E. has

aoq + aip1 + -+ ampm = 0.
For each n > 1/¢, let uw = (qn, Pin, - - -, Pmn) € Ee satisfy

1
p—

nqn

_ P
qn

max
1<k<m

Then

m
ag+a1191+---+am19m:z:ak (ﬁk—pkn> .
el qn
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Hence

1 m
’a0+a1791+"‘+am79m‘ < 7Z’ak‘
ngn el

The right hand side tends to 0 as n tends to infinity, hence the left hand side
vanishes, and 1,94,...,9,, are Q-linearly dependent, which means that (i)
does not hold.

Therefore, if (i) holds, then V. = Q™!  hence there are m + 1 linearly
independent elements in E..

O]
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3.3 Linear forms
3.3.1 Siegel’s method: m + 1 linear forms

For proving linear independence of real numbers, Hermite [I8] considered
simultaneous approximation to these numbers by algebraic numbers. The
point of view introduced by Siegel in 1929 [33] is dual (duality in the sense
of convex bodies): he considers simultaneous approximation by means of
independent linear forms.

We define the height of a linear form L = agXg + -+ + amX;,m with
complex coeflicients by

H(L) = max{|ao]|,...,|am|}
Lemma 17. Let ¥1,...,9,, be complex numbers. Assume that, for any
€ > 0, there exists m + 1 linearly independent linear forms Lg,..., Ly, in

m + 1 variables, with coefficients in Z, such that

€
Og}Cag>§n|Lk(1,191,...,19m)| < w1 where H = og}cagme(Lk)'

Then 1,91, ...,Yy, are linearly independent over Q.

The proof is given by C.L. Siegel in [33]; see also [I3] Chap. 2 § 1.4 and
[6]. We sketch the argument here, and we expand it below.

Assume 1,74, ...,9,, are linearly dependent over Q: let Ay € ZXy +
ZX1+---+7ZX,, be anon—=zero linear form in m+ 1 variables which vanishes
at the point (1,94,...,Y,). Denote by A the maximum of the absolute
values of the coefficients of Ay and use the assumption with € = 1/m!mA.
Among the m + 1 linearly independent linear forms which are given by the
assumption of LemmalI7] select m of them, say A, ..., A,,, which form with
Ao a set of m + 1 linearly independent linear forms. The (m + 1) x (m + 1)
matrix of coefficients of these forms is regular; using the inverse matrix, one
expresses its determinant A as a linear combination with integer coefficients
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of Ag(1,91,...,9m)], 1 < k < m. The choice of € yields the contradiction
Al < 1.
We develop this idea and deduce the following more precise statement.

Proposition 18. Let ¥4,...,%,, be complex numbers and Ly,..., L, be
m + 1 linearly independent linear forms in m + 1 variables with coefficients
in Z. Then

L )] 1 '
0SkEm H(Ly) = (m+ 1)H(Lo) - H(Ly)

Proof. For 0 < k < m, write
m

Li(Xo,. ., Xm) =Y X andset Mg = Lp(1,91,...,Um).
=0

Define g = 1. Let L be the regular (m + 1) x (m + 1) matrix ({;)

. . 0<k,i<m’
Using the relation

Jo Ao
=Lt
U Am
one can write the product of ¥y = 1 by det(L) as a linear combination of
Ao, - - -, Am with rational integer coefficients. In this linear combination, the

absolute value of the coefficient of A is < m!H(Lg) -+ H(Ly,)/H(Ly). We

deduce
Al
H(Lyg)

m
1< |det(L)| <m!y  H(Lo): - H(Lp)
k=0
Proposition [1§] follows.

An straightforward consequence of Proposition [18]is the following:

Corollary 19. Let ¥4,...,Y, be complex numbers, H be a positive real
number and Lo, . .., Ly, be m+1 linearly independent linear forms in m+ 1
variables with coefficients in Z of height < H. Then

1
Lp(1,%,...,0 > .
Og}ﬁasxm| k( sy Ul ) m)| = (m+1)'Hm

Using either Proposition or Corollary we deduce the following
result (compare with [27] Lemma 2.4):
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Corollary 20. Let ¥1,...,9, be complex numbers and £ > 0 be a real
number. Assume that, for any € > 0, there exists m~+1 linearly independent
linear forms Lg, ..., Ly in m =+ 1 variables, with coefficients in Z, such that
€

Lip(1,9,...,90)] < — h H= H(Ly).
omax |Lk(1, v m)| < g where omax H(Ly)

Denote by r+1 the dimension of the Q—vector space spanned by 1,91, ..., 0.
Then r > K.

Under the assumptions of Corollary 20} since r < m, we deduce k < m,
which is a plain consequence of Corollary

We recover Lemma [I7] by taking x = m — 1.

Also we recover the implication (iii) = (i) from Proposition [12|by taking
k=0.

Proof. We give two slightly different proofs of Corollary For the first
one, we use Proposition [18| as follows: consider m — r linearly independent
linear relations among 1,%1,...,9,,. Denote by ET_H, e Em these linear
forms and by ¢ their maximal height. Take 0 < e < 1/((m+1)!¢™™"). Select
r + 1 linear forms EO, . ,ZT among Lo, ..., L, to get a maximal system of
m + 1 linearly independent linear forms Eo, cee Zm From Proposition
one deduces
1 1

(m+ Dlem—"H(Lg)---H(L,) ~ (m+ )!H(Lg) -+ H(Ly,)
|l~}k(1,191,~.. S Om)|

A

< max
0<k<m H(Ly)
L
< max | k(la’ﬂlvN 719m)|
0<k<r H(Ly)
|Le(1,91, ..., 0n)]
< .
= oghem H(Ly)

From the choice of €, one concludes H* < H", hence r > k.
Our second proof of Corollary [20| rests on Corollary Let 1,&,...,&
be a basis of the Q—vector space spanned by 1,91,...,9,,. Define {§ =9y =

1 and write .

Oh = ani& (0<h<m).
§=0
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In particular ago = 1 and agj = 0 for 1 < j < m. Define

m

©= B 2l
h=0

and let € satisfy 0 < e < 1/(r + 1)!¢". Let Ly,..., Ly be the m + 1 linearly
independent linear forms in m + 1 variables with integer coefficients given
by the assumption of Corollary 20] Write

m
LHXm~me%=2meh(0§k§m)
h=0
By assumption maxo<y h<m [lxn| < H. Consider the m + 1 linear forms
Ag,..., Ay in r + 1 variables Yy, ..., Y, defined by

with

m
)\k’j = Z Ekhahj.
h=0

The connexion between the linear forms Ly, ..., L, in ZXg+---+ZX,, on
the one side and and Aqg,...,A,, in ZYy + - - - + ZY, on the other side is

T T
A(Yo,. ., V) = Ly | Y aoiYj,- ., > amgY; (0 <k <m).
=0 =0

Since 1,&1,. .., & are Q-linearly independent, the r+ 1 columns of the (m +
1) x (r+1) matrix (ahj) o<n<m are linearly independent in Q™*!, hence this
0<j5<r

matrix has rank 7+ 1, and therefore the rank of the set of m +1 linear forms
Ag,..., Ay is 7+ 1. By construction

Ak(l,fl, NN ,fr) = Lk(l,ﬁl, ‘e ,’l9m) (0 < k < m)
Applying Corollary to the point (1,&;,...,&,) with 7 + 1 independent

linear forms among Ay, ..., A, we deduce
1
Ag(1 >
OISI}fag)fm‘ k( 7{17 757")’ = (7’+ 1)'HT

with
H = max H(Ap) = max || < cH.
0<k<m (Ax) O§k§m| kj| =
0<i<r
Again, from the choice of €, one concludes H* < H", hence r > k.

Corollary [20] follows.
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3.3.2 Nesterenko’s Criterion for linear independence

In 1985, Yu.V. Nesterenko [26], obtained a variant of Proposition 18] (Siegel’s
linear independence criterion). There are two main differences: on the one
hand, Nesterenko does not need m + 1 linearly independent forms, but he
needs only one; at the same time he does not only assume an upper bound
for the value of this linear form at the point (1,94,...,%,), but also a
lower bound. On the other hand, for Nesterenko it is not sufficient to have
infinitely many linear forms as in Siegel’s Proposition but he needs a
sequence of such forms (for all sufficiently large n, and not only for infinitely
many n). A simplification of the original proof by Nesterenko was proposed
by F. Amoroso and worked out by P. Colmez. A new approach, which at
the same time simplifies further the argument and yields refinements, is due
to S. Fischler and W. Zudilin [15].
The main reference for this section is [6].

Theorem 21 (Nesterenko linear independence criterion). Let c1,c2, 1, T2
be positive real numbers and o(n) a non—decreasing positive function such
that

1
lim o(n) =00 and limsup olnt1) _ 1.

n—o00 N0 o'(n)

Let ¥ = (V1,...,%m) € R™. Assume that, for all sufficiently large integers
n, there exists a linear form with integer coefficients in m + 1 variables

Ln(&) - EOnXO + ElnXl +--+ gmnXm’
which satisfies the conditions
H(L,) <e™  and c1e7 ™7™ < |L,(1,9)] < ce™ 7M.

Then dimg(Q + QY1 + -+ Q) > (1 +71) /(1 + 71 — 72).

The main result of [6], which relies on the arguments in [I5], is the
following.

Theorem 22. Let £ = (§;)i>0 be a sequence of real numbers with §y = 1,
(rn)n>0 @ non-decreasing sequence of positive integers, (Qn)n>0, (An)n>0

and (By)n>0 sequences of positive real numbers such that lim,_, A%/ ™=
and, for all sufficiently large integers n,

Qan S Qn+1Bn+1 .
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Assume that, for any sufficiently large integer n, there exists a linear form
with integer coefficients in r, + 1 variables

Ln(z) = EOnXO + ElnXl +-+ ‘grnann

such that
V- 1 |Ln—1(6)]
lin| < Qn, 0<|Lp(§)| < — and ————F=— < B,
ZZ; B Ap | Ln(§)]

Then A, <2 Y B,Q,)™ for all sufficiently large integers n.

One deduces from Theorem [22] a slight refinement of Theorem [21] where
the condition limsup,,_, ., a%) = 1 is relaxed, the cost being to replace

o(n) by o(n + 1) in the upper bound for |L,(1,9)|.

Corollary 23. Let 11,72 be positive real numbers and o(n) a non—decreasing
positive function such that lim,_,. o(n) = oco. Let ¥ = (¥,...,0,) € R™.
Assume that, for all sufficiently large integers n, there exists a linear form
with integer coefficients in m + 1 variables

Ln(z) = gOnXO + flnXl + -+ gmnXm
which satisfies the conditions
H(L,) <e”™  and e (mteMle) < |1, (1,9)| < e (r2toMa(nt1)

Then dimg(Q + QY1 + -+ Q) > (1 +71) /(1 + 71 — 72).

Further consequences of Theorem 22| are given in [6]. See also Corollary
B3l below.

4 Criteria for transcendence

The main Diophantine tool for proving transcendence results is Liouville’s
inequality.
4.1 Liouville’s inequality

Recall that the ring Z[X] is factorial, its irreducible elements of positive
degree are the non-constant polynomials with integer coefficients which are
irreducible in Q[X] (i.e., not a product of two non-constant polynomials
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in Q[X]) and have content 1. The content of a polynomial in Z[X] is the
greatest common divisor of its coefficients.

The minimal polynomial of an algebraic number « is the unique irre-
ducible polynomial P € Z[X] which vanishes at a and has a positive leading
coefficient.

The next lemma is one of many variants of Liouville’s inequality (see,
for instance, |21}, B1], 37, 28] 27]), which is close to the original one of 1844.

Lemma 24. Let o be an algebraic number of degree d > 2 and minimal
polynomial P € Z|X]. Define ¢ = |P'(«)|. Let € > 0. Then there exists an
integer qo such that, for any p/q € Q with q > qo,

1

p — .
(c+€)g?

a—‘z
q

Proof. The result is trivial if « is not real: an admissible value for ¢ is
g0 = (c|Sm(a)]) 4.

Assume now « is real. Let ¢ be a sufficiently large positive integer and let
p be the nearest integer to qa. In particular,

Denote by ag the leading coefficient of P and by aq, ..., a4 the roots with
a1 = . Hence

P(X)=ap(X —a1)(X —ag) - (X —ag)

and .
d = a d E — Q5 |.
o Plofo) = aot' ]| = (25)
Also
d
P'(a) = ag H(a — ;).
i=2

The left hand side of is a rational integer. It is not zero because P is
irreducible of degree > 2. For ¢ > 2 we use the estimate
P 1

Oéi—'SIOéi—Oé+2q'
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We deduce .

p a4 L
& H(|O&l Oé‘+2q)

=2

1§qda0 o —

For sufficiently large ¢ the right hand side is bounded from above by

qd

p /
o — q‘ (|P' ()] + €).

O

The same proof yields the next result.
Define the height H(P) of a polynomial P with complex coefficients (any
number of variables) as the maximum modulus of its coefficients.

Proposition 26 (Liouville’s inequality). Let a1, ..., a, be algebraic num-
bers. There exists a constant ¢ = c(aq,...,am) > 0 such that, for any
polynomial P € Z[X, ..., X,,] satisfying P(aq, ..., an) # 0, the inequality

|P(av,. .. o) > H e
holds with H = max{2, H(P)} and d the total degree of P.

The constant ¢ can be explicitly computed (see, for instance, [13, 38]),
but this is not relevant here.

The corollary below (which is [27] Prop. 3.1) is useful for proving tran-
scendence results.

Corollary 27. Let ¥1,...,0, be complex numbers C. Let o(n) and A(n)
be two non—decreasing positive real functions with lim, ., o(n) = oo and
limy, 00 A(n)/0(n) = 0. Assume that there exists a sequence (Pp)p>0 of
polynomials in Z[ X1, ..., Xy, with P, of degree < o(n) and height H(P,) <

e?(™  such that, for infinitely many n,
0 < |Py(¥1,...,0m)| < e .
Then one at least of the numbers 91,...,%,, is transcendental.

4.2 Transcendence criterion of A. Durand

Liouville’s result is not a necessary and sufficient condition for transcen-
dence. One way of extending the irrationality criterion of Proposition [4|into
a transcendence criterion is to replace rational approximation by approxi-
mation by algebraic numbers. For instance, given an integer d, one gets a
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criterion for ¥ not being algebraic of degree < d by considering algebraic
approximation of ¥ by algebraic numbers of degree < d. One may also let d
vary and get a transcendence criterion as follows.

Define the height of a H(«) of an algebraic number « as the height of
its irreducible polynomial in Z[X], and the size s(a) as

s(@) :=[Q(a) : Q] +log H(e).

The following result (we shall not use it and we do not include a proof) is
due to A. Durand [9, 10].

Proposition 28. Let 9 be a complex number. The following conditions are
equivalent:

(i) ¥ is transcendental.

(ii) For any k > 0 there exists an algebraic number o such that

0<|0—al<e @),

(iii) There exists a sequence (ay)n>0 of pairwise distinct algebraic numbers
such that
. log |9 — ay
lim ——————— = -0
n—00 s(an)
Another way of getting transcendence criteria for a number ¥ (resp. cri-

teria for ¥ not being of degree < d) is to consider polynomial approximations
|P(9)| by polynomials in Z[X] (resp. by polynomials of degree < d).

5 Criteria for algebraic independence

5.1 Small transcendence degree: Gel’fond’s criterion

Gel’fond’s criterion (see, for instance, [21], [37, 28] 27]) is a powerful tool to
prove the algebraic independence of at least two numbers.
A slightly refined version (due to A. Chantanasiri) is the following one.
Define the size t(P) of a polynomial P € C[X] as

t(P) :=log H(P) + (log2) deg P.

Theorem 29 (Gel’fond’s Transcendence Criterion). Let 9 € C and let v be
a real number with v > 1. Let (d,)s>, and (t,)5>, be two non-decreasing
sequences of real numbers with lim,_, . t, = co. Assume that there exists a
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sequence (Pp)n>0 of polynomials in Z[X] with P, of degree < d,, and size
t(Py,) <t such that, for all sufficiently large integer n,

| P ()] < e Vdntntdniitntdntnir)

Then 9 is algebraic and P, (¢¥) = 0 for all sufficiently large n.

A consequence of Theorem 29 is the following variant of Gel’fond’s Cri-
terion (Lemma 3.5 of [27]):

Corollary 30. Let ¥ € C and let o(n) be a non-decreasing unbounded
positive real function. Assume that there exists a sequence (Pp)n>0 of poly-
nomials in Z[X] with P, of size t(P,) < o(n) such that, for all sufficiently
large integer n,

’Pn(ﬁ)‘ < e—5a(n+1)2.

Then 9 is algebraic and P, (¢¥) = 0 for all sufficiently large n.

This result is useful to prove that in some given set of specific numbers,
at least two numbers are algebraically independent ([27] § 3.3 Prop. 3.3).

Corollary 31. Let ¥1,...,Y,, be complex numbers. Let o(n) and A(n)
be two non—decreasing positive real function with lim, , o(n) = oo and
limy, 00 A(n) /o (n+1)% = 0o. Assume that there exists a sequence (Pp)n>0 of
polynomials in Z[ X1, ..., Xy|, with P, of degree < o(n) and height H(P,) <
e?(M) | such that, for all sufficiently large n,

0< |Py(¥1,...,0m)| < e .
Then at least two of the numbers V1, ..., 9, are algebraically independent.

One should stress the following differences with Corollary 27} the conclu-
sion of Theoremis that the transcendence degree of the field Q(91, ..., 9,
is at least 2, while Liouville’s argument shows only that it is at least 1. There
is a price for that. On the one hand, the assumption

lim \(n)/o(n+1)% =00

n—00

is stronger than the assumption

lim A\(n)/o(n) = oo

n—oo

in Corollary (what is important is the square, not the n + 1 in place of
n). On the other hand, Liouville’s assumption is assumed to be satisfied for
infinitely many n, while Gel’fond requires it for all sufficiently large n.
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5.2 Large transcendence degree

It took some time before Gel’fond’s transcendence criterion could be ex-
tended into a criterion for large transcendence degree. One approach sug-
gested by S. Lang [2I] involves his so-called transcendence type (see [27]
§ 7.3): this is an assumption which amounts to avoid Liouville type num-
bers. The idea is to prove algebraic independence by induction, but the
results which are obtained in this way are comparatively weak.

One might hope that assuming lim,, . A(n)/o(n 4+ 1)¥ = oo in Corol-
lary would suffice to prove that the transcendence degree of the field
Q(¥1,...,Yy) is at least k. However this is not the case, as an example
from Khinchine (reproduced in Cassels’s book on Diophantine approxima-
tion [5]) shows. The first one to obtain a criterion for large transcendence
degree was G.V. Chudnovskii in 1976. The original criterion was not sharp,
the estimate for the transcendence degree was the logarithm of the expected
one. A few years later Philippon reached the optimal exponent.

One of the main tools, in Nesterenko’s proof of his main result (Theorem
4.2 in [27]), is this criterion for algebraic independence due to Philippon ([27]
Chap. 6). Here is Corollary 6.2 of [27]. See also [30] 28].

Theorem 32. Let ¥1,...,Y,, be complex numbers, o(n) and S(n) be two
non—decreasing positive real functions and k be a real number in the range
1 <k <m. Assume that the functions

are non—decreasing and unbounded. Assume, further, that there exists a
constant co and a sequence (P,)n>0 of polynomials in Z[X] with P, of size
t(P,) < o(n) such that, for all sufficiently large n,

e~ 0= 1P (9, ..., 0m)| < e 3.
Then the transcendence degree over Q of the field Q(V1,...,9y) is > k— 1.

The special case k = 1 of this result is close to (but weaker than) Corol-
lary the special case k = 2 of this result is close to (but weaker than)
Theorem [29] (where no lower bound was requested).

It is interesting to compare with the following criterion for algebraic
independence (Corollary 3.6 of [6]), which is a corollary of Theorem
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Corollary 33. Let ¥1,...,9 be real numbers and (14)g>1, (Na)a>1 two se-
quences of positive real numbers satisfying

Td

1)

Further, let o(n) be a non—decreasing unbounded positive real function. As-
sume that for all sufficiently large d, there is a sequence (Pp)p>nq(q) of poly-

nomials in Z[X1, ..., X], where P, has degree < d and length < e such
that, for n > ng(d),

e~ Tatna)o(m) < \p (9, ..., 0)| < e Tao (L),

Then 91,...,9: are algebraically independent.

The proof of Corollary [33]is much easier than the proof of Theorem
since it relies on linear elimination instead of polynomial elimination. Unfor-
tunately, Corollary [33]| does not seem to suffice for the proof of Nesterenko’s
algebraic independence Theorem on ¢, P(q), Q(q) and R(q) (Theorem 4.2
of [27]).

Exercise. Let ¥1,...,9,, be complex numbers and d a positive integer.
Check that the following conditions are equivalent:

(i) There exists a non—zero polynomial A € Q[X1,...,Xm]| of degree < d
such that A(Y1,...,9,) =0.

(ii) The dimension of the Q-vector space spanned by the numbers

O (i 4y, < )

18 bounded from above by

as n — 0.

Appendix: the resultant of two polynomials in one variable

The main tool for the proof of Gel’fond’s criterion is the resultant of two
polynomials in one variable.
Given two linear equations in two unknowns

arx + by = c1,
azx + by = ca,
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in order to compute y, one eliminates . This amounts to find the projection

on the y axis of the intersection point (z,y) of two lines in the plane. More

generally, linear algebra enables one to find the intersection point (unique

in general) of n hyperplanes in dimension n by means of a determinant.
Given two plane curves

f(z,y) =0 and g(z,y)=0

without common components, there are only finitely many intersection points;
the values y of the coordinates (x, y) of these points are roots of a polynomial
R in Ky[Y], where Kj is the base field. This polynomial is computed by
eliminating x between the two equations f(z,y) = 0 and g(x,y) = 0. The
ideal of Ky[Y| which is the intersection of K[Y] with the ideal of Ky[X,Y]
generated by f and g is principal, and R is a generator: there is a pair (U, V')
of polynomials in Ko[X,Y] such that R =Uf + Vg. If (U, V) satisfies this
Bézout condition, then so does (U — Wg,V + W f) for any W in Ko[X,Y].
By Euclidean division in the ring Ky[Y][X] of U by g, one gets a solution
(U, V) with degU < deg g, and then deg V' < deg f. When f and ¢ have no
common factor, such a pair (U, V') is unique up to a multiplicative constant.
When f and g have their coefficients in a domain Ag in place of a field Kj,
one takes for Ky the quotient field of Ay and one multiplies by a denomi-
nator, so that U and V can be taken as polynomials in Ag[X, Y], and then
R € Ay.

The multiplicities of intersection of the two curves are reflected by the
multiplicities of zeros of the roots of R as a polynomial in Y.

It is useful to work with a ring A more general than Ap[Y]. Let A be a
commutative ring with unity. Denote by S the ring A[X] of polynomials in
one variable with coefficients in A. For d a non-negative integer, let Sg be
the A—module of elements in S of degree < d. Then Sy is a free A—module
of rank d + 1 with a basis 1, X, ..., X%

Let P and Q be polynomials of degrees p and ¢ respectively:

P(X)=ay+ a1 X+ +apXP,  Q(X)=by+b X+ - +b X,
The homomorphism of A—modules

Sg-1 X Sp-1 —>  Spig1
U, V) s UP+VQ
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has the following matrix in the given bases: for ¢ larger than p,

ao 0 0 bo 0 0
al aq 0 bl bo 0
ap_l CLp_Q 0 bp_l bp_g b()
Gp ap—1 0 bp bp,1 bl
0 ap 0 bp-‘rl bp b2
0 0 ag bq_1 bq_Q bq_p
0 0 aj bq bqfl bq7p+1
0 0 a9 0 bq bq_p+2
0 0 ap 0 0 by
and for p larger than ¢,
ag 0 0 bo 0 0
a1 agp 0 by bo 0
Qg—1 Ag—2 ag bqfl bqu 0
aq CLq_1 al bq bq_l 0
Qg+1 Qg as 0 by 0
ap_l ap_z ap_q 0 0 bo
ap  Gp_1 ap—g—1 0 0 by
0 Gp Ap—q—2 0 0 b2
0 0 ap 0 0 by
The g first columns are the components, in the basis (1, X, ..., XPT971), of
P,XP,..., X9 1P, while the p last columns are the components, in the same
basis, of Q, XQ, ..., XP~1Q. The main diagonal is (ag, . .., ag, by, - - - , by)-

Definition. The resultant of P and @ is the determinant of this matrix. We
denote it by Res(P, Q). The universal resultant is the resultant of the two
polynomials

Up+ UiX + -+ + UpXP
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in the ring A,, = Z[Uy, Ui, ..., Up, Vo, Vi,..., V] of polynomials with coef-
ficients in Z in p+ ¢ + 2 variables. One deduces the resultant of P and @ by
specialisation, i.e., as the image under the canonical homomorphism from
Apg to A which maps U; to a; and Vj to b;. When the characteristic is 0,
this canonical homomorphism is injective.

From the above expression of the resultant as a determinant, one de-
duces:

Proposition 34. The universal resultant is a polynomial in
Uo, Ui, ..., Up, Vo, V1,...,V,

which is homogeneous of degree q in Uy, ...,U,, and homogeneous of degree
pwm Vo,..., Vg

Proposition 35. There exist two polynomials U and V' in A[X], of degrees
< q and < p respectively, such that the resultant R = Res(P, Q) of P and Q
can be written R=UP +VQ.

It follows that if P and () have a common zero in some field containing
A, then Res(P,Q) = 0. The converse is true. It uses the following easy
property, whose proof is left as an exercise.

Proposition 36. Let Ay be a ring, A = Ag[Y1,...,Y,] the ring of polynomi-
als in n variables with coefficients in Ay, and P, Q elements in Ao[Yo, ..., Yn],
homogeneous of degrees p and q respectively. Consider P and Q) as elements
in A[Yp] and denote by R = Resy, (P, Q) € A their resultant with respect to
Yy. Then R is homogeneous of degree pq in Yq,...,Y,.

From these properties we deduce:

Proposition 37. If

p

P(X):aOH(X—ai) and Q(X HX Bj),

=1

then
Res(P,Q) = adby 1% 1H—1(az 5j)
= (- )qup P(5;)
_GOH 1Q(az)
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Proof. Without loss of generality, one may assume that A is the ring of poly-
nomials with coefficients in Z in the variables ag, by, a1, ..., ap, B1,..., Bq.
In this factorial ring, o; — B; is an irreducible element which divides R =
Res(P, Q) (indeed, if one specializes a; = 3, then the resultant vanishes).

Now -
agvh [T TT (i = 8)
i=1 j=1

is homogeneous of degree ¢ in the coefficients of P and of degree p in the
coefficients of (). Therefore it can be written cR with some ¢ € Z. Finally
the coefficient of the monomial afjbd is 1, hence ¢ = 1. O

Corollary 38. Let K be a field containing A in which P and Q completely
split in factors of degree 1. Then the resultant Res(P, Q) is zero if and only
if P and QQ have a common zero in K.

Corollary 39. If the ring A is factorial, then Res(P,Q) = 0 if and only if
P and Q have a common irreducible factor.
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This course was devoted to Liouville’s inequality (§ |4.1)).
The present notes consist of

e Pages 65-85 of [38] (beginning of Chapter 3: Heights).
e Liouville’s inequality for quadratic numbers.

e A short historical survey on Diophantine Approximation.
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4.1.2 Liouville’s inequality for quadratic numbers

Consider Lemma[24)in the special case d = 2 where « is a quadratic algebraic
number. Write its minimal polynomial f(X) = aX? +bX + c and let A :=
b? — 4ac be its discriminant. Since we are interested in the approximation
of a by rational numbers, we assume A > 0. If a = (—b + /A)/2a, then
the other root is o/ = (—=bF V/A)/2a and

(@) = ala— o) = £VA.

Lemma 40. Let a be an algebraic number of degree 2 and minimal polyno-
mial P € Z[X]. Define Let € > 0. Then there exists an integer qo such that,

for any p/q € Q with ¢ > qo,
1
(VA + €)g?

The smallest positive discriminant of an irreducible quadratic polynomial
with coefficients in Z is 5, which is the value of the discriminant of X2—X —1,
with roots ® and —®~! where ® = 1.6180339887499 ... denotes the Golden
ratio.

The next result deals with the Fibonacci sequence (F7,)n>0:

q

Fo=0 Fi=1 F,=F, 1+ F, 5 (7122)

Lemma 41. For any g > 1 and any p € Z,

p 1
b—-—=>— -
‘ q’ V52 + (q/2)
On the other hand
lim F2_ |6 — 2n | = L
nl—>n<;IO n—1 Fn—l B \/g

Proof. 1t suffices to prove the lower bound when p is the nearest integer to
q®. From X2 - X — 1= (X — ®)(X + &) we deduce

P -pi—q =¢ (p—<1>> (p+<1>1>-
q q

The left hand side is a non-zero rational integer, hence has absolute value
at least 1. We now bound the absolute value of the right hand side from
above. Since p < q® + (1/2) and ® + &~ ! = /5 we have
1
Dot <B4+
q 2q
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Hence

1<q2

- (503)

The first part of Lemma 41| follows.

The real vector space of sequences (vy, )n>0 satisfying v, = vp—1+v,—2 has
dimension 2, a basis is given by the two sequences (®"),,>0 and ((—®~1)"),,>¢.
From this one easily deduces the formula

1
V5
due to A. De Moivre (1730), L. Euler (1765) and J.P.M. Binet (1843). It
follows that F;, is the nearest integer to

F,=—(®" - (-1)"®™")

1
V5

hence the sequence (uy)n>2 of quotients of Fibonacci numbers

(pn

un::-Fh/thl

satisfies lim,, oo Uy, = P.
By induction one easily checks

Fr% — FpFp1— Fr%—l - (_1)n_1

for n > 1. The left hand side is F?_ (u, — ®)(u, +®~ 1), as we already saw.

Hence
1

- 14,

and the limit of the right hand side is 1/(® + ®~1) = 1/v/5. The result
follows.

Fr%—l@ — Up|

O]

Remark. The sequence u, = F, /F,_1 is also defined by

1
up =2, up =1+ s (n>3).
Un—1
Hence 1 ]
tn=2 1+
Un—3
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Remark. It is known (see for instance [31|] p. 25) that if k is a positive
integer, if an irrational real number ¥ has a continued fraction expansion

[ap; a1, ag, . ..| with a, >k for infinitely many n, then
o p 1
liminf ¢ |9 — ‘ < —
RS ql — VA+k?

4.1.3 Diophantine Approximation: historical survey

References for this section are [2, [3T], 13, [1].
Definition Given a real irrational number ¢, a function ¢ = N — R+ is
an irrationality measure for ¥ if there exists an integer go > 0 such that, for

any p/q € Q with g > qo,

b
¥ — = > o(q).
‘ ¢ ©(q)

Further, a real number k is an irrationality exponent for 1 if there exists a
positive constant ¢ such that the function ¢/¢" is an irrationality measure
for ¥.

From Dirichlet’s box principle (see (i) = (iv) in Proposition {4)) it follows
that any irrationality exponent x satisfies k > 2. Irrational quadratic num-
bers have irrationality exponent 2. It is known (see for instance [31] Th. 5F
p. 22) that 2 is an irrationality exponent for an irrational real number ¢
if and only if the sequence of partial quotients (ap,ay,...) in the continued
fraction expansion of ¢ is bounded: these are called the badly approximable
numbers.

From Liouville’s inequality in Lemma it follows that any irrational
algebraic real number « of degree d has a finite irrationality exponent < d.
Liouville numbers are by definition exactly the irrational real numbers which
have no finite irrationality exponent.

For any x > 2, there are irrational real numbers 9 for which  is an
irrationality exponent and is the best: no positive number less than « is
an irrationality exponent for ¥/. Examples due to Y. Bugeaud in connexion
with the triadic Cantor set (see [3]) are

00
Z 3~ [A]™
n=0

where ) is any positive real number.
The first significant improvement to Liouville’s inequality is due to the
Norwegian mathematician Axel Thue who proved in 1909:
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Theorem 42 (A. Thue, 1909). Let o be a real algebraic number of degree
d> 3. Then any k > (d/2) 4+ 1 is an irrationality exponent for «.

The fact that the irrationality exponent is < d has very important corol-
laries in the theory of Diophantine equations. We start with a special ex-
ample. Liouville’s estimate for the rational Diophantine approximation of

V2 is

3 p 1
2—=|>—
v2 q‘ 9¢*
for sufficiently large ¢ (use Lemma [24 with P(X) = X3 — 2, ¢ = 3V/2 < 9).
Thue was the first to achieve an improvement of the exponent 3. An explicit
estimate was then obtained by A. Baker, namely
3 p 1
V2 - q) > 10642955
and refined by Chudnovskii, Easton, Rickert, Voutier and others, until 1997
when M. Bennett proved that for any p/q € Q,
3 p 1
2—=|> .
\/> q‘ | q2,5
From his own result, Thue deduced that for any fized k € Z \ {0}, there
are only finitely many (z,y) € Z x Z satisfying the Diophantine equation

x3—2y% = k. The result of Baker shows more precisely that if (z,y) € ZxZ
is a solution to 23 — 2y3 = k, then

‘I| < 10137“{:‘23'
M. Bennett gave the sharper estimate: for any (z,y) € Z? with > 0,
2% — 2% > V.

The connexion between Diophantine approximation to /2 and the Diophan-
tine equation 23 — 2y3 = k is explained in the next lemma.

Lemma 43. Let n be a positive real number. The two following properties
are equivalent:
(i) There exists a constant ¢; > 0 such that, for any p/q € Q with ¢ > 0,

%_p’>cl.
q

q77

(i) There exists a constant ca > 0 such that, for any (x,y) € Z* with x > 0,

|23 — 23| > cpad.
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Properties (i) and (ii) are true but uninteresting with n > 3. They are
true with n = 3 ((¢) is Liouville’s estimate while (47) is trivial), they are true
also for any n > 2 by Roth’s Theorem. They are not true with n < 2. It is
expected that they are not true with n = 2. The constants are explicit for
n > 2.5 by Bennett’s result, but not yet for 7 in the range 2 < n < 2.5.

Proof. We assume 7 < 3, otherwise the result is trivial. Set o = /2.
Assume (i) and let (z,y) € Z x Z have z > 0. Set k = 2% — 2y3. Since 2
is not the cube of a rational number we have k # 0. If y = 0 assertion (ii)
plainly holds. So assume y # 0.
Write
23— 2y = (x — ay)(2? + axy + o*y?).

The polynomial X? 4+ aX + a? has negative discriminant —3a?, hence has
a positive minimum ¢y = 3a?2/4. Hence the value at (z,y) of the quadratic
form X2+ aXY +a?Y? is bounded form below by coy?. From (i) we deduce

3
C1C
(2° + axy + o?y?®) > 1|?3\|ny = caly* .

k[ = |yl®

Mo
y

This gives an upper bound for |y|:
ly| < calk[VB hence [y3| < cqlk[¥/ G,

We want an upper bound for z: we use x> = k + 2y and we bound |k| by
K[>/ 3= since 3/(3 —n) > 1. Hence

2® < eslk[¥B  and 2% < ekl

Conversely, assume (ii). Let p/q be a rational number. If p is not the
nearest integer to qa, then |ga — p| > 1/2 and the estimate (i) is trivial. So
we assume |qo — p| < 1/2. We need only the weaker estimate c7q < p < cgq
with some positive constants ¢7 and cg, showing that we may replace p by ¢
or ¢ by p in our estimates, provided that we adjust the constants. From

P’ =2¢° = (p — aq)(p” + apq + a’¢?),
using (ii), we deduce
cop* ™ < er06® ja — L

)

and (i) easily follows.
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Here is the most general result of Thue on Diophantine equations.

Theorem 44 (Thue). Let f € Z[X] be an irreducible polynomial of degree
d > 3 and m a non-zero rational integer. Define F(X,Y) = Yif(X/Y).
Then the Diophantine equation F(x,y) = m has only finitely many solutions
(x,y) € Z X Z.

The equation F(x,y) = m in Proposition {44 is called Thue equation.
The connexion between Thue equation and Liouville’s inequality has been
explained in Lemma [43|in the special case /2; the general case is similar.

Lemma 45. Let o be an algebraic number of degree d > 3 and minimal
polynomial f € Z]X], let F(X,Y) =Yef(X/Y) € Z[X,Y] be the associated
homogeneous polynomial. Let 0 < k < d. The following conditions are
equivalent:

(i) There exists c; > 0 such that, for any p/q € Q,

(ii) There exists ca > 0 such that, for any (v,y) € Z* with x > 0,
|[F(2,y)| = ez 297",

In 1921 C.L. Siegel sharpened Thue’s result [42| by showing that any real
number

K > min <d + j>
1<j<d \j+ 1

is an irrationality exponent for . With j = [\/ﬁ] it follows that 2v/d is
an irrationality exponent for a. Dyson and Gel’fond in 1947 independently
refined Siegel’s estimate and replaced the hypothesis in Thue’s Theorem
by & > v/2d. The essentially best possible estimate has been achieved by
K.F. Roth in 1955: any x > 2 is an irrationality exponent for a real irrational
algebraic number a.

Theorem 46 (A. Thue, C.L. Siegel, F. Dyson, K.F. Roth 1955). For any
real algebraic number «, for any € > 0, the set of p/q € Q with |a —p/q| <
q 7€ is finite.

It is expected that the result is not true with e = 0 as soon as the degree of
a is > 3, which means that it is expected no real algebraic number of degree
at least 3 is badly approximable, but essentially nothing is known on the
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continued fraction of such numbers: we do not know whether there exists an
irrational algebraic number which is not quadratic and has bounded partial
quotient in its continued fraction expansion, but we do not know either
whether there exists a real algebraic number of degree at least 3 whose
sequence of partial quotients is not bounded!

If one restricts the denominators ¢ of the rational approximations p/q
by requesting that their prime factor belong to a given finite set, then the
exponent 2 can be replaced by 1. This has been proved by D. Ridout in
1957.

Let S be a set of prime. A rational number is called a S—integer if it can
be written u/v where all prime factors of the denominator v belong to S.
For instance when a, b and m are rational integers with b # 0, the number
a/b™ is a S—integer for S the set of prime divisors of b.

Theorem 47 (D. Ridout, 1957). Let S be a finite set of prime numbers.
For any real algebraic number «, for any € > 0, the set of p/q € Q, with q
a S-integer and |a — p/q| < q717¢, is finite.

The theorems of Thue—Siegel-Roth and Ridout are very special cases of
Schmidt’s Subspace Theorem (1972) together with its p-adic extension by
H.P. Schlickewei (1976). We do not state it in full generality but we give
only two special cases.

For x = (x1,...,xy) € Z™, define

|x| = max{|x1|,...,|zm|}.

Theorem 48 (W.M. Schmidt (1970): simplified form). For m > 2 let
Lq,..., L, be independent linear forms in m variables with algebraic coeffi-
cients. Let € > 0. Then the set

{x=(z1,...,2m) €Z™; [L1(x) -+ Lin(x)] < [x] ™}
1 contained in the union of finitely many proper subspaces of Q™.
Thue—Siegel-Roth’s Theorem [46| follows from Theorem 48| by taking
m =2, Lij(x1,x2) =x1, Lo(x1,22) =z — 2.

A Q-vector subspace of Q% which is not {0} not Q? (that is a proper sub-
space) generated by an element (pg,qo) € Q2. There is one such subspace
with go = 0, namely Q x {0} generated by (1,0), the other ones have gy # 0.
Mapping such a rational subspace to the rational number pg/qp yields a 1
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to 1 correspondence. Hence Theorem 48] says that there is only a finite set
of exceptions p/q in Roth’s Theorem.
For = a non-zero rational number, write the decomposition of z into

prime factors
xr = :l: Hpvp(x),
p

where p runs over the set of prime numbers and v,(z) € Z (with only finitely
many v,(x) distinct from 0), and set

||, = pur(®),
For x = (z1,...,%m) € Z™ and p a prime number, define

x| = max{[z1,. ... [ 2], }-

Theorem 49 (Schmidt’s Subspace Theorem). Let m > 2 be a positive
integer, S a finite set of prime numbers. Let Lq,..., Ly, be independent
linear forms in m wvariables with algebraic coefficients. Further, for each
peSlet Liy,...,Lpyp be m independent linear forms in m variables with
rational coefficients. Let € > 0. Then the set of x = (x1,...,%m) € Z"™ such
that

L1(x) -+ Lon(¥)| [ [L1p(%) -+ Linp ()], < ]
peS

s contained in the union of finitely many proper subspaces of Q™.

Ridout’s Theorem [47] is a corollary of Schmidt’s Subspace Theorem: in
Theorem [49] take m = 2,

Li(w12) = Liplar.az) = a1,
Lg(l’l,l'g) = ar; — T2, L2,p(x17x2) = T2-

For (z1,22) = (b,a) with b a S—integer and p € S, we have

La(wr,@2)| = b, |Loar,z2)| = [ba — al,

|L1p($1a$2)|p = |b|p’ ‘L27p(x1’$2)|p = |a|p <L

H ’b|p =0

peS

and

since b is a S—integer.
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6 Continued fractions

We first consider generalized continued fractions of the form

by
ap + b ’
2
ay + b
3
az + —
which we denote byl
b b b
bl bl bl
lar  |ay
Next we restrict to the special case where by = by = --- = 1, which yields
the simple continued fractions
1), 1]
(10+7+7+ = [a07a17a27"‘]7
a1 |ag

already considered in section §

6.1 Generalized continued fractions

To start with, ag,...,ay,,...and by, ...,b,,... will be independent variables.
Later, we shall specialize to positive integers (apart from ag which may be
negative).

5 Another notation for ag + % + b2l 4+ 4 bn

[az an
Perron in [7] Chap. 1 is

K( bi,...,bn )
ap,a1,...,0n

introduced by Th. Muir and used by
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Consider the three rational fractions

b b
ao, ao—l——l and ag + 1b .
“ ay + —
ag
We write them as
Ag Ay d As
— and ==
By B; Bs

with

Ag =ag, A1 =apa1 +0b1, Az =agaiaz + apbs + asby,
By=1, Bj=a, By = ajas + bs.

Observe that
Ay = ag Ay + by Ag, Bo = azBy + b2By.
Write these relations as
AQ A1 . A1 Ao as 1
By By) \Bi1 By \by 0)°
Define inductively two sequences of polynomials with positive rational coef-
ficients A, and B,, for n > 3 by

A, An . A1 Ay an 1
<Bn Bn—1>_<Bn—l Bn—2> (bn 0) (50)

Ap = anAn_1 +byA, 2, Bn = ayBp-1 + b,Bp 2.

This means

This recurrence relation holds for n > 2. It will also hold for n = 1 if we set
A_1=1and B_; =0:

AIAO_(lol (111
B1Bo_10 b10

and it will hold also for n = 0 if we set by =1, A_9 =0 and B_5 = 1:
AO A_1 o 10 ag 1
By B_y) \0 1 b 0)°
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Obviously, an equivalent definition is

Ay Ap—1\  [ap 1\ (a1 1 ~{an—1 1\ fan 1 (51)
B, B,-1) \by 0 by 0 b1 O b, 0)°
These relations hold for n > —1, with the empty product (for n = —1)
being the identity matrix, as always.

Hence A,, € Z[ao,...,an,b1,...,by] is a polynomial in 2n 4 1 variables,
while B, € Z[a; ..., an,ba,...,b,] is a polynomial in 2n — 1 variables.
Exercise 6. Check, forn > —1,

Bp(ay,...,an,ba,....bn) = An—1(a1,...,an,ba, ..., by).
Lemma 52. Forn >0,
b1 | bn|  Ap
ap+ — -+ o =
‘al |an By,
Proof. By induction. We have checked the result for n = 0, n = 1 and
n = 2. Assume the formula holds with n — 1 where n > 3. We write
bi| bn—1| . bnl bi | bn—1|

g+ et + M =g
lay lan—1  |an |ay |z

with

n
T=ap-1+ —:
n

We have, by induction hypothesis and by the definition ,

ao + M NI bn71| _ Anfl _ anflAn72 + bnflAn73'
lay lan—1  Bpn-1  ap—1Bp—2+bp_1Bn_3

Since A,_2, An_3, Bp_o and B,_3 do not depend on the variable a,,_1, we

deduce . ) " b A
a0+i|+_“+ n—1| _ x n—2+ n—1 n—3_
la |z By 2+ by 18,3

The product of the numerator by a,, is

(anan—l + bn)An—2 + anbn—lAn—3 - an(an—lAn—Q + bn—lAn—S) + bnAn—Q
= anAn—1+bpAn_2= A4,

and similarly, the product of the denominator by a,, is

(ananfl + bn)Bn72 + anbnlenfS = an(anlenf2 + bnlenf?)) + ann72
= anBp_1+b,By_2 = B,.

O]
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From , taking the determinant, we deduce, for n > —1,
ApBy1 — Ay 1By = (=1)"bg - - - by, (53)
which can be written, for n > 1,

A Apr (=1)" 10Dy

—_— pr— . 54
Bn Bn—l Bn—an ( )
Adding the telescoping sum, we get, for n > 0,
A, N D LAy R
— = Ag + . 55
By, ; Bj—1B (55)
We now substitute for ag,a1,... and by, b, ... rational integers, all of

which are > 1, apart from ag which may be < 0. We denote by p,, (resp.
qn) the value of A, (resp. B,) for these special values. Hence p,, and ¢, are
rational integers, with ¢, > 0 for n > 0. A consequence of Lemma [52]is

b b
Iﬁ:a0+i‘+...+i’ for n>0.
an a1 jan

We deduce from (j50)),
Pn = @nPn—1 + bppn—2, Gn = Gngn—1 +bngn—2 for n >0,
and from ,
Pndn—1 = Pn—1dn = (=1)" "o - -b, for n> -1,
which can be written, for n > 1,

_ —1)"tlpy - b
dn gn—1 dn—14n

Adding the telescoping sum (or using ), we get the alternating sum

n k1
_ 1)k b
Pr oo Z( )" bg - by (57)
gn —1 qr—19k

Recall that for real numbers a, b, ¢, d, with b and d positive, we have

a c a a—+c c
ySd T v vid~d (58)
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Since a,, and b, are positive for n > 0, we deduce that for n > 2, the rational

number
]ﬁ _ GpPn-1 + bnpn—Q

dn B Gngn—1 + ann—2
lies between pp,_1/¢n—1 and p,_2/gn—2. Therefore we have

12<]£<“'<@<“.<p2m+1<“.<]ﬁ<&. (59)
q2 q4 q2n q2m+1 q3 q1

From (56]), we deduce, for n > 3, go—1 > gn—2, hence g, > (an + by)gn—2.

The previous discussion was valid without any restriction, now we as-
sume a,, > b, for all sufficiently large n, say n > ng. Then for n > ng, using
qn > 2bpgn—2, we get

bo - by, by, -+ - bo b bo

Pn Pn-1 < _
dn—14n 2n=nop,by_q - - bn0+1Qn0 Gno—1 2n—no dno4no—1

qn gn—1

and the right hand side tends to 0 as n tends to infinity. Hence the sequence
(Pn/@n)n>0 has a limit, which we denote by
bl ’ bnfl | bn ’

lay lan—1 = |ap

From , it follows that x is also given by an alternating series

0 (—l)kﬂbo by

qk—19k

r=ag+
k=1

We now prove that x is irrational. Define, for n > 0,

bn+1‘
’an+1
so that x = x¢ and, for all n > 0,
- bn+1 o bn+1
:Cn — an + 9 'CL"nJrl -
Tn+1 Tn — Qn

and a, < z, < a, + 1. Hence for n > 0, x, is rational if and only if
ZTp41 is rational, and therefore, if x is rational, then all z, for n > 0 are
also rational. Assume z is rational. Consider the rational numbers x,, with
n > ng and select a value of n for which the denominator v of x,, is minimal,
say o, = u/v. From

bny1r bpyiv
Ty — Ap U — A0

Tpyl = with 0 <u—apv <w,
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it follows that x,11 has a denominator strictly less than v, which is a con-
tradiction. Hence x is irrational.

Conversely, given an irrational number x and a sequence b1, bo, . .. of pos-
itive integers, there is a unique integer ag and a unique sequence aq, . . ., Gy, . . .
of positive integers satisfying a,, > b, for all n > 1, such that

b1’ bn71| bn’

r=ay+—+- -+ + — 4+ .-
ai |an71 |an

Indeed, the unique solution is given inductively as follows: ag = |z], z1 =
b1/{x}, and once ay,...,a,—1 and z1,...,x, are known, then a, and z,4;
are given by

an,::anJv Tn+1 ::bn+1/{xn}7

so that for n > 1 we have 0 < z,, — a,, < 1 and

b b,,— b
x:a0+i‘+...+ ”1| "‘
ay

|an—1 |xn
Here is what we have proved.

Proposition 60. Given a rational integer ag and two sequences ag, ai, . . .
and byi,ba, ... of positive rational integers with a, > b, for all sufficiently
large n, the infinite continued fraction

b1| bnfly bn|
ap+—+---+ +— +
’al |an—1 |an
exists and is an irrational number.
Conversely, given an irrational number x and a sequence bi,ba, ... of posi-
tive integers, there is a unique ag € Z and a unique sequence ai,...,Gn, . ..

of positive integers satisfying a, > by for alln > 1 such that

b by — b
raps bl el bl
ai

‘an—l |an

These results are useful for proving the irrationality of m and e when
r is a non—zero rational number, following the proof by Lambert. See for
instance Chapter 7 (Lambert’s Irrationality Proofs) of David Angell’s course
on Irrationality and Transcendence@ at the University of New South Wales:

5T found this reference from the website of John Cosgrave
http://staff.spd.dcu.ie/johnbcos/transcendental numbers.htm.
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http://www.maths.unsw.edu.au/ angell/5535/
The following example is related with Lambert’s proof [20]:

tanhz= Ay 2l 2 2
anh z = — - - -
IREEREE 2n+1

Here, z is a complex number and the right hand side is a complex valued
function. Here are other examples (see Sloane’s Encyclopaedia of Integer

Sequences@)

1 2| 4] 6| 8|
=14+ 24y 2y 2 = 1541494082 ... A113011
o1 ottt tpt ( )
! U A s A = 0.581 976 706 (A073333)
e—1 |1 |2 |3 4 -

Remark. A variant of the algorithm of simple continued fractions is the
following. Given two sequences (an)n>0 and (by)n>0 of elements in a field
K and an element x in K, one defines a sequence (possibly finite) (xp)n>1
of elements in K as follows. If x = ag, the sequence is empty. Otherwise
x1 1is defined by x = ag + (b1/z1). Inductively, once x1,...,x, are defined,
there are two cases:

o If x, = ay, the algorithm stops.
o Otherwise, xypy1 is defined by

bp+1
Tptl = L, so that x, = an +

Tp — Qn Tn41

bn—|—1 )

If the algorithm does not stop, then for any n > 1, one has

b bn— b
x:a0+i‘+...+ ”1’+L‘.
’al ‘an—l ’xn
In the special case where ag =a1 =--- =by = by = --- =1, the set of x such

that the algorithm stops after finitely many steps is the set (Fpy1/Fp)n>1 of
quotients of consecutive Fibonacci numbers. In this special case, the limit of
b | bn—1| | bal

ag+-—+---+ +
’al |an—1 |an

s the Golden ratio, which is independent of x, of course!

" http://www.research.att.com/~njas/sequences/
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6.2 Simple continued fractions

We restrict now the discussion of § to the case where by = by = --- =

b, = --- = 1. We keep the notations A4,, and B,, which are now polynomials
in Zlag, a1, ...,a,)] and Zay, ..., a,] respectively, and when we specialize to
integers ag, ai,...,a, ... with a, > 1 for n > 1 we use the notations p,, and

qn for the values of A,, and B,,.
The recurrence relations are now, for n > 0,

An Apa o An—1 Ap_2 an 1
(Bn Bn_1>‘(Bn_1 Bn_2><1 0)’ (61

while becomes, for n > —1,

An An—l . a 1 aq 1 o Ap—1 1 Qp 1 (62)
B, B,.1/ \1 0 1 0 1 0 1 0/
From Lemma [52| one deduces, for n > 0,

An

[ag, ... ,an] :B—n'

Taking the determinant in , we deduce the following special case of
ApBn1 — Ay 1B, = (—1)"L. (63)

The specialization of these relations to integral values of ag, a1, as ... yields

Pn Pn—1 Pn—1 DPn—2 an, 1
= forn >0, 64
(Qn Qn—l) <Qn—1 qn—2> < 1 O) - ( )
Pn  Pn-1 ap 1 a; 1 ap-1 1 a, 1
<Qn qﬂ—1> <1 0> (1 0> ( 1 O) <1 0 forn 2 1,
(65)
[ao,...,an]:]ﬁ forn>0 (66)
qn
and
Prdn—1 = Pp—1gn = (1) forn > —1. (67)

From , it follows that for n > 0, the fraction p, /g, is in lowest terms:

ng(prMQn) =1
Transposing yields, for n > —1,

Pn an _ [ Qn 1 an—1 1 (. 1 ag 1
Pn-1 qu-1) \ 1 0 1 0 1 0 1 0

67



from which we deduce, for n > 1,

Pn
[an, ..., a0] =
Pn—1

Lemma 68. Forn > 0,

Pndn—2 — Pn—24n = (*1)nan'
Proof. We multiply both sides of on the left by the inverse of the matrix

<p”1 p"2> which is (—1)”<q"2 _p"2>.

dn—1 (Gn—2 —Qqn—1 Pn—1
We get
(_l)n ( Pndn—2 — Pn—29n  Pn—-14n-—-2 — pn—?Qn—l) _ <an 1)
—DPnqn—1 1+ Pn—14n 0 1 0

6.2.1 Finite simple continued fraction of a rational number

Let up and u; be two integers with w; positive. The first step in Euclid’s
algorithm to find the ged of ug and u; consists in dividing ug by wuq:

Uy = agul + U2

with ag € Z and 0 < ug < uw1. This means

which amonts to dividing the rational number xg = wug/u; by 1 with quotient
ap and remainder ug/u; < 1. This algorithms continues with

Uy = AmUm+1 T Um42,

where a,, is the integral part of z,;, = Um/Um+1 and 0 < Upro < Upt1,
until some wuyyg is 0, in which case the algorithms stops with

Up = QpUp41-

Since the ged of u,, and w,4+1 is the same as the ged of up,41 and up,12, it
follows that the gcd of ug and uy is wpy;. This is how one gets the regular
continued fraction expansion zg = [ag, a1, ..., a¢], where £ = 0 in case xg is
a rational integer, while ay > 2 if zg is a rational number which is not an
integer.
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Exercise 7. Compare with the geometrical construction of the continued

fraction given in § [1.1]
Give a variant of this geometrical construction where rectangles are replaced
by segments.

Repeating what was already said in §[I.2] we can state

Proposition 69. Any finite reqular continued fraction

[a(]valv"',an]v

where ag,ai,...,a, are rational numbers with a; > 2 for 1 < i < n and
n > 0, represents a rational number. Conversely, any rational number x has
two representations as a continued fraction, the first one, given by Euclid’s
algorithm, is

x = lag,a,...,an]

and the second one is
x = ag,a1,...,an_1,a, — 1,1].

If x € Z, then n = 0 and the two simple continued fractions representa-
tions of x are [z] and [z — 1, 1], while if = is not an integer, then n > 1 and
an > 2.

We shall use later (in the proof of Lemma in § the fact that
any rational number has one simple continued fraction expansion with an
odd number of terms and one with an even number of terms.

6.2.2 Infinite simple continued fraction of an irrational number

Given a rational integer ag and an infinite sequence of positive integers
ai,as, ..., the continued fraction

[ap, a1y ... Gn,...]

represents an irrational number. Conversely, given an irrational number z,
there is a unique representation of x as an infinite simple continued fraction

x = lag,a1,...,an,...]

Definitions The numbers a,, are the partial quotients, the rational numbers

DPn
; = [ao,al,...,an]
n
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are the convergents (in French réduites), and the numbers

Tn = [Cln, Ap+1; - - }
are the complete quotients.
From these definitions we deduce, for n > 0,

Tn+1Pn + Pn—1

x:[a07a17"'aan7xn+1]: .
Tnit1qn + Gn—1

Lemma 71. Forn > 0,

(=D"

Gn® —pp=—"—"—
" " Tng1@n + G

Proof. From one deduces

Pn _ Tnt1Pn+Pn1 Pn _ (=1

I Tnt1@n T -1 @ (Tnt1Gn + @-1)Gn

Corollary 72. Forn >0,

1 1
———— < [T — pu| <
n+1 + Gn Gn+1

Proof. Since ap41 is the integral part of x,,1, we have

nt1 < Tpt1 < apy1 + 1.

Using the recurrence relation ¢p+1 = @n+19n + gn—1, we deduce

An+1 < Tn41qn + Gn—-1 < Op4+1qn + Gn—1 + Gn = Gn+1 + qn-

O

In particular, since x,+1 > an+1 and g,—1 > 0, one deduces from Lemma

(1
1

An+1 %21

1 Dn
s Pn

(an+1+2)qa dn
Therefore any convergent p/q of x satisfies |z — p/q| < 1/¢* (compare with
(i) = (v) in Proposition . Moreover, if a,y1 is large, then the approx-
imation py/qn is sharp. Hence, large partial quotients yield good rational
approximations by truncating the continued fraction expansion just before
the given partial quotient.

< < (73)
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Diophantine approximation,
irrationality and transcendence

Michel Waldschmadt

Course N°6, May 5, 2010

6.3 Pell’s equation

Let D be a positive integer which is not the square of an integer. It follows
that v/ D is an irrational number. The Diophantine equation

z? — Dy? = +1, (74)

where the unknowns z and y are in Z, is called Pell’s equation.
An introduction to the subject has been given in the colloquium lecture
on April 15. We refer to
http://seminarios.impa.br/cgi-bin/SEMINAR_palestra.cgi?id=4752
http://www.math. jussieu.fr/~ miw/articles/pdf/PellFermatEn2010.pdf
and
http://www.math. jussieu.fr/~ miw/articles/pdf/PellFermatEn2010VI.pdf

Here we supply complete proofs of the results introduced in that lecture.

6.3.1 Examples

The three first examples below are special cases of results initiated by O. Per-
ron and related with real quadratic fields of Richaud-Degert type.
Example 1. Take D = a?b? 4+ 2b where a and b are positive integers. A
solution to

22— (a®? 4202 =1

is (7,y) = (a®b+ 1,a). As we shall see, this is related with the continued
fraction expansion of v/D which is

VvV a?b? + 2b = [ab, a, 2ab)

since
1
t= \/a2b2—|—2b<:>t:ab—l—71-
a

+t+ab
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This includes the examples D = a? + 2 (take b = 1) and D = b + 2b (take
a=1). For a =1 and b = ¢ — 1 his includes the example D = ¢* — 1.

Example 2. Take D = a?b? + b where a and b are positive integers. A
solution to
2 — (a®? +b)y? =1

is (z,y) = (2a%b + 1,2a). The continued fraction expansion of v/D is

Va2b? + b = [ab, 2a, 2ad]
since

1
t=Vah+be=t=ab+ ——7—

2a +

t+ ab

This includes the example D = b + b (take a = 1).
The case b= 1, D = a® + 1 is special: there is an integer solution to

2= (a® +1)y° = -1,
namely (z,y) = (a,1). The continued fraction expansion of v/D is
Va?+1=a,2a)

since

Example 3. Let a and b be two positive integers such that b 4 1 divides
2ab + 1. For instance b = 2 and @ = 1 (mod 5). Write 2ab+ 1 = k(b + 1)
and take D = a® + k. The continued fraction expansion of v/D is

[a, b, b,2a]
since t = v/ D satisfies
1
t=a+ i = la,b,b,a + z].
b+ ——
1

b+

a+t

A solution to 22 — Dy? = —lisz =ab®> +a+b, y = b> + 1.
In the case a = 1 and b = 2 (so k = 1), the continued fraction has period
length 1 only:
V5 =1,2].
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Example 4. Integers which are Polygonal numbers in two ways are given
by the solutions to quadratic equations.

Triangular numbers are numbers of the form

n(n+1)

L4243+ 4n="—"

forn > 1;

their sequence starts with
1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171,...

http://wuw.research.att.com/~njas/sequences/A000217.

Square numbers are numbers of the form
143454+ 2n+1)=n? forn>1;
their sequence starts with
1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, ...

http://wuw.research.att.com/~njas/sequences/A000290.

Pentagonal numbers are numbers of the form

n(3n —1)

f > 1;
5 or n > 1;

1+4+7+--+(Bn+1) =
their sequence starts with
1, 5, 12, 22, 35, 51, 70, 92, 117, 145, 176, 210, 247, 287, 330, 376, 425,...

http://www.research.att.com/~njas/sequences/A000326.

Hexagonal numbers are numbers of the form
145494+ An+1)=n(2n—-1) forn>1;

their sequence starts with

1, 6, 15, 28, 45, 66, 91, 120, 153, 190, 231, 276, 325, 378, 435, 496, 561, ...

http://www.research.att.com/~njas/sequences/A000384.

For instance, numbers which are at the same time triangular and squares
are the numbers y? where (z,%) is a solution to Pell’s equation with D = 8.
Their list starts with

0,1,36, 1225, 41616, 1413721, 48024900, 1631432881, 55420693056, . . .
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See http://www.research.att.com/~njas/sequences/A001110.

Example 5. Integer rectangle triangles having sides of the right angle
as consecutive integers a and a + 1 have an hypothenuse ¢ which satisfies
a? + (a +1)? = c2. The admissible values for the hypothenuse is the set of
positive integer solutions y to Pell’s equation 2 — 2y? = —1. The list of
these hypothenuses starts with

1,5,29,169,985, 5741, 33461, 195025, 1136689, 6625109, 38613965,

See http://www.research.att.com/~njas/sequences/A001653.

6.3.2 Existence of integer solutions

Let D be a positive integer which is not a square. We show that Pell’s
equation has a non-trivial solution (z,y) € Z x Z, that is a solution

£ (£1,0).

Proposition 75. Given a positive integer D which is not a square, there
exists (z,y) € Z% with x > 0 and y > 0 such that > — Dy? = 1.

Proof. The first step of the proof is to show that there exists a non—zero in-
teger k such that the Diophantine equation z2 — Dy? = k has infinitely many
solutions (x,y) € Z xZ. The main idea behind the proof, which will be made
explicit in Lemmas and Corollary [T9] below, is to relate the integer
solutions of such a Diophantine equation with rational approximations z/y
of V/D.

Using the implication (i) = (v) of the irrationality criterion[4and the fact
that v/D is irrational, we deduce that there are infinitely many (z,y) € Zx Z
with y > 0 (and hence x > 0) satisfying

<1
Y2

‘@_"’“
Y

For such a (z,y), we have 0 < z < yv/D + 1 < y(v/D + 1), hence
0< |22 = Dy*| = |z —yVD| - |z + yVD| < 2V'D + 1.
Since there are only finitely integers k # 0 in the range
~(2VD+1) <k <2VD+1,

one at least of them is of the form 22 — Dy? for infinitely many (z,y).
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The second step is to notice that, since the subset of (z,y) (mod k) in
(Z/KkZ)? is finite, there is an infinite subset E C Z x Z of these solutions to
22 — Dy? = k having the same (z (mod k),y (mod k)).

Let (u1,v1) and (ug,v2) be two distinct elements in E. Define (z,y) € Q?
by

ot yy/D = 1t uvD
Uug + 1)2\/5

From u% - Dv% = k, one deduces

z+yVD = %(ul + v1VD)(ug — v3V'D),

hence
urus — Dvivg —U1V2 + U2V

- YT z
From u; = ug (mod k), v1 = vy (mod k) and
u? —Dv? =k, ui—Dvi=k,
we deduce
uruy — Dvjvy = ut — Dvi =0 (mod k)

and
—ujvy + ugvy = —ugv; +ugv; =0 (mod k),

hence x and y are in Z. Further,

2> — Dy’ = (z +yvVD)(x — yVD)

uy +v1vD)(u; — v1VD)
ug +v2v'D)(uz — v2v/D)
u? — Dv}

:7:1
2 2 :
uj — Dvj

_
(

It remains to check that y # 0. If y = 0 then z = +1, vy = wuouy,
ULuU — D’U1’1)2 = :|:1, and

kuy = tuq(ujug — Dujvg) = ZEUQ(U% - Dv%) = dkuo,

which implies (u1,u2) = (v1,v2), a contradiction.
Finally, if z < 0 (resp. y < 0) we replace x by —z (resp. y by —y).
]

Once we have a non—trivial integer solution (z,y) to Pell’s equation, we
have infinitely many of them, obtained by considering the powers of z+yv/D.

75



6.3.3 All integer solutions

There is a natural order for the positive integer solutions to Pell’s equation:
we can order them by increasing values of x, or increasing values of y, or
increasing values of 2+ y+v/D - it is easily checked that the order is the same.

It follows that there is a minimal positive integer solutionﬂ (z1,y1), which
is called the fundamental solution to Pell’s equation x> — Dy? = £1. In the
same way, there is a fundamental solution to Pell’s equations 2 — Dy? = 1.
Furthermore, when the equation 22 — Dy?> = —1 has an integer solution,
then there is also a fundamental solution.

Proposition 76. Denote by (x1,y1) the fundamental solution to Pell’s equa-
tion x> — Dy? = +1. Then the set of all positive integer solutions to this
equation is the sequence (Zp, Yn)n>1, where x, and y, are given by

Tn 4 ynV'D = (x1 + y1\/5)”, (neZ, n>1).
In other terms, x, and y, are defined by the recurrence formulae
Tnt1 = Tn®1 + Dyni and  Yni1 = T1Yn + Toy1, (n>1).

More explicitly:

o If 22— Dy? = 1, then (x1,31) is the fundamental solution to Pell’s equation
22 — Dy? = 1, and there is no integer solution to Pell’s equation x> — Dy? =
—1.

o If 23 — Dy = —1, then (z1,y1) is the fundamental solution to Pell’s
equation x> — Dy?> = —1, and the fundamental solution to Pell’s equation
22 — Dy? = 1 is (w2,y2). The set of positive integer solutions to Pell’s
equation x> — Dy? =1 is {(xn,yn) ; n > 2 even}, while the set of positive
integer solutions to Pell’s equation 22— Dy? = —1 is {(xn,yn) ; n > 1 odd}.
The set of all solutions (z,y) € Z x Z to Pell’s equation 2*> — Dy? = +1 is
the set (£y, Yn)nez, where x, and y, are given by the same formula

Tn +ynVD = (x1 + VD), (n€Z).

The trivial solution (1,0) is (xo,yo), the solution (—1,0) is a torsion element
of order 2 in the group of units of the ring Z[\/D].

Proof. Let (x,%) be a positive integer solution to Pell’s equation x2 — Dy? =
+1. Denote by n > 0 the largest integer such that

(x1 + y1\/5)n <z+ y\/ﬁ

8We use the letter x;, which should not be confused with the first complete quotient
in the section §[6.2:2 on continued fractions

76



Hence = + yv/D < (z1 + y1VD)"t!. Define (u,v) € Z x Z by
u+vVD = (z+yVD)(x; — y1VD)"

From
w2 —Dv =41 and 1<u+vVD <z +y1VD,

we deduce u =1 and v = 0, hence z = x,, y = Y.

6.3.4 On the group of units of Z[v/D)]

Let D be a positive integer which is not a square. The ring Z[v/D] is the
subring of R generated by vD. The map o : z = = + yvD — = — yvVD
is the Galois automorphism of this ring. The norm N : Z[V/D] — Z is
defined by N(z) = zo(z). Hence

N(z+yVD) =22 — Dy?.

The restriction of N to the group of unit Z[v/D]* of the ring Z[v/D] is a
homomorphism from the multiplicative group Z[v/D]* to the group of units
Z* of Z. Since Z* = {£1}, it follows that

Z[VD]* = {z € Z[VD]; N(z) = £1},

hence Z[v/D]* is nothing else than the set of z +y+/D when (z, y) runs over
the set of integer solutions to Pell’s equation 2% — Dy? = +1.

Proposition 75| means that Z[v/D]* is not reduced to the torsion sub-
group *£1, while Proposition 76| gives the more precise information that this
group Z[v/D]* is a (multiplicative) abelian group of rank 1: there exists a
so—called fundamental unit u € Z[/D]* such that

Z[VD* = {+u" ; n € Z}.

The fundamental unit u > 1is z1 +y1v/D, where (21,y1) is the fundamental
solution to Pell’s equation 2 — Dy? = £1. Pell’s equation 2% — Dy? = +1
has integer solutions if and only if the fundamental unit has norm —1.

That the rank of Z[v/D]* is at most 1 also follows from the fact that the
image of the map

ZVD)* — R?
z — (log|z|, log\z’|)

is discrete in R? and contained in the line t; + t5 = 0 of R?. This proof is
not really different from the proof we gave of Proposition the proof that
the discrete subgroups of R have rank < 1 relies on Euclid’s division.
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6.3.5 Connection with rational approximation

Lemma 77. Let D be a positive integer which is not a square. Let © and y

be posz’tive rational integers. The following conditions are equivalent:
(i) 2% — Dy =1

ii) 0 < = —-VD<
) 2ﬁ¢7
:U
iii) 0< = —VD <
(i) y 2¢7+1
1 < 1

v>VD  y>VD+1

(i) implies 22 > Dy?, hence x > yv/D, and consequently

T 1 1
0<—-——-vD-= < .
Y y(x +yvD) 2y>vD

Proof. We have 5 hence (ii) implies (iii).

(iii) implies

a:<y\ﬁ+ <y\ﬁ+f

Vﬁ

and
y(r + y\/ﬁ) < 2°VD + 2,
hence
O<3:2—Dy2:y(z—\/5> (z +yVD) < 2
Since 22 — Dy? is an integer, it is equal to 1. O

The next variant will also be useful.

Lemma 78. Let D be a positive integer which is not a square. Let x and y

be positive rational integers. The following conditions are equivalent:
(i) 2? — Dy* = —1.

x 1
io<vVD-"< —— .
(1) y 2P D1

x 1
i) 0<vVD - = < :
(i) y y*D

Proof. We have

1 1
< , hence (ii) implies (iii).
751 < 5D (i) implies (i)

The condition (i ) implies yv D > x. We use the trivial estimate

2VD > 1+1/y?
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and write
22 =Dy?> —1> Dy?> —2vVD +1/y* = (yWD — 1/y)?,
hence zy > y*v/D — 1. From (i) one deduces
1=Dy?—2? = (yVD —z)(yVD + )
> (\/5 - 5) (y*°VD + xy)
> (@_ ;’) (22VD —1).
(iii) implies = < yv/D and

y(yV'D + x) < 2°VD,
hence
O<Dy2—x2:y(\/5—a?;> (y\/ﬁ—i-x) < 2.
Since Dy? — 2 is an integer, it is 1. O

From these two lemmas one deduces:

Corollary 79. Let D be a positive integer which is not a square. Let x and
y be positive rational integers. The following conditions are equivalent:
(i) 22 — Dy? = +£1.

.. x 1
i) '@_y <
x 1
w0 [Pl <

Proof. If y > 1 or D > 3 we have 2y>v/D — 1 > y?>v/D + 1, which means
that (ii) implies trivially (iii), and we may apply Lemmas [77| and
If D =2 and y = 1, then each of the conditions (i), (ii) and (iii) is
satisfied if and only if x = 1. This follows from
1 1
2-v2> >
2v2-1" V2+1
If D =3 and y = 1, then each of the conditions (i), (ii) and (iii) is
satisfied if and only if x = 2. This follows from

3—-vV3>v3-1>

>V2 1.

1 1
>
2v3-1" V341

>2— /3.
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It is instructive to compare with Liouville’s inequality (see § [5.2]).

Lemma 80. Let D be a positive integer which is not a square. Let © and y
be positive rational integers. Then

1
> _ .
202vD + 1

Proof. If x/y < v/D, then 2 < y/D and from

‘@_”C
Yy

1< Dy* — 2% = (yVD +2)(yV'D — z) < 2yV'D(yVD — ),

one deduces

1
VD-2> :
y = 2y2vV/D

We claim that if z/y > VD, then

x 1
=-VD> —F—r—.
Y 202D + 1

Indeed, this estimate is true if z—yv/D > 1/y, so we may assume z—yv/D <
1/y. Our claim then follows from

1 <a? - Dy’ = (¢ +yVD)(x —yvVD) < 2yvVD + 1/y)(x — yVD).
]

This shows that a rational approximation z/y to VD, which is only
slightly weaker than the limit given by Liouville’s inequality, will produce a
solution to Pell’s equation 22 — Dy? = +1. The distance |[v/D — x/y| cannot
be smaller than 1/(2y>v/D + 1), but it can be as small as 1/(2y%vD — 1),
and for that it suffices that it is less than 1/(y?v/D + 1)
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6.3.6 The main lemma

The theory which follows is well-known (a classical reference is the book
[7] by O. Perron), but the point of view which we develop here is slightly
different from most classical texts on the subject. We follow [2}, 3, 9]. An
important role in our presentation of the subject is the following result
(Lemma 4.1 in [§]).

Lemma 81. Let e = £1 and let a, b, c,d be rational integers satisfying
ad —bc=¢€

and d > 1. Then there is a unique finite sequence of rational integers
ag,...,as with s > 1 and aq,...,as_1 positive, such that

(e o= o) (T o) (7o) (®

These integers are also characterized by

b c
3= [ag, a1, ..., as—1], 7= [as,...,a1], (=1 =e (83)

For instance, when d = 1, for b and c rational integers,
bc+1 b\ (b 1\ [c 1
c 1) \1 0/\1 0
bc—1 b\ (b—1 1\ (1 1\ (c—1 1
c 1) 1 0/\1 0 1 0)°

Proof. We start with unicity. If ag, ..., as satisfy the conclusion of Lemma
then by using , we find b/d = [ag,a1,...,as—1]. Taking the trans-
pose, we also find ¢/d = [as,...,a1]. Next, taking the determinant, we
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obtain (—1)*T! = e. The last equality fixes the parity of s, and each of the
rational numbers b/d, ¢/d has a unique continued fraction expansion whose
length has a given parity (cf. Proposition. This proves the unicity of the
factorisation when it exists.

For the existence, we consider the simple continued fraction expansion
of ¢/d with length of parity given by the last condition in , say ¢/d =
[as,...,a1]. Let ag be a rational integer such that the distance between b/d
and [ag, a1,...,as—1] is < 1/2. Define d’, ¥/, ¢, d’ by

()=o) (o) (o)

We have )
d >0, dd-bd=c¢ %:[as,...,al]zg
and " v X
E:[ao,al,...,as,l], d’d’_?

From ged(e,d) = ged(d,d') =1, ¢/d = /d and d > 0, d’ > 0 we deduce
d = ¢, d = d. From the equality between the determinants we deduce
a =a+ke, b =b+ kd for some k € Z, and from

¥ b
7 a "

we conclude k =0, (a/,V,d,d") = (a,b,c,d). Hence follows.

Corollary 84. Assume the hypotheses of Lemma are satisfied.
(a) If ¢ > d, then as > 1 and

a
o= [ag, a1, ..., as).
(b) If b > d, then ap > 1 and

a
— = |as,...,a1,a0).

S

The following examples show that the hypotheses of the corollary are

not superfluous:
1 by (b 1\ /0 1
0 1/ \1 0/\1 0)°
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G )= GG
D= G o6 0

Proof of Corollary[84 The assumption ¢ > d implies as > 0. This proves
part (a), and part (b) follows by transposition (or repeating the proof). [

Another consequence of Lemma [81]is the following classical result (Satz
13 p. 47 of [7]).

Corollary 85. Let a, b, ¢, d be rational integers with ad — bc = £1 and
c¢>d>0. Let x and y be two irrational numbers satisfying y > 1 and

_ay+b
cy +d

Let © = [ap,a1,...] be the simple continued fraction expansion of x. Then
there exists s > 1 such that

a=ps, b=ps1, c=¢qs, T=qs-1, Y=Tsy1.

Proof. Using lemma [81] we write

o) =) ) (o)

with af,...,a’_, positive and
b c
N YA / ot /
g—[ao,al,...,as_l], 8—[(],8,...,(]/1].

From ¢ > d and corollary we deduce a, > 0 and

= lag, al, ..., ak, yl.

NP Py + P51 _
a’ qy + 5

g_[/ /
o = lan,dl, e a] =

Since y > 1, it follows that a, = a;, p, = pi, ¢, = ¢ for 0 < i < s and

Y= "Tst1-
O
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6.3.7 Simple Continued fraction of vD

An infinite sequence (ay)n>1 is periodic if there exists a positive integer s
such that
(pys = ap for allm > 1. (86)

In this case, the finite sequence (aq,...,as) is called a period of the original
sequence. For the sake of notation, we write

(al,ag,...) = (al,...,as).

If sq is the smallest positive integer satisfying , then the set of s satisfying
is the set of positive multiples of sg. In this case (ay,...,as,) is called
the fundamental period of the original sequence.

Theorem 87. Let D be a positive integer which is not a square. Write the
simple continued fraction of /D as [ag, a1, ...] with ag = VD).

(a) The sequence (ai,as,...) is periodic.

(b) Let (x,7) be a positive integer solution to Pell’s equation x> — Dy? = +1.
Then there exists s > 1 such that x/y = [ag, .. .,as—1] and

(a1,az,...,as_1,2ao)
is a period of the sequence (ay,az,...). Further, as—; =a; for1 <i<s—1
(c) Let (a1,as,...,as—1,2a9) be a period of the sequence (ai,as,...). Set
x/y = lag,...,as_1]. Then ? — Dy? = (—1)°.

(d) Let so be the length of the fundamental period. Then for i > 0 not
multiple of sy, we have a; < ag.

If (a1,a2,...,as—1,2a9) is a period of the sequence (ai,as,...), then

\/5: [a07a'17"' 7a5—172a0] - [a07a17' .o, 05-1,0Q0 + \/5]

® Note (2016). As kindly pointed out to me by Yoishi Motohashi, the fact that
the word ai,...,as—1 is a palindrom is proved in ’Essai sur la théorie des nombres’ by
Legendre (1798).
In his first paper published at the age of 17 by Evariste Galois, it is proved that if the
expansion of a quadratic irrational « is purely periodic, then the same is true for the
conjugate o of «, and the continued fraction of o’ is obtained by reversing the order of
the continued fraction of a. Besides, this continued fraction is a palindrom if and only if
ad = —1.
E. Galois, Démonstration d’un théoréme sur les fractions continues périodiques.
Annales de Mathématiques Pures et Appliquées, 19 (1828-1829), p. 294-301.
http://archive.numdam.org/article/AMPA_1828-1829__19__294_0.pdf
For more information on these contributions by Galois, see

https://www.bibnum.education.fr/mathematiques/algebre/demonstration-d-un-theoreme-sur-les-fractions-continues-periodiques
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Consider the fundamental period (ai, ag, ..., as,—1, as,) of the sequence (a1, az, . .

By part (b) of Theorem [87| we have as, = 2ag, and by part (d), it follows
that sg is the smallest index ¢ such that a; > aqg.

From (b) and (c) in Theorem 87} it follows that the fundamental solution
(w1,1) to Pell’s equation 22 — Dy? = £1 is given by z1/y1 = [ao, - - -, Gsy—1],
and that 22 — Dy? = (—1)*. Therefore, if so is even, then there is no
solution to the Pell’s equation z?> — Dy? = —1. If sq is odd, then (x1,y1)
is the fundamental solution to Pell’s equation x> — Dy? = —1, while the
fundamental solution (z2,y2) to Pell’s equation 22 — Dy? = 1 is given by
xg/yg = [ao, e ,ags_l].

It follows also from Theorem [87| that the (nsy — 1)-th convergent

Tn/Yn = [aﬁv e 7an80*1]

satisfies
Tn + ynV'D = (z1 + 11V D)". (88)

We shall check this relation directly (Lemma [92).

Proof. Start with a positive solution (x,%) to Pell’s equation 2% — Dy? = +1,
which exists according to Proposition Since Dy > x and x > y, we may
use lemma [81] and corollary [84] with

a=Dy, b=c=z, d=y

()=o) (o) (% ) (9)

with positive integers al,...,a, and with aj = |v/D]. Then the contin-
ued fraction expansion of Dy/x is [ay,...,a}] and the continued fraction
expansion of z/y is [af, ..., a,_4].

Since the matrix on the left hand side of is symmetric, the word
ag, - - -, a is a palindrome. In particular a, = aj,.

Consider the periodic continued fraction

and write

— A4l 4 / /
§ = lag,al, ..., al_q,2ag)].

This number § satisfies

/ / / !/
6 = [ao,al,.. .,as_l,aro +5]
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Using the inverse of the matrix

ap 1 D 0 1
< 1 0) which is <1 _%) ,
ag+46 1\  [fay 1\ (1 O
1 0/ \1 0 o 1

Hence the product of matrices associated with the continued fraction of §
ap 1\ (ay 1\ f(aj_y 1Y\ [ag+d 1
1 0 10 1 0 1 0
Dy z\ (1 0\ (Dy+dx =
z y)\d 1) \z+dy y/)’

6:Dy+5:z

x+y

hence 62 = D. As a consequence, a; = a; for 0 < i < s — 1 while a/, = ao,

we write

is

It follows that

as = 2ayg.
This proves that if (x,y) is a non—trivial solution to Pell’s equation 22 —
Dy? = +1, then the continued fraction expansion of v/D is of the form

\/5: [ao,al,. . .,as_1,2a0] (90)
with a1, ...,as—1 a palindrome, and z/y is given by the convergent
x/y = lap,a1,...,as_1]. (91)

Consider a convergent p,/q, = lag,a1,-..,ay]. If any1 = 2ap, then
with = v/D implies the upper bound

’\/ﬁ_pn
qn

< [
= 2a0q2’

and it follows from Corollary (79| that (py,, gy) is a solution to Pell’s equation
p? — Dqg? = £1. This already shows that a; < 2ag when i + 1 is not the
length of a period. We refine this estimate to a; < ay.

Assume ap41 > ap+ 1. Since the sequence (@, )m>1 is periodic of period
length sg, for any m congruent to n modulo sy, we have a1 > ag. For
these m we have

VD — Pm < 172 .
dm ((10 =+ 1)Qm
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For sufficiently large m congruent to n modulo s we have
(ap +1)¢2, > 2V D + 1.

Corollaryimplies that (pm, ¢m) is a solution to Pell’s equation p2, — Dg2, =
+1. Finally, Corollary [84] implies that m + 1 is a multiple of sg, hence n+ 1
also.

O

6.3.8 Connection between the two formulae for the n-th positive
solution to Pell’s equation

Lemma 92. Let D be a positive integer which is not a square. Consider
the simple continued fraction expansion VD = [ag, a1, ..., as,—1,2a9] where
so s the length of the fundamental period. Then the fundamental solution
(w1,31) to Pell’s equation x> — Dy? = +1 is given by the continued fraction
expansion x1/y1 = [ag, a1, ..., as,—1]. Let n > 1 be a positive integer. Define
(xm yn) by xn/yn = [a07 ai, ... 7anso—1]c Then x, + yn\/B = (xl + y1\/5)"

This result is a consequence of the two formulae we gave for the n-th
solution (,,¥,) to Pell’s equation 22 — Dy? = 4+1. We check this result
directly.

Proof. From Lemma [81f and relation , one deduces
Dy, xn\  [ao 1 a; 1 [ Anso—1 1 ag 1
Tn yn) \1 0 1 0 1 0 1 0/)°
<Dyn $n> (0 1 > _ <xn Dy, — ann>
Tn  yn) \1 —ao Yn  Tn—aoyn )’
we obtain
ag 1 a; 1 [ Gnsp—1 1 _ (*n Dy, — apxy (93)
1 0/\1 0 1 0 Yn Tn—GoYn )

Notice that the determinant is (—1)"° = 22 — Dy2. Formula forn+1
and the periodicity of the sequence (ay,...,an,...) with as, = 2ag give :

Since

(xn+1 Dypi1 — aomn+1> _ <xn Dy, — aoxn> <2ao 1) <a1 1> <aso—1
Yn+l  Tp+l — G0Yn+1 Yn  Tp — AOYn 1 0 1 0 1
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Take first n =1 in and multiply on the left by

Cr o) )= %)

(1 ao) <$1 Dy, — Cloﬂ?l) _ (-731 +apy1 (D — a%)?Jl)
0 1/)\y1 21— a1 (1 Ty —aoyr )
we deduce
2a9 1Y (a1 1\ fas-1 1 _ (=1 + a0 (D — ag)yl
1 0/)\1 0 1 0 11 Ty —apyr )
Therefore

(xn+1 Dyp i1 — aown+1> _ <ﬂrn Dy, — aoﬂ:n> <x1 +apyy (D — a%)yl)
Yn+l  Tntl — AOYn+t1 Yn Ty — QOYn Y1 r1—apyr )

Since

The first column gives

Tn+1 = Tpx1 + Dypin and Yn+1 = T1Yn + Tny1,

which was to be proved.

6.3.9 Records

For large D, Pell’s equation may obviously have small integer solutions.
Examples are

For D = m? — 1 with m > 2 the numbers z = m, y = 1 satisfy
22— Dy? =1,

for D = m?+1 with m > 1 the numbers x = m, y = 1 satisfy 2> —Dy? =
il’

for D = m? + m with m > 2 the numbers = 2m + 1 satisfy y = 2,
2?2 — Dy? =1,

for D = t?’m? + 2m with m > 1 and ¢ > 1 the numbers z = t>m + 1,
y = t satisfy 22 — Dy? = 1.

On the other hand, relatively small values of D may lead to large fun-

damental solutions. Tables are available on the internetd

OFor instance:
Tomas Oliveira e Silva: Record-Holder Solutions of Pell’s Equation
http://www.ieeta.pt/~tos/pell.html.
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For D a positive integer which is not a square, denote by S(D) the base
10 logarithm of 21, when (21, ;) is the fundamental solution to 22— Dy? = 1.
The integral part of S(D) is the number of digits of the fundamental solution
x1. For instance, when D = 61, the fundamental solution (z1,y;) is

r1 =1766319049, y; = 226153980

and S(61) = log;,z1 = 9.247069. ..
An integer D is a record holder for S if S(D’) < S(D) for all D' < D.
Here are the record holders up to 1021:

D 2 5 10 13 29 46 53 61 109
S(D) | 0.477 | 0.954 | 1.278 | 2.812 | 3.991 | 4.386 | 4.821 | 9.247 | 14.198

D 181 277 397 409 421 541 661 1021
S(D) | 18.392 | 20.201 | 20.923 | 22.398 | 33.588 | 36.569 | 37.215 | 47.298

Some further records with number of digits successive powers of 10:

D 3061 169789 | 12765349 | 1021948981 | 85489307341

S(D) | 104.051 | 1001.282 | 10191.729 | 100681.340 | 1003270.151

6.3.10 A criterion for the existence of a solution to the negative
Pell equation

Here is a recent result on the existence of a solution to Pell’s equation
22— Dy? = —1

Proposition 94 (R.A. Mollin, A. Srinivasarfirb. Let d be a positive integer
which is not a square. Let (xo,y0) be the fundamental solution to Pell’s
equation x> — dy?> = 1. Then the equation x* — dy?> = —1 has a solution if
and only if zg = —1 (mod 2d).

Proof. If a®> — db®> = —1 is the fundamental solution to 2 — dy?> = —1, then
zo + yovd = (a 4+ bv/d)?, hence
zo=a’+db* =2db*> —1=—1 (mod 2d).

Conversely, if xg = 2dk — 1, then x% = 4d?’k? — 4dk + 1 = dyg + 1, hence
4dk? — 4k = y2. Therefore yq is even, yo = 22, and k(dk — 1) = 2%. Since k
and dk — 1 are relatively prime, both are squares, k = b and dk — 1 = a?,
which gives a®? — db® = —1. O

1Ppe]] equation: non-principal Lagrange criteria and central norms; Canadian Math.
Bull., to appear
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6.3.11 Arithmetic varieties

Let D be a positive integer which is not a square. Define G = {(z,y) €
R?; 22 — Dy? =1}.
The map
g — R*
(,y) — t=z+yV/D

is bijective: the inverse of that map is obtained by writing u = 1/t, 2z =
t+u, 2yv/D =t —u, so that t = z + yv/D and u =  — yv/D. By transfer
of structure, this endows G with a multiplicative group structure, which is
isomorphic to R*, for which

G — GLyR)
(z,y) — (w Zy>

Y
is an injective group homomorphism. Let G(R) be its image, which is
therefore isomorphic to R*.

. b . . .
A matrix (CCL ) respects the quadratic form z? — Dy? if and only if

d
(az 4 by)? — D(cx + dy)? = ? — Dy?,
which can be written

a?—D* =1, ¥¥—Dd*>=D, ab=cdD.

Hence the group of matrices of determinant 1 with coefficients in Z which
respect the quadratic form z? — Dy? is the group

a(z) = {(Z ZC) e GLQ(Z)}.

According to the work of Siegel, Harish—-Chandra, Borel and Godement,
the quotient of G(R) by G(Z) is compact. Hence G(Z) is infinite (of rank 1
over Z), which means that there are infinitely many solutions to the equation
a? - Dc? =1.

This is not a new proof of Proposition but an interpretation and a
generalization. Such results are valid for arithmetic varietied"?|

12See for instance Nicolas Bergeron, “Sur la forme de certains espaces provenant de
constructions arithmétiques”, Images des Mathématiques, (2004).
http://people.math. jussieu.fr/~bergeron/Recherche_files/Images.pdf.
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Addition to Lemma [B1]
In [1], § 4, there is a variant of the matrix formula for the simple
continued fraction of a real number.

Given integers ag, ai, ... with a; > 0 for ¢ > 1 and writing, for n > 0,
as usual, p,/q, = lao,a1,...,ay|, one checks, by induction on n, the two
formulae

<1 ao) ( 1 0> . <1 a") = <p”_1 p”) if n is even

0 1 a; 1 0 1 n—1 qn (95)
1 ag 1 0 o 1 0 _ (Pn Pn-1 : ;

(0 ) ) (al 1) ) <an 1) = (Qn Qn—1> if n is odd

Define two matrices U (up) and L (low) in GL2(R) of determinant +1 by

1 1 10
U—(O 1) and L_<1 1).

For p and ¢ in Z, we have

1 p 1 0
P _ q_
U? = (O 1) and L?= <q 1) ,

so that these formulae (95]) are
UwoLs ...y = <p”—1 p”) if 7 is even
dn—1 4n

and

Ueora ... [an — (zn ];H) if n is odd.
n n—1

The connexion with Euclid’s algorithm is

—pfa b\ _[(a—pc b—pd —qf(a b\ _ a b
v (c d>_<c d) and L <cd_c—qa d—qgb)”
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The corresponding variant of Lemma [81]is also given in [I], § 4: If a, b, c,
d are rational integers satisfyingb > a >0, d > ¢ >0 and ad —bc = 1, then

there exist rational integers ag,...,a, with n even and ay,...,a, positive,
such that

a b\ (1 ao 1 0 1 a,

c d) \0 1 a; 1 0 1
These integers are uniquely determined by b/d = [ag, ..., a,] with n even.

6.3.12 Periodic continued fractions

An infinite sequence (an)n>0 is said to be ultimately periodic if there exists
ng > 0 and s > 1 such that

apys = ap for all n > nyg. (96)

The set of s satisfying this property is the set of positive multiples
of an integer sop, and (ang, Ang+1,-- -, Ang+so—1) is called the fundamental
period.

A continued fraction with a sequence of partial quotients satisfying
will be written

[a07 A1y .y Apg—1,Angy - - - 7an0+5—1}-

Ezample. For D a positive integer which is not a square, setting ag = |V D],
we have by Theorem

1
— =aq,..
vD —ag a1

Lemma 97 (Euler 1737). If an infinite continued fraction

ao—l—\/ﬁz [Qag,al,...,as_l] and .,a5_1,2a0].

x = [ag,a1,...,an,...|
1s ultimately periodic, then x is a quadratic irrational number.

Proof. Since the continued fraction of z is infinite, x is irrational. Assume
first that the continued fraction is periodic, namely that holds with
nog = 0:

x = [ag, .-, Gs_1-
This can be written

x =lag,...,as—1,x].

Hence

T = Ds—1T + Ps—2 )

Qs—1% + gs—2
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It follows that
Gs—1 X% + (qs—2 — ps—1)X — ps—2
is a non—zero quadratic polynomial with integer coefficients having x as a

root. Since x is irrational, this polynomial is irreducible and z is quadratic.
In the general case where holds with ng > 0, we write

T = [a()’alv"',anofl)ano)' "7an0+871} — [GOaala"'aanoflayL

where y = [Gny, - -, Gng+s—1) is a periodic continued fraction, hence is quadratic.

But
5 — Pro-1Y + Dng—2

Uno—1Y + qng—2

hence = € Q(y) is also quadratic irrational.
O

Lemma 98 (Lagrange, 1770). If x is a quadratic irrational number, then
its continued fraction
x = lag,a1,...,an,...|

1s ultimately periodic.

Proof. For n > 0, define d,, = ¢,x — p,,. According to Corollary we have

|dn| < 1/qn+1-

Let AX? + BX + C with A > 0 be an irreducible quadratic polynomial
having x as a root. For each n > 2, we deduce from that the convergent
x,, is a root of a quadratic polynomial A4, X? + B, X + C,,, with

A, = Ap?z—l + Bpn-1qn—1 + ngl—l’
B, = 2Apn—1pn—2 + B(pn—lQn—Q + pn—ZQn—l) + 20(]11—1%1—27
C, =A,_1.

Using Az? + Bz + C = 0, we deduce

A, = (QAQS + B)dn_lqn_l + Adi—l?
B, = (2A$ + B)(dn_lqn_z + dn—ZQn—l) + 2Ad,,_1d,—s.

There are similar formulae expressing A, B, C' as homogeneous linear com-
binations of A,, B,, C,, and since (4, B,C) # (0,0,0), it follows that
(An, By, Cy) #(0,0,0). Since x, is irrational, one deduces A, # 0.

From the inequalities

Qn—1|dn—2| < 17 QH—2|dn—1| < 17 qn—1 < Qn, ’dn—ldn—2’ < 17
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one deduces
max{|An|, |Bnl|/2,|Cn|} < A+ |2Az + B].

This shows that |A,|, |By| and |Cy| are bounded independently of n. There-
fore there exists ng > 0 and s > 0 such that x,, = x,,4s. From this we
deduce that the continued fraction of z,,, is purely periodic, hence the con-
tinued fraction of x is ultimately periodic. O

A reduced quadratic irrational number is an irrational number x > 1
which is a root of a degree 2 polynomial ax? + bx + ¢ with rational integer
coefficients, such that the other root z’ of this polynomial, which is the
Galois conjugate of x, satisfies —1 < 2/ < 0. If z is reduced, then so is
—1/2'.

Lemma 99. A continued fraction
Tr = [ag,al,...,an...]

1 purely periodic if and only if x is a reduced quadratic irrational number.
In this case, if © = [ag, a1, ..., as—1) and if £’ is the Galois conjugate of x,
then

—1/2' = [as—1, .-, ar, ag)

Proof. Assume first that the continued fraction of x is purely periodic:
x = [ag, a1, -, Gs—1)-

From as = ap we deduce ag > 0, hence x > 1. From x = [ag, a1, ...,as_1, 7]
and the unicity of the continued fraction expansion, we deduce

Ps—1T + Ps—2
r=—" =

and = = x,.
Qqs—1% + qs—2

Therefore z is a root of the quadratic polynomial
Py(X) = qs 1 X+ (qs—2 — ps—1) X — ps_2.

This polynomial Ps has a positive root, namely x > 1, and a negative root
2’, with the product xz’ = —ps_2/qs—1. We transpose the relation

Ps—1 Ps—2 _ ap 1 ar 1 [ Gs—1 1
ds—1 (s—2 1 0 1 0 1 0
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and obtain

Ps—1 gs—1 as—1 1 (@ 1 ag 1
Ps—2 (s—2 1 0 1 0 1 0/°

Define
Yy = [asfla s )alyaO]a
so that y > 1,
ps—1y+ qs—1
Yy = [as—lv"'7a17a07y] -
ps—2y+ qs—2

and y is the positive root of the polynomial

Qs(X) = ps—2X? + (gs—2 — Ps—1)X — @s—1.

The polynomials Ps and Q; are related by Qs(X) = —X2P(—1/X). Hence
y=-—1/2".

For the converse, assume z > 1 and —1 < 2’ < 0. Let (xy,),>1 be the
sequence of complete quotients of x. For n > 1, define ], as the Galois
conjugate of z,,. One deduces by induction that zj, = a, + 1/x;,, that
—1 < a}, < 0 (hence z, is reduced), and that a, is the integral part of
—1/z;, .

If the continued fraction expansion of x were not purely periodic, we
would have

T = [a07 <o Ap—1,0Qhy - - - 7ah+871]
with ap_1 # apts—1. By periodicity we have xp, = [ap, ..., an1s—1, 23], hence
Ty = Thys, T = Tp,, . From xj = 2, taking integral parts, we deduce
ap—1 = ap+s—1, & contradiction. O

Corollary 100. If r > 1 is a rational number which is not a square, then
the continued fraction expansion of \/r is of the form

VT =lag,a1,...,as_1,2a0]

with ay,...,as—1 a palindrome and ag = [\/r].
Conversely, if the continued fraction expansion of an irrational numbert > 1
s of the form

t = lag,a1,...,as—1,2a9)

with a1, . ..,as—1 a palindrome, then t* is a rational number.
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Proof. If t> = r is rational > 1, then for and ag = [v/#] the number z = t+ag
is reduced. Since t' +t = 0, we have

1
! x— 2a
Hence
r = [2a0,a1,...,05-1], T [as—1,...,a1,2aq]
and aq,...,as_1 a palindrome.
Conversely, if t = [ag,a1,...,as—1,2a9] with ai,...,as—1 a palindrome,

then * = t + ag is periodic, hence reduced, and its Galois conjugate x’
satisfies

1 [ Sa0) 1
—— =la1,...,as—1,2a9] = ,
2 1 s—1 0 .%'—2@0
which means t + ¢’ = 0, hence t? € Q. O

Lemma 101 (Serret, 1878). Let x and y be two irrational numbers with
continued fractions

x =lag,a1,...,an...] and y=[bo,b1,...,bm...]

respectively. Then the two following properties are equivalent.

(i) There exists a matriz (CCL d with rational integer coefficients and de-
terminant £1 such that

ar +b

cx+d
(ii) There exists ng > 0 and mg > 0 such that ang+k = bmg+k for all k > 0.

Condition (i) means that x and y are equivalent modulo the action of
GL2(Z) by homographies.

Condition (ii) means that there exists integers ng, mo and a real number
t > 1 such that

r = [ao,al,...,ano,l,t] and y= [bo,bl,...,bmofl,t].
Example.

[—a0—1,17a1—1,x2] ifa1 22,

102
[—a0—1,1+x2] ifa; = 1. ( )

If x = [ag, a1, z2], then —x = {

97



Proof. We already know by that if x,, is a complete quotient of z, then
x and z,, are equivalent modulo GL2(Z). Condition (ii) means that there
is a partial quotient of x and a partial quotient of y which are equal. By
transitivity of the GL2(Z) equivalence, (ii) implies (i).
Conversely, assume (i):
ar +b

cr+d
Let n be a sufficiently large number. From

a b\ (Pn Pn-1\ _ (Un Un—1
c d dn 4dn—1 N Un  Un-—1

Up = APy + bqru Up—1 = aPp—1 + anfla
Up = Cpp + dqn, Vp—1 = cPp—1 + dgn-1,

y:

with

we deduce
_ UpTp41 + Up—1

UnZn+1 + Un—1

We have v, = (cx + d)q, + ¢d,, with 6, = p, — ¢pz. We have ¢, — oo,
Gn > Gn-1 + 1 and 6, — 0 as n — oco. Hence, for sufficiently large n, we
have v, > v,_1 > 0. From part 1 of Corollary we deduce

() = (o) (1 ) (5 )
Up  Un—_1 1 0 1 0 1 0
with ag,...,as in Z and aq,...,as positive. Hence
y = [ao, a1, ..., as, Tpt1].
O

A computational proof of (i) = (ii). Another proof is given by Bombieri [2]
(Theorem A.1 p. 209). He uses the fact that GLy(Z) is generated by the

two matrices
1 1 q 0 1
o 1) ™ 10/

The associated fractional linear transformations are K and J defined by
K(x)=2+1 and J(z)=1/z.
We have J? = 1 and

K(lao.t]) = [ag + 1,4, K([ao,#]) = [ao — 1,1].
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Also J([ao,t]) = [0,a0,t] if ap > 0 and J([0,t]) = [t]. According to (102),
the continued fractions of x and —z differ only by the first terms. This
completes the proof. E

O

6.4 Diophantine approximation and simple continued frac-
tions

Lemma 103 (Lagrange, 1770). The sequence (|gnx — pnl)n>0 is strictly
decreasing: for n > 1 we have

g2 — pn| < |Gn-17 — pn-1].
Proof. We use Lemma [71| twice: on the one hand

1 1
<
Tn+1Gn + Gn—1 qn + qn—1

| — pn| =

because x,41 > 1, on the other hand

1 1 1
> —
Tngn—-1 + qn—2 (an + 1)Qn71 + gn—2 qn + gn-1

IQn—lx - pn—1| =

because =, < a, + 1. ]

Corollary 104. The sequence (|z — pn/qn|)n>0 is strictly decreasing: for
n > 1 we have

Pn
xr— —

dn

Pn—-1
Gn—1

<o-

Proof. For n > 1, since ¢,—1 < ¢p, we have

pu| _ 1 1 _ 1|, Pnoi Pn-1
x— | = —|gpx—pn| < —|gn-12—pn-1| = T = <
dn dn dn n In—1 n—1
O

Here is the law of best approximation of the simple continued fraction.

'3Bombieri in [2] gives formulae for J([ao,t]) when ao < —1. He distinguishes eight
cases, namely four cases when ap = —1 (a1 > 2, a1 =2, a1 =1 and az > 1, a1 = as = 1),
two cases when ag = —2 (a1 > 1, a1 = 1) and two cases when ao < —3 (a1 > 1, a1 = 1).
Here, enables us to simplify his proof by reducing to the case ag > 0.
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Lemma 105. Let n > 0 and (p,q) € Z x Z with ¢ > 0 satisfy

lqz — p| < |gnT — pPnl.
Then q > goy1.

Proof. The system of two linear equations in two unknowns u, v

{pnu +Pnp1v =P (106)
qn¥ + Qp+1v = ¢

has determinant +1, hence there is a solution (u,v) € Z x Z.

Since p/q # pn/qn, we have v # 0.

If u=0, then v = q¢/gn+1 > 0, hence v > 1 and ¢ > ¢p+1.

We now assume uv # 0.

Since ¢, g, and g,4+1 are > 0, it is not possible for v and v to be both
negative. In case u and v are positive, the desired result follows from the
second relation of . Hence one may suppose u and v of opposite signs.
Since gnr — py and @n+1T — Ppr1 also have opposite signs, the numbers
u(gnx — pp) and v(¢n+12 — Pnt1) have same sign, and therefore

|an _pn| < |U(an _pn)| + |U(Qn+1x _pn-i-l)’ = |q:C _p| < |Qn$ _pn‘a

which is a contradiction.
O

A consequence of Lemma is that the sequence of p, /g, produces
the best rational approximations to x in the following sense: any rational
number p/q with denominator ¢ < ¢, has |gz — p| > |gnz — pp|. This is
sometimes referred to as best rational approzimations of type 0.

Corollary 107. The sequence (qn)n>0 of denominators of the convergents
of a real irrational number x is the increasing sequence of positive integers

for which
lgnz|| <llgz|l for 1<q<gn.

As a consequence,

Igull = min Jlgz].

The theory of continued fractions is developed starting from Corollary
as a definition of the sequence (gy),>0 in Cassels’s book [5].
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Corollary 108. Let n > 0 and p/q € Q with ¢ > 0 satisfy

o
dn
Then q > qy.
Proof. For q < g, we have
pl_1 1 q p P
x—‘—-mw—p>Mﬂ—nJ"P—”Z’ =
q q q q dn dn

Corollary shows that the denominators g, of the convergents are also
among the best rational approrimations of type 1 in the sense that

x_p\>\x_pn
q

an

for 1<¢q<qn,

but they do not produce the full list of them: to get the complete set, one
needs to consider also some of the rational fractions of the form

Pn—1+ apn
Gn—1 + aqn
with 0 < a < apy1 (semi—convergents) — see for instance [7], Chap. II, § 16.

Lemma 109 (Vahlen, 1895). Among two consecutive convergents py/q, and
Pri1/qni1, one at least satisfies |x —p/q| < 1/2¢>.

Proof. Since x — p,,/qy and x — p,—1/¢n—1 have opposite signs,

1 1 1

B — < .
nn—1 202 2¢%_,

dn—1

Pn Pn-1
Gn dn—1

’ Pn
L Pn
an

+‘l’

The last inequality is ab < (a? + b?)/2 for a # b with a = 1/q, and b =
1/gn—1. Therefore,

either
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Lemma 110 (E Borel, 1903). Among three consecutive convergents pn—1/qn-1,
Pn/Gn and ppi1/quy1, one at least satisfies |z — p/q| < 1/v/5¢.

This completes the proof of the irrationality criterion Proposition [4|in-
cluding (i) = (vi) in § 2.1

The fact that the constant /5 cannot be replaced by a larger one was
proved in Lemma This is true for any number with a continued fraction
expansion having all but finitely many partial quotients equal to 1 (which
means the Golden number ® and all rational numbers which are equivalent
to ® modulo GL2(Z)).

Proof. Recall Lemma for n > 0,
(="

n® —Pn = """
" " Tn+1Gn + Gn—1

Therefore |g,z —pn| < 1/v/5q, if and only if |2, 11¢n +@n_1]| > v/5¢,. Define
Tn = Gn-1/qn. Then this condition is equivalent to |z, 1 + 7| > V/5.
Recall the inductive definition of the convergents:
1

Tn42

Tpyl = Gpy1 +
Also, using the definitions of r,, rn4+1, and the inductive relation g,+; =
(p+1Gn + Gn-1, We can write

1

T'n+1

= QUp41 + Tn.

Eliminate ay41:
1

Tn+4-2 Tn+1

= Tp41+ Tn.
Assume now
|33n+1 + 7“7L| S \/5 and |xn+2 + T‘n+1| S \/g

We deduce

1 1 1 1
< +

> =Tpr1+1rp < \/57
V5 — Tn+l  Tntl In+2  Tntl

which yields
T%+1 - \/57"n+1 +1 < 0.

102



The roots of the polynomial X2 —v/5X +1 are ® = (1++/5)/2 and &' =
(v/5—1)/2. Hence r,41 > ®~! (the strict inequality is a consequence of the
irrationality of the Golden ratio). .

This estimate follows from the hypotheses |gnz — pn| < 1/v/5¢, and

|Gn1T — pua1| < 1/3V/5qni1. If we also had |07 — puaz| < 1/v5Gn 12, we
would deduce in the same way 7,42 > ®~!. This would give

1= (ans2 +Tni1)rnee > 1+ Ho 1 =1,

which is impossible.

O]

Lemma 111 (Legendre, 1798). If p/q € Q satisfies |v —p/q| < 1/2q>, then
p/q is a convergent of x.

Proof. Let r and s in Z satisfy 1 < s < ¢. From
s
1 < |gr—ps| = [s(qz —p) —q(sz —7)| < s|lgz—p|+q|sz—7] < 2—q+q\sw—r\

one deduces

| —r|>1——8>—1> | — |
ST xr .
q = 2 2_qq b

Hence |sx — r| > |gz — p| and therefore Lemma implies that p/q is a
convergent of x.

O]
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Diophantine approximation,
irrationality and transcendence

Michel Waldschmidt

Course N°9, May 17, 2010

This course was devoted to

e Proposition [94]of Mollin and Srinivasan on the negative Pell’s equation
2 2
x* — Dy* = —1.

e The proof of Legendre’s Theorem [111] according to which an approxi-
mation p/q of an irrational number z satisfying |z — p/q| < 1/¢% is a
convergent of x.

e The proof of Corollary on the continued fraction expansion of the
square root of a rational number.

e An introduction to number fields and the connexion between Pell’s
equation and Dirichlet’s unit Theorem.

Dirichlet’s unit Theorem

A number field is a finite algebraic extension of Q, which means a field
containing Q as a subfield and which is a Q—vector space of finite dimension.

In a finite extension, any element is algebraic.

An example of a number field is Q(«) (the smallest field containing «,
or the field generated by «), when « is an algebraic number. In this case
Q(«) = Q[a], which means that the ring Q[a] generated by « over Q is a
field. According to the Theorem of the primitive element, any number field
can be written Q(«) for some algebraic number .

Let f € Q[X] be the (monic) irreducible polynomial of . The degree
d of f is the dimension of the Q—vector space Q(«), it is called the degree
of a over Q and also the degree of the extension Q(«a)/Q, it is denoted by
Qo) : Q.

When we factorize the polynomial f over R into a product of irreducible
polynomials, we get a certain number, say 71, of degree 1 polynomials, and a
certain number, say ro, of degree 2 polynomials with negative discriminant.
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Hence 0 < r; <d, 0 <71y <d/2and r1 +2ro = d. In C, f has d distinct
roots, 1 of which are real, say ay,...,q,,, and 2ry of which are not real
and pairwise complex conjugates, say G 41, -, Qr 4res Opy41s-- -3 Cpjtry-
There are exactly d fields homomorphisms (also called embeddings) o; :
Q(a) — C, where, for 1 <i < d, o0; is uniquely determined by o;(a) = ;.
For v in Q(«), the elements o;(7y) are the conjugates of v (that means the
complex roots of the irreducible polynomial of 7), n of them are distinct,
where n = [Q(7) : Q] divides d, say d = nk, and

d

[[(xX =ai(v)

i=1

is the k—th power of the irreducible polynomial of ~.
Let k be a number field. The norm Ny, /q is the homomorphism between
the multiplicative groups k* =k \ {0} — Q* defined by

Niq(y) = a1(y) -~ aa(v).

The canonical embedding of k is a = (01, ...,0r4ry) : kK — R x C™2.

An algebraic number « is called an algebraic integer is it satisfies the
following equivalent conditions.

(i) The irreducible (monic) polynomial of v in Q[X] has its coefficients in
Z.

(ii) There exists a monic polynomial with rational integer coefficients having
« as a root.

(iii) The subring Z[a] of C generated by « is a finitely generated Z-module.
(iii) There exists a ring which contains Z[a] as a subring and which is a
finitely generated Z—module.

For instance, the algebraic integers in Q are the rational integers.

The set of algebraic integers is a subring of C. Its intersection with a
number field k is the ring of integers of k, which we denote by Zj. For
instance, when k£ = Q(\/B), where D is a rational integer which is not a
square,

Z[\/D] if D=2or3 (mod 4),
"Tlzla+vD)/2] D=1 (mod4).

It is easy to check that the image o(Zy) of the ring of integers of k£ under
the canonical embedding is discrete in R™ x C"2.

The group of units Z;* of Zj, is also called the group of units of the number
field k£ (this terminology is standard but should not yield to a confusion:
recall that the units in a field & are the non—zero elements of k!). An integer
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in k is a unit if and only if it has norm £1. The torsion elements of Z;
are the roots of unity in k, it is easy to check that they form a finite cyclic
group ke .

The logarithmic embedding is the map X : kX — R’17"2 obtained by
composing the restriction of ¢ to k* with the map

(2n)1<n<r 4y > (108 |2n|)1<n<r 72
from (R*)"™ x (C*)™ to R"*"2:

Aa) = (logon(@))1<n<ri+rs-

The image A(Z;) of the group of units of k is a subgroup of the additive
group R™772 it is contained in the hyperplane H of equation

1+ + Tpygry =0,

and \(Z; ) is discrete in H. From these properties , one easily deduces that
as a Z-module, Z;’ is finitely generated of rank < r, where r =7 +ry — 1
is the dimension of H as a R—vector space.

Dirichlet’s units Theorem states:

Theorem. The group of units of an algebraic number field k of degree d
with r1 real embeddings and 2rs conjugate complex embeddings is a finitely
generated group of rank r :=r1 +ro — 1.

In other terms, there exists a system of fundamental units (u1,...,u,)
in Z;, such that any unit u € Z; can be written in a unique way as
Cuy™ ...u, where ¢ € k is a root of unity and mq,...,m, are rational
integers:

7 ~ ki X7

tors

In the special case of a real quadratic field Q(v/D) with D = 2or 3 (mod 4),
the fact that the group of units is a finitely generated group of rank 1
means that the set of solution of Pell’s equation X2 — Dy? = +1 is the
set of +(zpm, Ym), m € Z, where z,, and y,, are defined by z,, + ymVD =
(1 + y1vVD)™, where (x1,y;) denotes the fundamental solution of Pell’s
equation.

The proof of the existence of a system of r fundamental units rests on
Minkowski’s geometry of numbers.

There are plenty of references on this subject. Lists of online number theory
lecture notes and teaching materials are available on the internet. For instance

http://www.numbertheory.org/ntw/lecture_notes.html
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Diophantine approximation,
irrationality and transcendence

Michel Waldschmidt

Course N°10, May 19, 2010

This course was devoted to Markoff’s equation - see

On the Markoff equation x* + y? + 2> = 3xyz;

http://www.math. jussieu.fr/~miw/articles/pdf/MarkoffEn2011.pdf
and

http://www.math. jussieu.fr/~miw/articles/pdf/MarkoffEn2011VI.pdf
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Diophantine approximation,
irrationality and transcendence

Michel Waldschmidt

Course N°11, May 24, 2010

Recall Hurwitz’s Theorem, which is the implication (i)=(vi) of Propo-
sition [l

Lemma 112. Let 9 be a real number. The following conditions are equiva-
lent:

(i) ¥ is irrational.

(ii) There exist infinitely many p/q € Q such that

1
VBq?

We proved it by using continued fractions, as a consequence of Borel’s
Lemma [L10} among three consecutive convergents of the continued fraction
of an irrational number O, one at least satisfies property (i) of Lemma[114

We give two further proofs of Lemma the first one rests on Farey’s
series, the last one does not involve continued fractions nor Farey series (but
the ideas are very similar). The last proof yields a new irrationality criterion

(Lemma [120)).

0<‘19—p‘<
q

6.5 Farey series
6.5.1 Definition and properties

For n > 1, the Farey series JF,, of order n is the finite increasing sequence
of rational numbers in the range [0, 1] having denominators < n. Each of
them starts with 0 and ends with 1. Here are the first ones

F1=1{0,1}
1
FQZ{O,Q,l}
112
F3:{0)3725351}



N
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—
L
| =
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“‘[\')
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“I—‘
——

[N

inductive relation
|Fnl = |Fn-1| + ¢(n),

with |F1| = 2, where ¢(n) is Euler’s function (¢(n) is the number of integers
in the range 1,...,n which are relativey prime to n). Hence

The number of elements in F,, is given by th

Fal =14 > o(m).
m=1

One can deduce the estimate

3n?
‘]:n| ~ 5

Proposition 113. If h/k < h'/K' are successive terms in a Farey series
Fn, then W'k — hik' = 1.

For the proof, we follow § 1.2 of [2]. Other proofs are given in [I], Chap. 3.

Lemma 114. Let x = (x1,22) and y = (y1,y2) be two elements of Z2. The
following conditions are equivalent:
(i) (x,y) is a basis of Z* over Z.
(i) z1y2 — w2y1 = £1.
(iii) © and y are are linearly independent over R, and the closed parallelo-
gram

P={dx+puy; NeR, peR, 0<A<1,0< <1}
with vertices 0, x, y and x + vy does not contain integer points in Z> but its
vertices.
(iv) x and y are are linearly independent over R, and the closed triangle

T:{)\x—i—uy; A € R>o, 1 € Ry, )\—i—,uﬁl}

with vertices 0, x and y, does not contain integer points in Z? but its vertices.
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Proof. A change of basis for Z? has a invertible matrix with determinant a
unit in Z, hence (i) <= (ii).

Assume (i). Any element z in Z? can be written in a unique way as
Az + py with A and g in R, and these numbers A and p are in Z. Hence,
when z € P, we have 0 < A <1, 0 <y < 1, and therefore each of A, p is 0
or 1. This proves (iii).

Conversely, assume (iii). Let u € Z2. Since (z,%) is a basis of R? over
R, we can write u = tx +t'y with t and ¢’ in R. Define two integers a and o’
by a = [t] and o' = [t/]. From 0 <t—a<1and 0 <t —a <1 we deduce
u—ar —a'y € Z2N'P with u — ax — a'y & {x, y}, hence u = ax + a’y. This
proves (i).

Since P contains 7T, (iii) implies (iv).

Finally, assume (iv). If z € PNZ2 is distinct from 0, z and y, then z € T,
from which we deduce that  +y — 2z € T N Z?. From z # z and z # y we
deduce x4y — 2z = 0, hence z = x +y. Therefore PNZ? = {0, z, y,  +y},
which is (iii).

[

Proof of Proposition[115 Let h/k < h'/k’ be successive terms in the Farey
series JF,. From (h,k) # (W', k') and ged(h, k) = ged(h', k') = 1, we deduce
that the two vectors (h, k) and (b, k") of R? are linearly independent. Since
W'k — hk" > 0, using Lemma m, it suffices to check that the triangle T
with vertices 0, # and y does not contain any element of Z? but the vertices.
Assume z = (R”, k") € T NZ?% with 2z € {0, x, y}. We have z = Az + uy
with A >0, u>0,0<A+pu<1, (\pu) & {(0,1); (1,0)}. Then k" =
Mk + pk! < nand h/k < h"/E" < W' /K, which contradicts the assumption
that there is no element between h/k and h'/k' in F,.

O

Corollary 115. if h/k < h" /K" < W /K’ are successive elements in a Farey
series Jy,, then

K h+H

A Y,
Proof. From Proposition we deduce A"k — hk" = 1, k" — WK = 1,
hence h”(k+ k') = K" (h + 1). O

Examples in F5 of Fg are 1/3 < 2/5 < 1/2 < 2/5: the fraction (h +
h')/(k + k') may or may not be in reduced form.
Here is our second proof of Lemma, [112
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Proposition 116. Let h/k < h'/k’ be successive elements in a Farey series
Fn. Define i =h+ W, k" =k+ K. Then h' /K" is in reduced form, and
for any « in the interval h/k < o < h'/K, at least one of the following
inequalities hold:

I R S U
\/5]{7”27 k! \/5]{3’2

Proof. From h(k+ k') — (h+ 1)k = 1, we deduce that k+ k" and h+ h' are
relatively prime.

By symmetry we may assume h”/k” < a < h'/k’. If none of the inequal-
ities hold, then

h 1 n"
- o=

h> 1 h”> 1 K S 1
CREER CTwWIEGeE R CE e

Using W'k — hk’ =1 and A'k" — Bk = 1, we deduce

1111
k:k:’_\/g k:2 k"2

and

1 1 1 1
Wk 5 <k’2 " W) '
We deduce
VEEE > K2+ K? and VEEE' > K+ K",
which means that the numbers z = k/k" and y = k'/k" satisfy
22—V +1<0 and y?—V5y+1<0.

Since the roots of X2 —/5X + 1 are ® and 1/®, it follows that = and y lie
in the intervall (1/®,®). From k" = k + k' we deduce 1/y = x + 1, hence:

1
6+1S$+1: S‘I).

< | =

Since x and y are rational numbers, this is not compatible with the irra-
tionality of ®. O

Notice that the end of the proof is the same as the proof of Borel’s
Lemma [T10.
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We conclude this section by some further remark on Farey sequences,
which we do not plan to use, but which may be interesting to know.

The converse of Corollaryis true: If h, k, I/, k' are positive integers
with 0 < h/k < h'/K' < 1 which satisfy h'k — kh! = 1, then h/k and W' /K
are consecutive elements in the Farey series F, with n = max{k, k'}.

Here is the proof. Suppose first k¥ > k’. Denote by h”/k” the successor of
h/kin Fi. Then h'k—k"h =1and 1 < k” < k, hence (h""—h")k = (K" —k')h,
which shows that £’ and k" are congruent modulo k. Since they both lie in
the interval [1, k], we deduce k' = k", hence h/ = h".

Similarly, if & < &/, we denote by h” /K" the predecessor of h'/k' in Fjs.
The same argument gives h/k = h'" /K. O

It follows that if h/k < h'/k' are consecutive in the Farey series Fy,
then the smallest m > n such that there is an element h" /K" of Fy, in the
interval h/k < B"/E" < W /K is m =k + K, this element h' /K" is unique
and W' =h+h, k" =k+ K =m.

Indeed, by definition of m, we have m = k”. From the inequalities

h h+h R

<<,
kK k+EkE K
it follows that m < k + k’. The unicity of an element of F,, in this interval

follows from the fact that two distinct rational numbers with denominator
m are at distance > 1/m, while Proposition yields

R h 1 1

F Ok kK Sm
We have seen in Proposition that (h+ Rh')/(k + k') is in reduced form.
Finally Corollary [L15]shows that h”/k” = (h+h')/(k+k'), hence k" = k+k'.
Here is a connection with continued fractions: let p/q be an irreducible
fraction with q > 2; write the continued fraction of p/q which ends with

an > 2 as p/q = [0,a1,...,a,]. Then the predecessors and successors of
p/q in the Farey series F, have continued fractions [0,a1,...,a, — 1] and
[O, at, ... ,an_l]:

0,a1,...,a,-1] <§:[O,a1,...,an] < [0,aq,...,a, — 1] if n is odd,

0,a1,...,a, — 1] <P [0,a1,...,a,) < [0,a1,...,an—1] if nis odd.
q
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Indeed, using the other continued fraction p/q = [0,a1,...,a, — 1,1] =
DPnt1/qn+1, We write as in

P Pn\ _ an—1 1\ (1 1
<q Qn> - (pn—l&pn—Q Gn—1 Qn—Z) ( 1 0) (1 0

where py, /g, = [0,a1,...,a, — 1] and pp—1/qn—1 = [0,a1,...,an_1], and we
have gn—1 < qn < ¢, Pdn — Png = (=1)", Pgn—1 — pn—1q = (=1)""" (recall
Lemmawith n replaced by n+1 and a,4+1 = 1). Hence the result follows
from the previous remarks.

6.5.2 Hurwitz Theorem

Here is the third proof of of Hurwitz’s Lemma [112

We start with the next auxiliary result, which also follows from the re-
sults we proved on continued fractions (take for p/q and r/s two consecutive
convergents of 1) or on Farey series (take two consecutive elements of a Farey
series such that ¢ is in their interval).

Lemma 117. Let 9 be a real irrational number. Then there exist infinitely
many pairs (p/q,r/s) of irreducible fractions such that

Pew<®l and qr —ps = 1.
s

q
In this statement and the next ones, it is sufficient to prove inequalities
< in place of <: this follows from the irrationality of 9.

Proof. Let H be a positive integer. Among the irreducible rational fractions
a/b with 1 < b < H, select one for which [ — a/b| is minimal. If a/b < ¥
rename a/b as p/q, while if a/b > ¥, then rename a/b as r/s.

First consider the case where a/b < ¥, hence a/b = p/q. Since ged(p, q) =
1, using Euclidean’s algorithm, one deduces (Bézout’s Theorem) that there
exist (r,s) € Z? such that gr —sp = 1 with 1 < s < ¢ and |r| < |p|. Since
1 <s< g < H, from the choice of a/b it follows that

h-tfeb-
q S

hence r/s does not belong to the interval [p/q,¥]. Since gr — sp > 0 we also
have p/q < r/s, hence ¥ < r/s.

In the second case where a/b > 9 and r/s = a/b we solve qr — sp = 1
by Euclidean algorithm with 1 < ¢ < s and |p| < r, and the argument is
similar.
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We now complete the proof of the existence of infinitely many such pairs.
Once we have a finite set of such pairs (p/q,r/s), we use the fact that there
is a rational number m/n closer to ¥ than any of these rational fractions.
We use the previous argument with H > n. This way we produce a new pair
(p/q,r/s) of rational numbers which is none of the previous ones (because
one at least of the two rational numbers p/q, /s is a better approximation
than the previous ones). Hence this construction yields infinitely many pairs,
as claimed.

O

Lemma 118. Let 9 be a real irrational number. Assume (p/q,r/s) are
irreducible fractions such that

Pv<l and qr —ps = 1.
q S
Then )
min{q2 <19—p> ,82(r—19>}<
q s 2
Proof. Define
5:1rnin{q2 <19—p> , s2 (T—ﬁ)}
q S
From 5 5
S<9- ana S <i_v
q? q 52 7 s

with gr — ps = 1 one deduces that the number ¢ = s/q satisfies

~ | =
| =

t4- <

Since the minimum of the function ¢ — ¢ + 1/t is 2 and since t # 1, we
deduce § < 1/2.
O

Remark. The inequality t+ (1/t) > 2 for all t > 0 with equality if and only
if t =1 is equivalent to the arithmetico-geometric inequality

Vay < x;—y’

when x and y are positive real numbers, with equality if and only if x = y.
The correspondance between both estimates is t = \/x/y.

114



From Lemmas and it follows that for ¥ € R\ Q, there exist
infinitely many p/q € Q such that

P 1
0<w—"2l< —.
<‘ Q'<2q2

A further step is required in order to complete the proof of Lemma [112

Lemma 119. Let 9 be a real irrational number. Assume (p/q,r/s) are
wrreducible fractions such that

B<29<C and qr —ps=1.
s

q
Defineu=p+r andv=q+s. Then

min{a? (9= 2) 2 (T -9) o2l 4} < &

Proof. First notice that qu — pv =1 and rv — su = 1. Hence

U T
p_u_r
q v s

We repeat the proof of lemma [I18]; we distinguish two cases according to
whether u /v is larger or smaller than ¢J. Since both cases are quite similar,
let us assume ¥ < u/v. The proof of lemma shows that

v, L
q v

and

+-=<

| ®
w1
| =
| =

Hence each of the four numbers s/q, q/s, v/q, q/v satisfies t+1/t < 1/6. Now
the function ¢ — t+ 1/t is decreasing on the interval (0, 1) and increasing on
the interval (1,400). It follows that our four numbers all lie in the interval
(1/x,z), where z is the root > 1 of the equation x + 1/x = 1/§. The two
roots  and 1/ of the quadratic polynomial X2 —(1/§)X +1 are at a mutual
distance equal to the square root of the discriminant A = (1/8)? — 4 of this
polynomial. Now

Vs
q 4
hence the length /A of the interval (1/z,z) is > 1 and therefore § < 1/+/5.
This completes the proof of Lemma [119 O
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Remark. In the three proofs of Hurwitz’s Theorem, the number v/5 occurs
as follows: for any = > 1,

1 1
max{x—i—, +x+ * }2\/5,
T T 14+

with equality if and only if © = ® (the Golden ratio). Indeed, for z > 1 we
have

1
r+->Vbe=a2>0d
X

and, with ¢t = (z 4+ 1)/z,
1 1
t+g>\/5<:>t><1><:>x+—>\/5<:>x<<1>.
X

6.5.3 A further irrationality criterion

Lemma 120. Let 9 be a real number. The following conditions are equiva-
lent:

(i) ¥ is irrational.

(ii) For any € > 0 there exists p/q and r/s in Q such that

r
g<19<77 qr —ps=1
q s

and
max{q¥ —p; r — s¥} <e.

(iii) There ezist infinitely many pairs (p/q,r/s) of rational numbers such that

-
£<19<ﬂ qr —ps=1
q s

and
max{q(q? —p) ; s(r —sd)} < 1.

Proof. The implications (iii) = (ii) = (i) are easy. For (i)==-(iii) we are
going to combine the arguments in the proof of Lemma [I17] with results
from the theory of continued fractions.

Since ¥ is irrational, there are infinitely many p/q such that

P 1
09— < —-
' Q‘ 2¢>
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This is a weak form of Hurwitz Lemma According to Legendre’s Lemma
111} such a p/q is a convergent of . The best approximation property of
the convergents (Lemma [105]) implies that for any a/b € Q with 1 <b <g¢q
and a/b # p/q, we have
v 2| > ’ﬂ—p‘.
b q
Assume first p/qg < . Let /s be defined by ¢r —ps =1 and 1 < s < ¢,
|r] < |p|. We have
1 1
0<i—9<i-P_o—<_.
s s q qs s
Next assume p/q > ¢. In this case rename it r/s and define p/q by gr—ps = 1
and 1 < g <s, |p| <|r|.
Finally, repeat the argument in the proof of Lemma[I17]to get an infinite
set of approximations. Lemma follows. ]
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7 Approximation of functions

We give Lambert’s proof of the irrationality of = and e” for r € Q \ {0},
involving continued fractions of analytic functions. Then we give a very
short introduction to generalized hypergeometric functions.

7.1 Lambert’s proof of the irrationality of = and e" for r €
Q\ {0}

The fundamental result of Lambert’s paper [3] is:

Theorem 121 (Lambert, 1761). For any r € Q \ {0}, the numbers tanr
and € are irrational. In particular the number w is irrational.

The main tool is continued fractions, and the first goal of Lambert is
to develop tanz = sinz/cosz and (e — e *)/(e* + e~ %) into continued
fractions.

Proposition 122. The functions tanx and (e* — e %)/(e® + e~ ") can be
represented as a continued fraction

tanx:ﬁ+_x2|+_x2|++ —$2|+“
1| 3 | 5 12k — 1
and
er—e? _a| @ ot @ |
et 4+ e % 1|3 | 5 |2k — 1

Each of these continued fractions converges uniformly to the function in the
left hand side on any compact subset of C on which this function is bounded.

These two formulae are related by

1 eit _ e*it
7 e’Lt + e—zt
The next tool is a criterion for irrationality, by means of such irregular
continued fractions. Here is Proposition 1, § 4.3.3, of [I].
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Proposition 123. Let (an)n>1 and (bn)n>1 be two sequences of rational
integers. Assume that the continued fraction
bi| | ba| | bs] b

T

+...
lar ~ laz a3 |an

converges to some real number x. Assume also that there exists a positive
integer ng such that, for all n > ngy, we have 0 < |by| < |an|. Then for each
n > 1 the continued fraction

br, | bn+1 ’ bn+2 | bn+m |

- + ce +
|CLn |an+1 |an+2 |an+m

converges to a limit x,,. Further, we have |x,| <1 for all n > ny. Further-
more, if xn, # £1 for all n > ng, then x is irrational.

From
bif [ bef bsl o b |
lar a2 a3 lan + Tpi1’
using , we deduce
. Ap 1+ xpAn_o .
- B,_1+ x,Bnh_2

This is an analog of but for generalized continued fractions and with
x, replaced by 1/x,. Therefore, x is rational if and only if x,, is rational for
at least one n > 1, if and only if z,, is rational for all n > 1.

We assume these two propositions and we complete the proof of the
irrationality of tanr for r € Q non-zero.

We shall use several times the following lemma, which means, in short
terms

bi| | b2l ba| N A1y | n A1 A2ba| - An—1Anbn|

ap+— 4+ —+---+— =ao
]al ’az |an |)\1a1 | )\2@2 ’ /\nan

Lemma 124. Consider a generalized finite continued fraction and define,

as usual (cf. (51))

An An—l (@0 1 ai 1 o Ap—1 1 Ay, 1
B, B,.1/ \1 0)\by O bp—1 0) \b, 0)°
Let A\i,..., \, be further variables. Define, for n > 0, al, = \pan, and, for

n > 1, b, = M—1Anby, with \g = 1. Then the polynomials Al and B,
defined by

A, AL\ _(ag 1Y\ (ay 1\ fan_; 1\ [(a; 1
B B ) \1 0o)\& 0 ¥, 0)\¥, 0)°
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are
AL = A1 MAn and B, =M\ M\Bn.

In particular
AL A,

B, By
Proof. This is true for n = 0 and n = 1, and by induction this follows from

the recurrence formulae satisfied by A,,, By, A}, and B),:

A, = Al + A, Bly=d,By +Y,Bl

n‘in—2
]

Proof of Lambert’s irrationality result on tanr for r € Q\ {0}. Write r =
p/q with ¢ > 1 and p # 0 integers. From proposition we deduce
vlal , P/ | —p?/?l | PP/

t — .. PR
e T e e R

Lemmawith ao =0, a, =2n—1forn > 1, by = p/q, b, = —p?/q* for
n>2, A\, = q for n > 1, yields

pl  -p*l P - |
tanp/q = — + 4+ — ...
/ lg 3¢ |5q [(2n + 1)q
For n > max{3,p?/2q}, set

—p? | > >
= + +o b+
et g ' [@2n+3)g (20 +m)q

so that

n = C(2n4+1)q+yn1

One deduces from Proposition that |y,| < 1. From the estimate

2 2
P <p—<1,

2n+1)q — |yn—1| ~ 2ng

|yn‘ = (

it follows that |y,| < 1. Therefore y,, # +1 for all sufficiently large n, hence

again we can apply Proposition [123] and conclude.
O
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The proof of Proposition [123| is similar to the proof of Proposition
the main difference being that we do not assume the numbers a,, and b,, to
be positive - but here we assume the strict inequality |a,| > |by|.

Proof of Proposition[123. We start with the following remark. Let a, b and
x be real numbers satisfying |a| > |b| + 1, |b| > 1 and |z| < 1. Then a +x

has the sign of a and
b

a-+x

< 1.

When a and b are rational integers, the hypotheses on a and b hold as soon
as |a| > |b] > 0.

From this observation and the assumption 0 < |b,| < |an|, 0 < |[bpt1| <
|an+1|, we deduce that for all n > ny,

b b b

e et =

n 7L+1 G‘TL+$
An+1

has the same sign as by, /a, and has modulus < 1. By induction, one finds
that, for all m > 0,

bi|+ bn+1| 4oy bn+m|
|an ‘anJrl |an+m

has the same sign as b,/a, and has modulus < 1. Since the continued
fraction (of x, hence of z,,) is convergent, it follows that for all n > ng, x,
has the same sign as an, /by, and |z,| < 1.

Assume now that |z,| < 1 for all n > ng and that x is rational. By
induction, x,, is rational for all n > 1; write z,, = u, /v, with |u,| < v, for
n > ng. From z, = b, /(an + xn41) it follows that

bn, —aply + bpvy
$n+1:_an+7:—
n Un,
is a rational number of modulus < 1 and denominator |u,| smaller than the
denominator v, of x,. By infinite descent we reach a contradiction. ]

Remark. Assume the assumptions of Proposition|123 are satisfied, but x,, =
+1 for somen > ng. Once some x,, is rational, all x,, are rational, therefore
T, = x1 for all sufficiently large n. Since the x, with n > ng have constant
sign, we have Ty, = Tpi1, and from x, = by /(an +bpt1) with |ay| > |by| >0
we deduce x, = —1 and a, = b, — 1 < —2. An example is

-1 —1] -1

l=—+t—4 +—4+---=10,2,-2,2,-2,...|.
‘_2+|_2+ +|_2+ [77 )y ) ]
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It remains to prove Proposition [122]

Proof of Proposition[129 Lambert starts with the power series expansions
of sin and cos:

3 5 2n+1
mr—z— T ot
e TR Y gt
and . )
rml-a2+ S
cosz=1—=x +4! +(-1) (2n)!+

Divide sin by cos and write tanz = sinz/cosx = x/(1 + Ay). The power
series A starts with —22/3. Next write A; = —22/(3 + A3), so that

t X e
anxr = =
1+ A 1 —2

3+ Ay

The first term of Ay is —x2/5. For Ay = —22/(5 + A3) we have

ta x a:|+—:n2|+ —z? |
ne = = — .
—z? 1| 3 |5+ As
S —
3
+54—143

The closed formulae for A;, Ay and Ag are given in [I]. Here is the formula
for Ag which is computed from

tanx—ﬂ+i2|+_$2|+ _’_$
N 2k — 1+ A4,
namely

i(_l)n+lx2n+2 2n+2)(2n+4)---(2n + 2k)
=0 (2n + 2k 4 1)!

Ak: = no_o .
S (c1yrge 20 D) 20+ 2%~ 2)
n=0 (2n + 2k — 1)!

One can write also the coefficients respectively

(2n +2)(2n +4)--- (2n + 2k) 2k (n + k)!

(2n + 2k + 1)! ©nl(2n + 2k + 1)!
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and
(2n+2)2n+4)---(2n+2k—2)  2Fn+k—1)!

(2n 4 2k — 1)! T nl(2n+ 2k — 1)1
The proof of the convergence of the continued fraction requires to compute
the convergents, which is something done by Lambert. He writes

ol O e OO DU 51
1| 3 5 2n—1  Qn

where
Poi1=(2n+1)P, —2°Pyo1,  Qui1 = (2n+1)Qp — 2°Qn

for n > 2, with the initial conditions P =z, Q1 = 1, P, = 3z, Q2 = 3 — 22,
By induction, it follows that the polynomial P, is odd, of degree n if n is
odd and n — 1 is n is even, while (),, is an even polynomial, of degree n if n
is even and n — 1 is n is odd. The explicit formulae are

P, =cnpn, Qn=cnqn, cp=1-3-5---(2n—1)= (227:1)!!’
with
= 2 0T (2322]1_1)!' (2n(;n2ﬁ)g?2; i1\63)_2) (2n(3n2; ikfs)+ :
1<k<(n41)/2
and

(2k)! 2n—-1)2n—3)---(2n—2k+1)

22 (2n —2k)(2n — 2k —2) - (2n — 4k + 2)
dn = Z (_1)k
0<k<n/2

As n tends to infinity, p, and g, converge uniformly on any compact subset
of C to sin and cos: the difference between the sums of the first k& terms in
the Taylor expansion at the origin of p, and sin (respectively of g, and cos)
is bounded above by

‘ﬂ?|2k+1 |l"2k+2 ’x|2k+3
+ 4+ ..

@Dl 2k 1 2) T (2k+3)

and therefore p,/q, converge to tanz uniformly on any compact subset of
C where |tan z| is bounded.
O
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Remark. In the proof of Theorem 121, we may replace the Lambert’s irra-

tionality criterion ( Pmpositz’on for continued fractions by our standard

criterion (Proposz'tion involving rational approximations, as follows.
Writing the function f(z) = (1/z)tan z as a continued fraction and using

, we obtain, for n > 0,

= Pal) S (Pa)  Pun()) R g
97 0.6 +m2>; <Qm<z> Qm+1<z>> NERP SR mtomey

m>n

The polynomials P, and Q. have integral coefficients and degrees < n; for
n tending to infinity, Q,(p/q) grows like 2™n!. One checks that the rational

approximation given by P,(p/q)/Qn(p/q) is too sharp for f(p/q) to be a
rational number.

From Lemma it follows that the continued fraction for (e —e~%)/(e"+
e~") given in Proposition can be written

T —T

e
et 4+ e %

— €

=10,1/z,3/x,5/z,...,(2k — 1)/z,...].

For = 1/2 this gives

e+1

7 =12.6,10, 14, . 4k 42, ) = (4R 2o

Let us deduce Euler’s continued fraction expansion for e (see §[1.4)

e=102,1,21,1,4,1, 1...] = [2,1,2k, 1i>1.

Define py /gy, as the k—th convergent of z = [2,6,...,4k+2,...] and ry /sy
as the k—th convergent of y = [1,1,2,1,1,4,...,1,2k,1,...]. We eliminate
the indices which are not congruent to 1 modulo 3 among the 5 relations
involving 7 symbols

T3k—3 = T3k—4 T T'3k—5,

T3k—2 = T3k—3 1+ T'3k—4,

T3k—1 = 2kr3gp_2 + r3g_3,
T3k = T3k—1 + T'3k—2,

T3k+1 = T3k + T'3k—1

and deduce
T3p41 = (4k + 2)r3p_o + r3p_s.
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We do the same for s; and get

<7"3k:+1 7"3k:—2> _ <T3k—2 7“3k—5> <4k‘+2 1)

S3k+1  S3k—2 S3k—2  S3k—5 1 0

These are the same recurrence relations which are satisfied by pg and gp.
Since

p—2=0, p1=1 po=2, qg2=1, q1=0, g=1
and
ro=0=2q_1, 711 =2=2q), s o=1=p_1—qg-1, s1=1=po—qo,

we deduce r3g+1 = 2qx and S3x+1 = pr—qx for all k. From y = limy_, 00 731/ S3k
we deduce y =2/(x — 1). Sincex = (e+1)/(e— 1), we get y = e — 1.
The same argument starting from

2
e“+1 _
21 :[2]4-1]]'20:[1; 3, 5, 7,...],

yields Euler’s continued fraction expansion for e? (see §|1.4)

e =1[7,37—1, 1, 1, 3j, 12j+6);51 = [7; 2, 1, 1, 3, 18, 5, 1, 1, 6, 30, 8, ...

7.2 Hypergeometric functions
A (generalized) hypergeometric series is a power series
L+ a1z+az? /24 + a2 /nl + - -
such that there exists a rational fraction A € C(T') satisfying, for all n > 0,
ant1 = anA(n).

Write this rational fraction as

(a1 +T)---(ap+T)
A(T)_C(b1+T)~--(b:+T)'

We assume that A has no pole on Zx>q, which means b; ¢ Z<o for 1 < j <g,
so that A(n) is defined for all n > 0. Then

N :C(al—l—n)‘--(ap—i-n)
T Ty 4 n) - (b + )

Qn
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and therefore
n(@1)n - (ap)n

CO0n (g

where (a),, denotes the Pochhammer symbol

Ay =

(@), =ala+1)---(a+n—1) forn>1and (a)y=1.

It is also called raising factorial: notice that (1), = n! and satisfies an
number of relations, among which

(@) k4m = (@)x(a 4 E)p.

For each n > 0, we have

lim (Dn _ g
a—oco ™

and for each a € C\ Z-(, we have

lim % =1.
n—oo n!

For p and ¢ non—negative integers, we define

ap ay -+ a (@)n - (ap)n 2"
F ( P Z) = _— . —.
ptq by by --- bq T;) (b1)n"'(bq)n n!
We shall use also the notation
qu(alaGQa"' 7ap;blab27"' ,bq;Z).

In the case where some a; is in Z<q, then ,Fj is a polynomial. Otherwise,
this power series has a radius of convergence which is infinite when ¢ > p,
finiteifg=p—1,and 0 if ¢ < p— 1.
For a, = by = ¢ we have
Z)

F a, a - a,p_l &
PR\ by by oo by1

. aq as ap_l
Z>—p—1Fq—1 <b1 by - by

Examples. The basic example is ¢Fp(z) = e*. Other examples are

1F0(a;z) :Za(a+1)(a+n—1) -Zn:(l—z)ia

n!
n>0
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and
n

z 1
2F1(1,1;2;z) = = ——log(1l — 2).
nzzon—i-l z

We consider the special case p = 0, ¢ = 1 of Gauss hypergeometric series:

oFi(c2) =) c

e
= Ynn!

Zn

We denote this function by f(c; z).
Since
1\ (1) /1 1 _(2n)!
<2)n_(2> (z“)"'<2+”‘1)—22nm
B () () (P )< G
2/, \2/\2 2 o 22np)

special cases are

and

2n
f(1/2;2%) = Z ((222)' = cosh(2z)
n>0
and o 2n .
f(3/2;2°) = Z (2(7:4)_ ] =5, sinh(2z).
n>0
From
1 c¢c+n 1 n

@n @nr1 @t Dn " ©nrt

one deduces
ZTL n

nz
flez) = (e Dt +n%:1(c

> )n+1n!

n
The first series is f(c+ 1;2), the second is

n+1 n

z

Z (€)n42n! - c(e+1) Z (c+2)pn! - cle+1)

n>0 n>0

fle+2;2).

This is the functional equation relating f(c;2), f(c+ 1;2) and f(c+ 2;2):

fle;z) = fle+1;2)+ fle+2;2).

c(c+1)
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Hence the function g(c;2) = f(c;2)/f(c+ 1; z) satisfies

( ) 14 z 1
C,z2) = . .
I et 1) gletLiz)

Next define h(c; z) = (¢/2)g(c; 2%): we get

c 1
hic:2) = = .
(c52) 2T hic+1;2)

Therefore, for k > 1,

h(c;z) = [C,C+1,...,c+k1,h(c+k;z)].

z z z

Replacing h by its value in terms of f yields

2 Tt -

¢ flgh) cc+l c+k—1 (c+k) flc+k;z?)
Zv P ) > 9 e f(C—|—k—+—]_’z2) .
We now take the limit on k:

Lemma 125. For c and z positive real numbers, the infinite continued frac-
tion converges and we have

z z z

¢ flg2?) Jec e+l c+k

Proof. We first check the following auxiliary result:

Let (an)n>0 be a sequence of real numbers, all > 1. Let x be
a real number. Assume that for all n > 1, there exists a real
number x,, > 1 such that

x =lag,a1,...,an-1,%n)].

Then the infinite continued fraction |ag, ai, ..., an,...| converges
to x.

We already proved this result when the a, are integers, the proof in the
general case is the same: we write

lag, a1, ..., an] =

B| &
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with A, = a,An_1+ Ap_o, By = anBn_1 + By_2, so that
. xn+1An + A1
"~ Zpt1Bp+ Bnot’
we note that B, > B,_1 + B,_o, which implies that B, tends to infinity,
and we conclude with the estimate
An| _ ! <L
Bn|  Bu(zni1Bn+ Buo1) ~ B2
To complete the proof of Lemma [125] we notice that for ¢ and z positive,
we have

xr —

c+k>

fle+k+1;2%) < flc+k;2%) and 1

z
for sufficiently large k.

O

In the special cases ¢ = 1/2, this provides another proof of the continued
fraction expansion from Proposition [122

eF —e? 2| 22| 2 22|
— =10,1 3 o (2k—1 ==
e L e TR T I T ARy
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8 Hermite’s method

The proofs given in subsection of the irrationality of e” for several ra-
tional values of r (namely 7 € {1,2,1/2,1/3}) are similar: the idea is to
start from the expansion of the exponential function, to truncate it and to
deduce rational approximations to e”. In terms of the exponential func-
tion this amounts to approximate e* by a polynomial. The main idea, due
to C. Hermite [3], is to approximate e* by rational functions A(z)/B(z).
The word “approximate” has the following meaning (Hermite-Padé): in a
loose sense, an analytic function is well approximated by a rational function
A(z)/B(z) (where A and B are polynomial) if the first coefficients of the
Taylor expansion of f(z) and A(z)/B(z) at the origin are the same. When
B(0) # 0, this amounts to asking that the difference B(z)f(z) — A(z) has a
zero at the origin of high multiplicity.

When we just truncate the series expansion of the exponential function,
we approximate e® by a polynomial in z with rational coefficients; when we
substitute z = a where a is a positive integer, this polynomial produces a
rational number, but the denominator of this number is quite large (unless
a = +1). A trick gave the result also for a = £2, but definitely, for a
a larger prime number for instance, there is a problem: if we multiply by
the denominator then the “remainder” is by no means small. As shown
by Hermite, to produce a sufficiently large gap in the power expansion of
B(z)e* will solve this problem.

Our first goal (section § is to give, following Hermite, a new proof
of Lambert’s result on the irrationality of " when r is a non-zero rational
number. Next we show how a slight modification implies the irrationality of
.

This proof serves as an introduction to Hermite’s method. There are
slightly different ways to present it: one is Hermite’s original paper, another
one is Siegel more algebraic point of view [5], and another was derived by
Yu. V.Nesterenko for [2] (A simple proof of the irrationality of m. Russ. J.
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Math. Phys. 13 (2006), no. 4, 473). See also ROBERT BREUSCH, A Proof of
the Irrationality of m, The American Mathematical Monthly, Vol. 61, No.
9 (Nov., 1954), pp. 631-632.

8.1 Irrationality of ¢" and 7w
8.1.1 Irrationality of ¢" for r € Q

If » = a/b is a rational number such that e’ is also rational, then el®l is
also rational, and therefore the irrationality of e” for any non-zero rational
number r follows from the irrationality of e* for any positive integer a.
We shall approximate the exponential function e* by a rational function
A(z)/B(z) and show that A(a)/B(a) is a good rational approximation to e,
sufficiently good in fact so that one may use the usual irrationality criterion
(Proposition [4).

Write
k

z
e = Z o
k>0

We wish to multiply this series by a polynomial so that the Taylor expansion
at the origin of the product B(z)e* has a large gap: the polynomial preceding
the gap will be A(z), the remainder R(z) = B(z)e* — A(z) will have a zero
of high multiplicity at the origin, namely at least the degree of A plus the
length of the gap.

In order to create such a gap, we shall use the differential equation of
the exponential function - hence we introduce derivatives.

8.1.2 Derivative operators

We first explain how to produce, from an analytic function whose Taylor
development at the origin is

fz) =) axa®, (126)

k>0

another analytic function with one given Taylor coefficient, say the coeffi-
cient of 2™, is zero. The coefficient of 2™ for f is a,, = m!f"™(0). The
same number a,, occurs when one computes the Taylor coefficient of 2!
for the derivative f’ of f. Writing

mam = m!(zf") ™ (0),
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we deduce that the coefficient of 2™ in the Taylor development of zf/(z) —
mf(z) is 0, which is what we wanted.
It is the same thing to write

2f'(z) = Z kayz*

k>0

so that
2f'(z2) —mf(z) = Z(k‘ — m)agz~.
k>0
Now we want that several consecutive Taylor coefficients cancel. It will be
convenient to introduce derivative operators.

We denote by D the derivation d/dz. When f is a complex valued
function of one complex variable z, we shall sometimes write D( f (z)) in
place of Df. We write as usual D? for Do D and D' = D o D! for £ > 2.
The Taylor expansion at the origin of an analytic function f is

f2) = 32 5D (0"

£>0

The derivation D and the multiplication by z do not commute:

D(zf) = f+2D(f),

relation which we write Dz = 1 4+ zD. From this relation it follows that
the non-commutative ring generated by z and D over C is also the ring
of polynomials in D with coefficients in C[z]. In this ring C[z][D] there is
an element which will be very useful for us, namely § = zd/dz. It satis-
fies 6(z*) = kz*. To any polynomial T' € C[t] we associate the derivative
operator T'(9).

By induction on m one checks 6™z* = k™ 2* for all m > 0. By linearity,
one deduces that if T" is a polynomial with complex coefficients, then

Recalling our function f with the Taylor development (126, we have

T()f(2) =) axT(k)z".

Hence, if we want a function with a Taylor expansion having 0 as Taylor
coefficient of z* at the origin, it suffices to consider T'(6)f(z) where T is a
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polynomial satisfying T'(k) = 0. For instance, if nyg and n; are two non-
negative integers and if we take

T(t)=(t—no—1)(t—no—2) - (t—no—mn),

then the series T'(9) f(z) can be written A(z) + R(z) with

and
R(z)= > T(k)ap".
k>no+ni1+1
This means that in the Taylor expansion at the origin of T'(§) f(z), all coef-
ficients of z"0F1 zrot2 - znotni gre (.
Let ng > 0, ny > 0 be two integers. Define N = ng + ny and

T(t) = (t —ng — 1)(t —ng — 2) -+~ (t — N).

Since T' is monic of degree n; with integer coeflicients, it follows from the
differential equation of the exponential function

d(e*) = z€e*

that there is a polynomial B € Z[z], which is monic of degree ny, such that
T()e* = B(z)e*.
Set
it P P
Alz) = ZT(k)H and R(z)= »_ T(k) oy
k=0

k>N+1

Then
B(z)e* = A(z) + R(z),

where A is a polynomial with rational coefficients of degree ng and leading

coefficient |

ni:
= (=1)" —.
(=D

T'(no)

np!

Also the analytic function R has a zero of multiplicity IV + 1 at the origin
with leading term T(N + 1)zV*1/(N + 1)L
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We can explicit these formulae for A and R. For 0 < k < ng we have

T(k) = (k= no— 1)k —ng —2)--- (k= N)
— (—1)"(N = k) (ng+2 = k)(no + 1 — k)

B ny (N —k)!
T
Hence
— (1™ S (N -k R
Alz) = (=) 2 (g — k)L *
Since

no!(no +ny — k)'
nll(no — k)'k'
we deduce (ng!/ni!)A(z) € Z[z].
For kK > N + 1 we write in a similar way

€7,

(k—n()—l)!

T(k) = (k=no = [k —np =2)-- (k= N) = F— o=

Hence we have proved:

Proposition 127 (Hermite’s formulae for the exponential function). Let
ng > 0, ny > 0 be two integers. Define N = ng+ny. Set

0 (N —k)! k—mng—1)!
A(z):(—l)"lzw-zk and R(z) = Z (E{:—No—l)!)k‘!'Zk

k=0 k>N+1
Finally, define B € Z|z] by the condition
(0—=no—1)(0—ng—2)---(6 — N)e* = B(z)e”.
Then
B(z)e* = A(z) + R(z).

Further, B is a monic polynomial with integer coefficients of degree ni, A
s a polynomial with rational coefficients of degree ng and leading coefficient
(=1)"ny!/ng!, and the analytic function R has a zero of multiplicity N + 1
at the origin.

Furthermore, the polynomial (ng!/n1!)A has integer coefficients.

Remark. For ny < ng the leading coefficient (—1)"'nq!/ng! of A is not an
integer, but for n1 > ng the coefficients of A are integers.
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We check the following elementary estimate for the remainder.

Lemma 128. Let z € C. Then

|Z|N+1 ;
|R(2)| < o] el
Proof. We have
k— — 1) /¢ ! {+N+1
Rz = ) (Ef - 130— 1)')k' =D (£(+tvnjr)1)v = o
E>N+1 o £>0 ’ )

The trivial estimate

£+ N+ 1)!
W — (£+no+n1—|—1)(€+n0+n1)(g+n1_|_1) 2n0|
yields the conclusion of Lemma [128 O

We are now able to complete the proof of the irrationality of e® for a a
positive integer (hence, for e” when r € Q, r # 0). We take a large positive
integer n and we select ng = n; = n. We write also

T.(2)=(z—n—1)(z—n—2)--- (2 — 2n)

and we denote by A,,, B, and R,, the Hermite polynomials and the remainder
in Hermite’s Proposition for ng = n1 = n.
Replace z by a in the previous formulae; we deduce

By (a)e® — Ap(a) = Ry(a).

All coefficients in R,, are positive, hence Ry (a) > 0. Therefore B, (a)e® —
Ay (a) # 0. Lemmal[128shows that R, (a) tends to 0 when n tends to infinity.
Since By (a) and A, (a) are rational integers, we may use the implication
(ii)=-(i) in (Proposition [4): we deduce that the number e is irrational.

8.1.3 Irrationality of 7

The irrationality of e” for r € Q \ {0} is equivalent to the irrationality of
log s for s € Q~o. We extend this proof to s = —1 (so to speak) and get the
irrationality of .

Assume 7 is a rational number, 7 = a/b. Substitute z = ia = iwb in the
previous formulae. Notice that e* = (—1):

B (ia)(—1) — A, (ia) = Ry (ia),
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and that the two complex numbers A, (ia) and By, (ia) are in Z[i]. The left
hand side is in Z[i], the right hand side tends to 0 as n tends to infinity,
hence both sides are 0.

In the proof of § we used the positivity of the coefficients of R,, and
we deduced that R, (a) was not 0 (this is a simple example of the so-called
“zero estimate” in transcendental number theory). Here we need another
argument.

The last step of the proof of the irrationality of 7 is achieved by using two
consecutive indices n and n + 1. We eliminate e* among the two relations

By (z)e* — An(z) = Rp(z) and  Bpii(2)e” — Anyi1(2) = Rpt1(2).
We deduce that the polynomial

A, = BhAp+1 — Bpr1A4n (129)

can be written
A, =—-B,Ru11+ Bpt1 Ry (130)
As we have seen, the polynomial B,, is monic of degree n; the polynomial

A,, also has degree n, its highest degree term is (—1)"z". It follows from

(129) that A, is a polynomial of degree 2n + 1 and highest degree term
(—1)"222""1. On the other hand since R,, has a zero of multiplicity at least
2n + 1, the relation ((130) shows that it is the same for A,. Consequently

An(z) = (—1)"2:20H1,

We deduce that A,, does not vanish outside 0. From (130)) we deduce that
R, and R, have no common zero apart from 0. This completes the proof
of the irrationality of .

8.2 Padé approximation to the exponential function

For h > 0, the h-th derivative D"R(z) of the remainder in Proposition m
is given by

(k;_n —1)! Zk—h
D"R(z) :k%: (k_]\(f]_l)! C(k—h)!
>N+1

In particular for h = ng + 1 the formula becomes

zkfnofl

DR = = 2Me 131
k>%:+l(k:—N—1)! e (131)

This relations determines R since R has a zero of multiplicity > ng + 1 at
the origin.
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8.2.1 Siegel’s point of view

Theorem 132. Given two integers ng > 0, ny > 0, there exist two polyno-
mials A and B in Clz] with A of degree < ng and B # 0 of degree < ny
such that the function R(z) = B(z)e* — A(z) has a zero at the origin of
multiplicity > N + 1 with N = ng +ny. This solution (A, B, R) is unique if
we require B to be monic. Further, A has degree ng, B has degree ni and
R has multiplicity N + 1 at the origin. Furthermore, when B is monic, we
have D™HIR = 2™ e?,

Proof. We first prove the existence of a non-trivial solution (A, B, R). For
n > 0 denote by C[z]<, the C—vector space of polynomials of degree < n.
Its dimension is n 4+ 1. Consider the linear mapping

L: Clzl<n, — cm

B — (Df B(z)e? )
(2) (B(z)e )220 no<t<N
This map is not injective, its kernel has dimension > 1. Let B € ker L.
Define

zé

A(z) =) D' (B()e") oy
£=0

and .
. z
R(z)= ) DYB()e*) o5
£>N+1 '
Then (A, B, R) is a solution to the problem:
B(z)e* = A(z) + R(z). (133)

There is an alternative proof of the existence as follows [5]. Consider the
linear mapping

Clzl<ng X Clz]<n, — CN+!

(4. B()  — (D(B()e). )

0<¢<N

This map is not injective, its kernel has dimension > 1. If (A4, B) is a
non-zero element in the kernel, then B # 0.

We now check that the kernel of £ has dimension 1. Let B € ker L,
B # 0 and let (4, B, R) be the corresponding solution to (133).

Since A has degree < ng, the (ng + 1)-th derivative of R is

D™HLR = DTY(B(2)e?),
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hence it is the product of e* with a polynomial of the same degree as the
degree of B and same leading coefficient. Now R has a zero at the origin of
multiplicity > ng + n1 + 1, hence D" R(z) has a zero of multiplicity > n4
at the origin. Therefore

D™ HIR = c2Me? (134)

where c is the leading coeflicient of B; it follows also that B has degree n1.
This proves that ker £ has dimension 1.

Since D™*1R has a zero of multiplicity exactly ny, it follows that R has
a zero at the origin of multiplicity exactly N 4+ 1, so that R is the unique
function satisfying D™t R = cz™e* with a zero of multiplicity ng at 0.

It remains to check that A has degree ng. Multiplying by e~ %, we
deduce

We replace z by —z:
A(—z2)e* = B(—z) — R(—=2)¢€”. (135)

It follows that (B(—z), A(—z), —R(—z)e?) is a solution to the Padé problem
(133) for the parameters (ny,ng). Therefore A has degree ng.
O

Denote by (Angnis Bronis Bnoni) the solution to the Padé problem
for the parameters (ng,n1): the polynomial A has degree ng and
leading term nq!/ng!, the polynomial B is monic of degree ni, and R has a
zero of multiplicity N + 1 at the origin with leading term nq!2V+1/(N +1)!.
As before N = ng + ny1. Then we have

TL()!
Am,no (Z) = (_1)N7Bn07n1(_z)a

ni
no!
B no(2) = (_1)Nn701An0’n1(_Z)’ (136)
no!
By (2) = (=DM Ry (—2)€

Following [5], we give formulae for A, B and R.
Consider the operator J defined by

It satisfies
DJp=¢ and JDf = f(z)— f(0).
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Hence the restriction of the operator of D to the functions vanishing at the
origin is a one-to-one map with inverse J.

Lemma 137. Forn >0,

1
o=

Jn-‘rl —
n!

/Z(z —t)"p(t)dt.
0

Proof. The formula is valid for n = 0. We first check it for n = 1. The
derivative of the function

/OZ(Z —t)p(t)dt = z/oz o(t)dt — /OZ to(t)dt

/Z p(t)dt + zp(z) — zp(z) = /Z o(t)dt.
0 0

We now proceed by induction. For n > 1, the derivative of the function of z

is

z

1 n _ . (_1)717]{ ? n—
ol ), (z —t) cp(t)dt—kzzok!(n_k)!-zk/o R (t)dt

is

n -1 n—=k B z - .
Zk('(n)—k)' (kzk 1/ t k@(t)dt—Fz go(z)) ) (138)
k=0 : 0
Since n > 1, we have
S
Eln—k)! 7
k=0

and equation ((138]) is nothing else than

n (_l)n—k = z - z o
Z(k—l)!(n—k)! © /Ot p(t)dt (n_l)!/o(z t)" " p(t)dt.

k=1
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From (134) with ¢ = 1 and Lemma we deduce that the remainder
R(z) in Hermite’s fomula with parameters ng and ny and B monic is given
by

1 z
R(z) = — | (z—t)"t™ eldt.
no- Jo

Replacing ¢ by tz yields:

Lemma 139. The remainder R(z) in Hermite’s fomula with parameters ng
and ny (and B monic) is given by

ZN+1 1
R(z) = / (1 )mom etgt.
0

n(]!

An easy consequence of Lemma [139] is the estimate for the remainder
term given in Lemma |128

We now recover the explicit formulae for A and B which we derived in
Proposition in the context of Theorem [132

When S € C[[t]] is a power series, say

S(t)=>sit,
i>0

and f an analytic complex valued function, we define

120

and we shall use this notation only when the sum is finite: either S is a
polynomial in C[t] or f is a polynomial in Clz].

We reproduce [5], Chap.I § 1: for two power series S; and Sp and an
analytic function f we have

(S1+52)(D)f = S1(D)f + S2(D) f
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and
(5152)(D)f = S1(D)(S2(D)f).
Also if sg # 0 then the series S has an inverse in the ring CJ[t]], say

S7THt) = oit’,  (to=1/s0)

1>0

and
STHD)(S(D)f) = S(D)(STHD)f) = f.
For instance with S(t) =1 —tand S (¢t) = 1+t + 2+ ---,

(1-D)Y D"f=> D*'(1-D)f=f.

n>0 n>0

If the power series S and the polynomial f have integer coefficients, then
S(D)f is also a polynomial with integer coefficients. The same holds also
for S~Y(D)f if, further, sop = +1.

For A € C and P € C[z], we have

D(e**P) = eM(\ + D)P.

Hence for n > 1,
D*(e*P) = (A + D)"P

and (A + D)"P is again a polynomial; further, it has the same degree as P
when A # 0. Conversely, assuming A # 0, given a polynomial @ € C|z], the
unique solution P € Clz] to the differential equation

(A +D)"P =Q

is
P=\+D)""Q
and this solution P is a polynomial of the same degree as ). In the case
A = %1, when @ has integer coefficients, then so does P.
We come back now to the solution (A4, B, R) to the Padé problem
in Theorem where B € C|z] is monic of degree n; and A € CJz] has
degree ng, while R € C[[z]] has a zero of multiplicity N + 1 at 0.

From
D"t (B(z)e*) = 2"e*

we deduce
B(z) = (14 D) 0 tym,
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From this formula it follows that B has integer coefficients. It is easy to
explicit the polynomial B. From

—no—1 _ N~(_1y¢ [0 TN e
Y o (") o

we deduce
L + ¢ ny!
B(z) = Z _1)f (Mo n1—¢

which can be written also as

B(z) = o Z ka?k' 2+, (140)

One checks that B is monic of degree ny. This formula matches with Propo-
sition and the duality (136)) between (ng,n;) and (ni,ng).
We can also check the formula for A starting from

Dm+1 (A(Z)eiz) — _Dn1+1 (R(Z)eiz),

z

where the left hand side is the product of e™* with a polynomial of degree
< ng, while the right hand side has a multiplicity > ng at the origin. We
deduce

D"t (A(2)e™?) = az"0e*

where a is the leading coefficient of A. From
Dn1+1 (A(z)efz) — 672(—1 + D)n1+1A(Z)
we deduce
(=1 4+ D) A(2) = —az™

and
A(z) = —a(—1+ D) M~ 1zm0,

Hence the same computation as was done before for B will give the formula
for A.

Thanks to these explicit formulae, we can express A and B in terms of
hypergeometric series:

142



Lemma 141. The numerator Ay, and the denominator B, of the
Padé approximant of index (ng,n1) for the exponential function are given
by hypergeometric polynomials

Ang,ny (2) (—1)7“7; 1F1(=no; —N; 2)
no:
and
N!
Bugmi (2) = (‘Unlni()' 1F1(=n1; —Nj —2).

Proof. The proofs for both formulae are similar — in fact (136)) shows that
they are equivalent. Consider

2L (N —k)!
Angan (2) = (=)™ > (io = kﬁm -

k=0
and write
( no)k_( 1) (Tbo—k)' and ( N)k_( 1) (N—k’)'
Then
N' & (—no)e & NI
Apgny (2) = ()M — > ——— . 2% = (=1)™ — | F1(—ng; —N; 2).
0, 1(2) ( ) nO!k:O (—N)kk' < ( ) nO! 1 1( no Z)

One can find the explicit values of these polynomials on the internet by
looking for Padé table for the exponential function. Here is the table for
By .n, — the table for A, , is easy to deduce from ((136)).

"ol 1 2 3

o

0 [1]z—=1]22-2242 [22—-3224+62—6

1 [1]2—-2]22—42+6 | 2°—622+182—24
2 [1]2-3]22—-62+12] 22 —922+362—60
3 |1]2z—4]22—-82+20| 23 —1222+60z— 120

These polynomials are also useful for giving continued fractions expressions
for the exponential function.
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8.3 Hermite’s transcendence proof

In 1873 C. Hermite [3] proved that the number e is transcendental. In his
paper he explains in a very clear way how he found his proof. He starts
with an analogy between simultaneous diophantine approximation of real
numbers on the one hand and analytic complex functions of one variable
on the other. He first solves the analytic problem by constructing explicitly
what is now called Padé approximants for the exponential function. In fact
there are two types of such approximants, they are now called type I and
type II, and what Hermite did in 1873 was to compute Padé approximants of
type II. He also found those of type I in 1873 and studied them later in 1893.
K. Mahler was the first in the mid’s 1930 to relate the properties of the two
types of Padé’s approximants and to use those of type I in order to get a new
proof of Hermite’s transcendence Theorem (and also of the generalisation
by Lindemann and Weierstral as well as quantitative refinements). See [2]
Chap. 2 § 3.

In the analogy with number theory, Padé approximants of type II are
related with the simultaneous approximation of real numbers ¥4, ..., %, by
rational numbers p;/q with the same denominator ¢ (one does not require
that the fractions are irreducible), which means that we wish to estimate
bi

max
1<i<m

in terms of ¢, while type I is related with the study of estimates for linear
combinations
lao + a191 + - - + @V

when ag, . .., a,, are rational integers, not all of which are 0, in terms of the
number maxo<;<m |a;-

We explained Hermite’s strategy in §[3.1} in order to apply the criterion
for linear independence Proposition [14] and obtain the linear independence
over Q of 1,e,€2,... (and therefore the transcendence of e), Hermite first
“approximates” simultaneously the functions e?, e??, ... by rational fractions
P1/Q, P,,/Q, and then substitutes z = 1.

8.3.1 Padé approximants

Henri Eugene Padé (1863-1953), who was a student of Charles Hermite
(1822-1901), gave his name to the following objects which he studied thor-
oughly in his thesis in 1892 (for a complete historical survey of the theory,
see [1]).
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Lemma 142. Let fi,..., fim be analytic functions of one complex variable
near the origin. Let ng,nq,...,n, be non-negative integers. Set

N =ng+ni+--+ .

Then there exists a tuple (Q, P, ..., Pp) of polynomials in C[X] satisfying
the following properties:

(i) The polynomial Q is not zero, it has degree < N — ny.

(it) For 1 < p < m, the polynomial P, has degree < N —n,,.

(111) For 1 < p < m, the function x — Q(x)fu(x) — P,(x) has a zero at the
origin of multiplicity > N + 1.

Definition. A tuple (Q, Py, ..., Py) of polynomials in C[X] satisfying the
condition of Lemma is called a Padé system of the second type for
(fi,-.., fm) attached to the parameters ng,ni,...,ny,.

Proof. The polynomial @ of Lemma [I42] should have degree < N — ny,
so we have to find (or rather to prove the existence of) its N — ng + 1
coefficients, not all being zero. We consider these coefficients as unknowns.
The property we require is that for 1 < p < m, the Taylor expansion at
the origin of Q(x)f,(x) has zero coefficients for xV—"utl gN=nrutl o N,
If this property holds for 1 < o < m, we shall define P, by truncating the
Taylor series at the origin of Q(z)f,(z) at the rank x™V =" hence P, will
have degree < N — n,, while the remainder Q(z)f,(z) — P,(x) will have a
mutiplicity > N + 1 at the origin.

Now for each given u the condition we stated amounts to require that
our unknowns (the coefficients of Q) satisfy n,, homogeneous linear relations,
namely

d\F
<cl:1c> Q(z)fu(x)],_y =0 for N —mn, <k<N.
Therefore altogether we get n; + --- + n,;, = N — ng homogeneous linear
equations, and since the number N — ng + 1 of unknowns (the coefficients
of Q) is larger, linear algebra tells us that a non-trivial solution exists.
O

There is no unicity, because of the homogeneity of the problem: the set
of solutions (together with the trivial solution 0) is a vector space over C,
and Lemma tells us that it has positive dimension. In the case where
this dimension is 1 (which means that there is unicity up to a multiplicative
factor), the system of approximants is called perfect. An example is with
m =1 and f(z) = e*, as shown by Hermite’s work.

Here is the definition of the Padé approrimants of type I:
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Lemma 143. Let fi,..., fm be analytic functions of one complex variable
near the origin. Let dg,dy, ..., d, be non-negative integers. Set

M=dy+di+-+dn+m.

Then there exists a tuple (Ao,...,Am) of polynomials in C[X], not all of
which are zero, where A; has degree < d;, such that the function

Ao+ Aifi+ -+ Anfm
has a zero at the origin of multiplicity > M .

Definition. A tuple (Ao, A1,...,An) of polynomials in C[X]| satisfying
the condition of Lemma is called a Padé system of the first type for
(fi,-.., fm) attached to the parameters ng,ni,...,ny,.

Proof. The map from the product of linear spaces C[z]<p, X - - - C[z]<p,, to
CM which sends a tuple (Ao, ..., An) to

(Dj(Ao +Afi 4+ + Amfm)(o))0§j<M

is not injective, and any non—zero element in the kernel satisfies the required
property. ]

In the case m = 1, the notions of Padé approximants of type I and II
coincide — and an explicit solution has been given in the previous courses
when fi(z) = e®.

Most often it is not easy to find explicit solutions: we only know their
existence. As we are going to show, Hermite succeeded to produce explicit
solutions for the systems of Padé approximants of type II for the functions

(e¥,e?®, ... eme),

8.3.2 Hermite’s identity

FromLemma, we deduce the value of the integral

1
/(1—0%W%”ﬁ.
0

One can compute similar more general integrals, where f(t) = (1 — ¢)"0¢t™
is replaced by any polynomial. We start with a simple example.

146



Lemma 144. Let f be a polynomial of degree < N. Define
F=f+Df+D?>+...+DNf
Then for z € C
e tf(t)dt = F(0) — e *F(z).
We can also write the definition of F' as

F=(1-D)'f where (1-D)"'=> DF

k>0

The series in the right hand side is infinite, but when we apply the operator
to a polynomial only finitely many D* f are not 0: when f is a polynomial
of degree < N then D¥f =0 for k > N.

Proof. More generally, if f is a complex function which is analytic at the
origin and N is a positive integer, if we set

F=f+Df+D*+-.-+ DV,
then the derivative of e *F(t) is —e~!f(t) + e ! DNFLf(2). O

A change of variables in Lemma leads to a formula for

/0 ’ e Lf(t)dt

when 2 and u are complex numbers. Here, in place of using Lemma[144] we
repeat the proof. Integrate by part e=%! f(t) between 0 and u:

“ —x _ l —x “ l “ —xt g/
/06 LF(t)dt = Le tf(t)]0+m/0 e T (t)dt

By induction we deduce

/ e p()dt = — i { k1+1 extD’ff(t)] “ 7%1 / ST D (et
0 X 0 z 0

k=0

Let N be an upper bound for the degree of f. For m = N the last integral
vanishes and

[ e fj[ L ‘”Dkf(t)]

k=0
=3 D) - Y

xk-&-l k—i—l
k=0

yields:

u

0

Multipling by 2V tleu®
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Lemma 145. Let f be a polynomial of degree < N and let x, u be complex
numbers. Then

N N
Rl Z J:kaDk Z J}N ka N+16xu /u eixtf(t)dt
k=0 0

k=0

With the notation of Lemma the function

T /u e "L (t)dt
0

is analytic at z = 0, hence its product with V! has a mutiplicity > N + 1
at the origin. Moreover

N N
x) = Z #NEDRF(0) and P(z Z aNEDRf(
k=0

are polynomials in x.

If the polynomial f has a zero of multiplicity > ng at the origin, then @
has degree < N — ng. If the polynomial f has a zero of multiplicity > n at
u, then P has degree < N — n;j.

For instance, in the case u = 1, N = ng + nq, f(t) = t"°(t — 1)™, the
two polynomials

N
= Z VN EDFF(0) and Pz Z eNEDE £ (

k=ng k=n1

satisfy the properties which were required in section (see Proposition
[127), namely R(z) = Q(z)e* — P(z) has a zero of multiplicity > ng + nq at
the origin, P has degree < ng and @Q has degree < n;.

Lemma is a powerful tool to go much further.

Proposition 146. Let m be a positive integer, ng, . ..,n, be non-negative
integers. Set N = ng + -+ + ny,. Define the polynomial f € Z[t] of degree
N by

f)y=t"@t—-1)"---(t—m)"m.

Further set, for 1 < u < m,

N N
Q(x)=>_ 2N ED*f(0), Pu(x)= > 2" D"f(w)
k=no k=n
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and

Then the polynomial Q) has exact degree N — ng, while P, has exact degree
N —ny, and Ry, is an analytic function having at the origin a multiplicity
> N + 1. Further, for 1 < u <m,

Q(x)e!” — Pu(x) = Ru(@-

Hence (Q, Py, ..., Pp) is a Padé system of the second type for the m-tuple
of functions (e%,e** ... e™®), attached to the parameters ng,ni,..., M.
Furthermore, the polynomials (1/n0!)Q and (1/n,!)P, for 1 < pu < m have

integral coefficients.

These polynomials Q, P, ..., P, are called the Hermite-Padé polynomi-
als attached to the parameters ng,ni,...,Nm.
Remark. If one wants to compare the formulae of § with the special case
m = 1 of Proposition 146} one should be aware that we shifted somewhat the
notations: in § we worked with f(t) = ¢"(1 — ¢)", while in Proposition
with m = 1 the polynomial which occurs is f(t) = t"0(t — 1)™.

Proof. The coefficient of 2V =0 in the polynomial @Q is D™ f(0), so it is not
zero since f has mutiplicity exactly ng at the origin. Similarly for 1 <y <m
the coefficient of V=" in P, is D™ f(u) # 0.

The assertion on the integrality of the coefficients follows from the next
lemma.

Lemma 147. Let f be a polynomial with integer coefficients and let k be
a non-negative integer. Then the polynomial (1/k!)D*f has integer coeffi-
cients.

Proof. If f(X) = >_,50@nX" then
1 n n n!
P ;}“ <k> b <k> Kl(n — k)!
and the binomial coefficients are rational integers. O

From Lemma it follows that for any polynomial f € Z[X] and for
any integers k and n with n > k, the polynomial (1/k!)D" f also belongs to
Z[X]. This completes the proof of Proposition m

O
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Diophantine approximation,
irrationality and transcendence

Michel Waldschmidt

Course N°15, June 7, 2010

We complete the proof of the transcendence of e, following Hermite.
We shall substitute 1 to x in the relations

Q(z)e"” = Pu(z) + Ru(z)

and deduce simultaneous rational approximations (p1/q,p2/q,-..,Pm/q) to
the numbers e, e2,...,e™. In order to use Proposition we need to have

independent such approximations. This is a subtle point which Hermite did
not find easy to overcome, according to his owns comments: we quote from
p. 77 of [3]

Mais une autre voie conduira a une démonstration plus rigoureuse

The following approach is due to K. Mahler, we can view it as an exten-
sion of the simple non-vanishing argument used in §[8.1.3|for the irrationality
of .

We fix integers ng,...,n1, all > 1. We set N = ng + -+ + n,,. For
Jj =0,1,...,m we denote by Q;, Pj1, ..., Pjy, the Hermite-Padé polynomials
attached to the parameters

1o — 00,11 = 01, -+ s Mn — Ojm,

where §;; is Kronecker’s symbol

1 ifj =i,
0ji = o
0 ifj#1.

These parameters are said to be contiguous to ng,n1,...,n,. They are the
rows of the matrix

ng— 1 n1 No - N,
ng ni—1 ng --- Nm
ng ni Mg +++ Ny —1

We are going to use the previous results, but one should notice that the sum
of the parameters on each row is now N’ = N — 1, not N as before.
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Proposition 148. There exists a non-zero constant ¢ such that the deter-
minant

Qo P -+ Ppo
A=l
Qm le e Pmm
is the monomial cx™V .

Proof. The matrix of degrees of the entries in the determinant defining A is

N —nyg N—-n-1 -+ N-n,-—1
N —ng—1 N —nq v N—n,-—1
N—-ny—-1 N—-—ny1—1 .- N —ng,

Therefore A is a polynomial of exact degree N —ng+ N —ny+---+ N —
n, = mN, the leading coefficient arising from the diagonal. This leading
coefficient is ¢ = cocy - - - ¢, Where cp is the leading coefficient of Qg and ¢,
is the leading coefficient of P,,, 1 < u < m.

It remains to check that A has a multiplicity at least m/N at the origin.
Linear combinations of the columns yield

Qo(z) Pio(xr) —e®Qo(x) -+ Ppo(z) — ™ Qo(7)
A(x)=| : :
Qm(x) le@) - erm(x) cr Pmm(x) - 6szm($)

Each P,j(z) — e Qj(x), 1 < p < m, 0 < j < m, has multiplicity at least N
at the origin, because for each contiguous triple (1 < j < m) we have

S (ni—8) =no+ni+ o Ang—1=N-1

Looking at the multiplicity at the origin, we can write

Qo(x) O@N) - O@™)
Alw) =] 5 :
Qm(z) O@Y) - O(a?)
This completes the proof of Proposition [148 O

151



Now we fix a sufficiently large integer n and we use the previous results
for no =ny =--- =ny, =n with N = (m + 1)n. We define, for 0 < j < m,
the integers qj, p1j,...,pnj by

(n—=Dlg; = Q;(1), (n—1)lpy; = P(1), (1 <p<m).
Proposition 149. There exists a constant k > 0 independent on n such

that

n

K
max max [ge" — py;| < —-
1<p<m 0<j<m n!

Further, the determinant
qgo Pio °  Pmo
dm Pim °° DPmm
s not zero.

Proof. Recall Hermite’s formulae in Proposition [I46}

"
Q;(z)eM™ — Pi(X) = xm"ew/ e (dt, (1<pu<m, 0<j<m),

0
where
fit) = (=5~ (tt =1 (t—m))"
=@t-H"" I ¢-o"
We substitute 1 to x and we divide by (n — 1)!:
1 © b
g€ = puj = m(@j(l)eu — P(1)) = (ne—l)'/o e~ f(t)dt.

Now the integral is bounded from above by
n
/ e ! f;(0)]dt <m sup |f;(t)] < mltmtn
0 0<t<m

Finally the determinant in the statement of Proposition [149]is
A1)
(n — 1)lm+1”
where A is the determinant of Proposition {148, Hence it does not vanish

since A(1) # 0.
O
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Since k™ /n! tends to 0 as n tends to infinity, we may apply the criterion
for linear independence Proposition Therefore the numbers 1,¢e,€2,...,e™
are linearly independent, and since this is true for all integers m, Hermite’s
Theorem on the transcendence of e follows.

Exercise 8. Using Hermite’s method as explained in § 8.3 prove that for
any non-zero r € Q(i), the number e” is transcendental.

Exercise 9. Let m be a positive integer and ¢ > 0 a real number. Show
that there exists ¢o > 0 such that, for any tuple (q,p1,...,pmn) of rational
integers with ¢ > qq,

Check that it is not possible to replace the exponent 1+ (1/m) by a smaller
number.

Hint.  Consider Hermite’s proof of the transcendence of e (§[8.3.2)), espe-
cially Proposition m First check (for instance, using Cauchy’s formulae)
max l|Dkf( ) < b
0<j<m k! I = 1
where c¢; is a positive real number which does not depend on n. Next, check

that the numbers p; and g,,; satisfy

max{gq;, [pu;|} < (n!)™c3'
for 1 < pu<m and 0 < j <n, where again co > 0 does not depend on n.
Then repeat the proof of Hermite in § with n satisfying
(n!)mCBTan <qg< ((n+ 1)!)mcg2m(n+1)’

where c3 > 0 is a suitable constant independent on n. One does not need to
compute ci, ¢ and cs in terms of m, one only needs to show their existence
so that the proof yields the desired estimate.
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9 Interpolation

9.1 Weierstrafl question

Weierstral (see [3]) initiated the question of investigating the set of alge-
braic numbers where a given transcendental entire function f takes algebraic
values.

Denote by Q the field of algebraic numbers (algebraic closure of Q in
C). For an entire function f, we define the exceptional set Sy of f as the
set of algebraic numbers « such that f(«) is algebraic:

Sy = {aEQ; fla) GQ}

For instance, the Hermite—Lindemann’s Theorem on the transcendence of
log o and e? for a and S algebraic numbers is the fact that the exceptional
set of the function e? is {0}. Also, the exceptional set of e* 4+ e!** is empty,
by the Theorem of Lindemann—Weierstrass. The exceptional set of functions
like 2% or €% is Q, as shown by the Theorem of Gel’fond and Schneider.

The exceptional set of a polynomial is Q if the polynomial has algebraic
coeflicients, otherwise it is finite. Also, any finite set of algebraic numbers is
the exceptional set of some entire function: for s > 1 the set {a,...,as} is
the exceptional set of the polynomial m(z — ;) --- (2 — a5) € Clz] and also
of the transcendental entire function (z — as)--- (2 — as)e*~ . Assuming
Schanuel’s conjecture, further explicit examples of exceptional sets for entire
functions can be produced, for instance Z>g or Z.

The study of exceptional sets started in 1886 with a letter of Weierstrass
to Strauss. This study was later developed by Strauss, Stackel, Faber —
see [3]. Further results are due to van der Poorten, Gramain, Surroca and
others (see [I}, {]).

Among the results which were obtained, a typical one is the following:
if A is a countable subset of C and if E is a dense subset of C, there exist
transcendental entire functions f mapping A into E.

Also, van der Poorten noticed in [4] that there are transcendental entire
functions f such that D*f(a) € Q(a) for all k> 0 and all algebraic o.

The question of possible sets Sy has been solved in [2]: any set of al-
gebraic numbers is the exceptional set of some transcendental entire func-
tion. Also multiplicities can be included, as follows: define the exceptional
set with multiplicity of a transcendental entire function f as the subset of
(a,t) € Q x Z>o such that f®(a) € Q. Here, f® stands for the t-th
derivative of f, which we denote also by D?f.
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Then any subset of Q x Z>q is the exceptional set with multiplicities of
some transcendental entire function f. More generally, the main result of
[2] is the following:

Let A be a countable subset of C. For each pair (c, s) with o € A,
and s € Zx>o, let Eq s be a dense subset of C. Then there exists
a transcendental entire function f such that

<jz> (@) € Bus (150)

for all (o, s) € A X Z>p.

One may replace C by R: it means that one may take for the sets E, s
dense subsets of R, provided that one requires A to be a countable subset
of R.

The proof is a construction of an interpolation series on a sequence where
each w occurs infinitely often. The coefficients of the interpolation series are
selected recursively to be sufficiently small (and nonzero), so that the sum
f of the series is a transcendental entire function.

This process yields uncountably many such functions. Further, one may
also require that they are algebraically independent over C(z) together with
their derivatives. Furthermore, at the same time, one may request further
restrictions on each of these functions f. For instance, given any transcen-
dental function g with g(0) # 0, one may require |f|r < |g|r for all R > 0.

As a very special case of (selecting A to be the set Q of algebraic
numbers and each F, s to be either Q or its complement in C), one deduces
the existence of uncountably many algebraic independent transcendental
entire functions f such that any Taylor coefficient at any algebraic point «
takes a prescribed value, either algebraic or transcendental.

Exercise 10. . Check that a consequence of the main result of [2] is
the following.

Let A be a countable subset of C. For any non negative integer s and any
a € A, let Eqs be a dense subset in C. Let g be a transcendental entire func-
tion with g(0) # 0. Then there exists a set {f; i € I} of entire functions,
with I a set having the power of continuum, with the following properties.
e Foranyi € I, any o € A and any integer s > 0, fi(s)(a) € Fus.

e For any i € I and any real number r > 0, | fil, <|g|..

e The functions fi(s), (i €1, s>0)are algebraically independent over C(z).
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Hint. Use (150) with A replaced by A U {z1, 22}, where 21, 2z are two al-
gebraically independent complex numbers which do not belong to A. For
5 >0, set B, s = Q. If there is a non-trivial relation of algebraic depen-

dence among some of the functions fi(s), then there is such a relation with
coefficients in Q(21). Next select a set of numbers z;5, i € I, s > 0, having
the power of continuum, which are algebraically independent over Q(z1, 2z2)
— it is easy to give explicit examples with Liouville numbers. To produce f;,
set B, s = Qx; s \ {0}
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9.2 Integer valued entire functions

We have seen in § that there is no hope to prove a general transcendence
theorem on the values of entire functions. One needs to be less ambitious,
and the most natural thing to do is to put restrictions on the functions.
For instance the functions produced in § with large exceptional sets
do not satisfy differential equations (more precisely, as we have seen, it is
possible to produce such functions which do not satisfy differential equations
— it is another challenge to prove that none of them satisfies a differential
equation!). We shall see, with the Schneider-Lang Theorem, that general
transcendence results can be proved for functions satisfying some differential
equations.

However, one of the earliest progresses in the theory came from adding
restrictions not on the functions, but on the numbers. We were considering
in § algebraic values of transcendental functions at algebraic points. A
much more restricted question is to investigate integer values at integral
points. This is the story that we are telling now. We even start with a more
specific topic by looking at zero values. Next we consider Pdlya’s pioneer
work on integer valued entire functions, we pursue with Gel’fond’s extension
to Gaussian integers, and then with his proof of the transcendence of e”.

When f is a complex function which is bounded on a disc |z| < r, we set

[flr = sup [f(2)].

|z|=r

9.2.1 Weierstrafl canonical products

Recall that if f is an analytic function on a simply connected open subset
D of C without zero in D, then there exists a analytic function g in D such
that f = e9. If f has only finitely many zeros, then f(z) = A(2)e9%?), where
A is a polynomial (having the same zeros as f) and g is analytic in D. We
are interested in having a similar decomposition when f has infinitely many
zeroes - recall that if f is not the zero function, then the zeroes are isolated.
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We assume D = C (hence f is an entire function). Its zeros form a
discrete set, one can order them by non—decreasing modulus: let (ag, a1, . ..)
be this sequence of zeros of f, counting multiplicities. It will be convenient
to assume f(0) # 0, hence |ag| > 0.

We further assume that f has finite order of growth o, namely (cf [10]
Chap. X § 3):

o loglog [/
o = limsup —————.
r—00 log

Recall the Taylor expansion at the origin of log(1 — 2):

For m > 0, one defines the Weierstraf§ factor ([10] Chap. X § 2) as:

E(z,m) = (1 — z)e*t#/205% /3427 m,

in particular E(z,0) = 1 — z. This function is very close to 1 (especially
when m is large) for |z| not too large: according to [L0] Chap. X § 2 Lemma
2.2, for |z| < 1/2 one has |log E(z,m)| < 2|z|™*!.

A classical result (see [I0] Chap. X § 3 Th. 3.5) is that there exist an
integer m < ¢ and a polynomial P of degree < g such that

f(z) =€) H E(z/an,m).

n>0

The integer m is the integral part of g if ¢ is not an integer, it is p or o — 1
if ¢ is an integer.

Conversely, given a discrete sequence of non-zero complex numbers (ay, )pn>0,
ordered with non—decreasing modulus, there exists a sequence of non—negative
numbers (my)p>0 such that the product

HE(z/ozn,mn)

n>0

is normally convergent over any compact subset of C (see [16] Chap. VII
§ 7.6 and [10] Chap. X § 2 Th. 2.3). When this property is true for a constant
sequence m, = m, (n > 0), and when m is the smallest integer such that
the product

HE(z/an,m)

n>0
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is convergent, then this product is called the canonical product of Weierstrajs
associated with the sequence (ou,)n>0-

Examples.

e (See [16] Chap. XII and [10] Chap. XII § 2).

The canonical product of Weierstrafl associated with the non—negative inte-

gers Z> is
< z/n __
AL(-5) e = TT(—2)

n>1

e (see [16] Chap. XII § 12.4 and [I0] Chap. X § 2).
The canonical product of Weierstral associated with the rational integers
Z, is
z —z
1 — 7) z/n — 1l — .
z H ( e m o sin(mwz) T =2
nez\{0}

e (see [16] Chap. XX and [10] Chap. XI § 4). and [I, O, 14]. Let Q =
Zwy + Zwo be a lattice in C. The Weierstrafl canonical product attached
to Q is the Weierstraf$ sigma function oq defined by

Z 22
oo(z) =2 H (1 - i) ewtauz.

w
weQ\{0}

Exercise 11. Show that the function

n>0
has the infinite product expansion
z
=TI i)
7 (2n+1)
Hint: Check g(t?) = cos(nt/2).
An entire function f is said to be of finite exponential type if the number
o log | f1r
a = limsup ——
r—00 r

is finite. In this case f is said to be of exponential type a. Notice that a
function of finite exponential type has order < 1; if the order is < 1, then
the type « is zero.
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Lemma 151. A function of exponential type < 1 which vanishes for all
n=20,1,... is the zero function.

The proof relies on the following auxiliary result:

Lemma 152 (Jensen’s Formula). If g is an analytic function in an open
set containing the closed disk disc |z| < r with zeros (aj)1<j<i in this disc
and if g(0) # 0, then

k 21
T 1 .
log [g(0)] + Y _log il %/0 log |g(re™)|do.
j=1 J

Sketch of proof of Jensen’s Formula[I53. Assume first that g has no zero in
the closed disk disc |z| < r. Then there is an open disk containing this
closed disk, where g has no zero, and therefore there is an analytic function
h in a neighborhood of the disc |z| < r such that g = e®. Since |g| = e®¢",

the formula follows by taking the real part of

h(0) = — /| . h % = L 7 hre)as.

_% 2_27('0

In the general case, one can write g(z) = (z—ay) - - - (z — ag)e™?), where h is
analytic. By multiplicativity of both sides of the conclusion of Lemma [152
the formula reduces to the following one: for any complex number «,

1
/ log |€*™ — a|dt = logmax{1, |a|}.
0

(See for instance [L1], pp. 5-6, or [10] Chap. IX Th. 1.3).
O

Proof of Lemma[I151] Assume f is not the zero function and vanishes at all
the non—negative integers n = 0,1,... Since the zeroes of f are isolated,
there exists zp € (0,1) such that f(z9) # 0. Use Jensen’s formula for
the function ¢g(z) = f(z0 + z) with r = N — 2, where N is a large integer.
The set of zeroes of g in the disc |z| < r contains the elements n — zp,
1<n<N-—2z. For1 <n <N —z we have (N — zy)/(n— z9) > N/n. For
the other zeros we use the trivial estimate log(r/|a;|) > 0. Also |g|, < |f|n-
We deduce an upper bound of the right hand side of Jensen’s Formula by
using the assumption: there exists ¢ > 0 and A < 1 such that |f|y < ce™V:

1 2 .
2/ log |g(re”)|df < log|g|, <log|f|n < AN +logec.
T Jo
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Hence

N
log|f(z0)] < AN — Zlog(N/n) +loge = AN — Nlog N + log N! + log c.

n=1

Since A < 1, it follows from Stirling’s formula:
N! ~ NNe ™ Nor N (153)

that AN — Nlog N + log N! tends to —oo as N tends to infinity, which
contradicts f(zg) # 0. O

Remark on Jensen’s Formula. In many situations, one can replace
Jensen’s formula (Lemma by Schwarz’s Lemma (see § [10.4), which
gives an upper bound for |f|, when f has N zeroes (counting multiplicities)
in |z| <7r: for R > r one has

2,2\ N
< (5) e (154)

However, here, it would give a weaker result: in order to reach the conclusion
of Lemma using (154]), one needs to assume that f has exponential type

<~ where v satisfies
S M 41 1
sup — lo =.
TSI NR o 5

Remark on Stirling’s Formula ((153]). We needed only a weak form of
Stirling’s formula. Asymptotic expansions (see the definition in Chap. VIII
of [16]) for the logarithm of the Gamma function are known:

+o0o Pl (t)

1 1
logT(z) = (z — 2> logz — z + 3 log(27) — /0 mdt

for
—T+d<argz<m+9J with 0<d<m,

where Pi(t) =t — |t|] —1/2. Denote by (By)n>0 the sequence of Bernoulli
numbers, which are defined by ([16] § 7.1)

= B
et —1 "l
n>0
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The first non—zero values are

1 1 1 1 1 5
By=1, Bi= —=, By= ~, Bi— ——, Bg= —, By = ——, Bip — —-
0 ) 1 27 2 67 4 307 6 427 8 307 10 66

For z with argument < (7/2) —§ with 6 > 0, we have (see Chap. XII § 12.33
of [16]):

By By Bg
1-2~z+3-4-z2+5-6-z3

1 1
log'(z) = (z — 2) logz—z+§log(27r)+ 4.

9.2.2 Pdlya and 2*

Satz I in [12] is the following result.

Theorem 155 (Pdlya). If an entire function [ satisfies f(n) € Z for all
n=20,1,..., and

2 f]
lim

r—00 ar

=0,
then f is a polynomial.

A consequence of Pdlya’s Theorem is that an entire function of ex-
ponential type < log2 is a polynomial. In loose terms, it means that the
function 2% is the transcendental function mapping Z>o to Z which grows
the least rapidly.

In his 1929 paper [12], Pélya also considered entire functions mapping Z
to Z: he proved that the smallest such transcendental function is

(05 -(57)

After Pélya’s work, a number of papers have been written on the sub-
ject. In particular Ch. Pisot used the Laplace—Borel transform to prove
that an entire function mapping Z>o to Z of exponential type < log2 =
0.69314718 ... is of the form A(z) + B(z)2%, where A and B are polynomi-
als. See [0 [7].

Pélya’s proof involves the calculus of finite differences [4] which we now
introduce.
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9.2.3 Calculus of finite differences

Given a function f and points xg, x1,...,Z;, where f is analytic, one defines
inductively analytic functions fi, fo,... as follows:
z)— f(z z) — fi(z z) — fa(z
fi(z) = f(z) = f( 0), folz) = f1(z) = fi( 1)7 fol2) = fa(2) = fa( 2)7'”
Z— 20 Z—zZ1 Z— Z9
so that

f(2) = f(20) + (2 — 20) f1(2),
fi(z) = fi(z1) + (2 — 21) fa(2),
f2(2) = fa(22) + (2 — 22) f3(2)

This gives the expansion

z

PR

f(z)=co+ci(z—20)+calz —20)(z2—21) + e3(z — 20) (2 — 21) (2 — 22) + - -+
+em(z = 20)(z = 21) (2 = 2me1) + (2 = 20)(2 = 21) - (2 = 2) font1 (2)
with co = f(20), c1 = fi1(21), -+ -5 em = fm(2m)-
Here is a first set of formulae for the coefficients ¢y, ¢y, ... c¢y,. For sim-

plicity we assume that the points xg, x1, . . ., Z,, are pairwise distinct. Define
first

[zo] = f(wo), [21] = f(21), - [em] = fam),

and next set

To| — |T1 1| — |T2 Im—1| — |T
o] = ol =l sl g = B = ]
To — T T1 — T2 Tim—1— Tm
o, T1] — |21, 9 T1,To| — [z9, 23
[xo,arl,xz]:[ 1]~ [, ],[m,xmx:ﬂ:[ 1] [, ]
o — T2 Ty — X3
and so on, up to
[IL‘ . - ]:[xo,xl,...,xm_l]—[:rl,xg,...,xm].
0y L1ly---ydbm To — T
Then
C():[{L'o], Cl:[xo,xl], ey cm:[xo,...,:cm].

We now explain another way of getting such an expansion, by means of
an identity due to Ch. Hermite (see [13]):

1 1 +z—:1c0' 1

r—z XT—Tg T—XTy9 T—Z2
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We replace the last factor 1/(x — z) by repeating the same formula with xg
replaced by z1:

1 1 z— X0 1 z—x 1
= + . + . .
r—z T — X r — X Tr — I r—Tr1 T —Z

Inductively we deduce

T —z (x —x1) - (v —xj)

I S (z—x0)(z—x1) (2 — 1)
_ZB (x — x) J

J
(z—zo)(z—m1) - (z—mp) 1
+(x—mo)(w—x1)---($—xm) x—z

Now we multiply by (1/2i7)f(x) and integrate along a simple contour C
which contains all the z; as well as z: this produces Newton interpolation

expansion
F(z) = cj(z—w0) -+ (2 —xj—1) + Rm(2)
§=0
with
1 f(z)dzx .
5= 3 | ey ey SIS
and

Run(2) = (z—20)(z—1) - - (2~ ) /C T f(x)dw

2 T—31) (@ — ) (@ — 2)

Similar formulae exist when the points z; are not distinct: when one repeats
m times the same z;, one considers the values f(*)(x;) of the successive

derivatives of f at x;, for s = 0,...,m — 1. See § and [I0] Chap. IX
§ 2.

9.2.4 Proof of Pdlya’s Theorem

Proof. The Newton’s interpolation series introduced in § associated
with the function f and the points x; = j for j > 0 is the formal series

F(z):chz(z—l)---(z—n—l—l),

n>0
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where, for n > 0,

N W)
=1 | RCET)
&
Since
[T (=) = bk = 1)+ 2 1 (=1)(=2) - (k = ) = (~1)" *Kl(n — )L,
%"
we deduce

= ;ké(—l)” (7)o

Hence ¢, is a rational number and more precisely nlc, is a rational integer.
We are going to prove that ¢, vanishes for sufficiently large n. In order to do
so, we produce an upper bound for |¢,| by using the hypothesis of Theorem
155 namely

|fl = e(ryr™/%2r

where €(r) — 0 as r — co. From the integral formula

1 f(z)dz
72 fuger, 2z D) (2 - )

which is valid for any r, > n, we deduce

1
- < - —1/227”n .
len] < €(rn)ry (rn,—1)(rp, —2) -+ (rp, — n)

The best choice [12] is r, = 2n. Using Stirling’s formula (153|) we obtain

€(2n) o2n n!(n —1)!

Von (2n —1)!

€(2n) joni1 n!?

V2n (2n)!

N €(2n) o1 (ne™"V2mn)

V2n (2n)2re=2n\/47tn

Hence |¢,,| < 1/n! for sufficiently large n, and therefore ¢,, = 0 for sufficiently
large n, which means that the interpolation series F' is a polynomial. Since
f — F vanishes for all n = 0,1,... (by the construction of the interpolation
series) and has exponential type < log2 < 1, it follows from Lemma m
that f = F, hence f is a polynomial. O

IN

n!|cy|

n 2

= €(2n)V/27.
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Remark. In [I2], Pdlya explains his choice of r,, = 2n by letting r,, = n/&
with 0 < ¢ < 1, and by performing all the details of the computation with
£. He shows that the optimal value for £ is obtained when the function
€5(1 — €)'7¢ assumes its minimal value, which is at ¢ = 1/2, and then he
completes the proof with this choice.

9.2.5 Integer valued entire functions on Gaussian integers

In 1926, S. Fukasawa extended Polya’s result to the Gaussian integers: he
proved that if f is an entire function mapping Z[i] to Z[i] and if, for any
€ > 0, there exists 6. > 0 such that

1440
o= — =
919 + 27v/5

then f is a polynomial. In 1929, A.O. Gel’fond [3] refined the result and
obtained the right exponent 2 in place of ¢ — e: he proved that an entire
function f mapping Z[i] to Z[i] and satisfying

|flr < e with 1.470...,

2 . ™ ~ —45
‘f"l“ge’yr with 7<m_0710

is a polynomial.

The proofs by Fukasawa and Gel’fond rely on Newton’s interpolation
series at the points in Z[i].

That the exponent 2 cannot be improved is shown by the Weierstrafl
sigma function associated to Z[i]. Gel’fond wrote that his estimate for the
constant « is not the right limit for the problem. In 1980, D.W. Masser
showed that the result cannot hold with ~ replaced by a constant larger
than 7/(2¢). In 1981, F. Gramain [5] proved that the result holds with
7/(2e), which is therefore best possible:

If f is an entire function which is not a polynomial and maps
Z[i] to Z[i], then

™

1
limsup - log /], >
r—oo T 2e

9.2.6 The constant of Gramain—Weber

The work by Masser and Gramain on entire functions mapping Z[i] to Z][i]
gave rise to the following problem, which is still unsolved. For each integer
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k > 2, let 1, be the minimal radius of a closed disk in R? containing at least
k points of Z2, and for n > 2 define

n

1
On = —logn+Z—2-
k=2

The limit 6 = lim,,_, o, 0, exists (it is an analogue in dimension 2 of the Euler
constant), and the best known estimates for it are [§]

1.811--- < 6 < 1.897...

(see also [2]). F. Gramain conjectures that

4
§=1+ ;(fyL(l) +L'(1)),
where v is Euler’s constant and

L(s)=> (-1)"(2n+1)"°

n>0

is the L function of the quadratic field Q(7) (Dirichlet beta function). Since
L(1) = 7/4 and

log(2n+1) =

/ _ n+1 _ _

Lay=> (-ytt. T Z(31og7r +2log2 47 — 4logI'(1/4)),
n>0

Gramain’s conjecture is equivalent to

d=1+3logm+2log2+ 2y —4logI'(1/4) = 1.822825...

Other problems related to the lattice Z[i] are described in the section “On
the borders of geometry and arithmetic” of [15].
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The work by Fukasawa on integer valued entire functions at the points
of Z[i] requires estimates on the number of points of Z[i] into a disc. More
generally, Fukasawa showed that if A is a domain bounded by finitely many
curves of finite length, if we set

A:// dzdy, B:// log \/x2 + y2dxdy,
(D) (D)

then the number of points in Dt N Z[i] satisfies
At?logt + Bt> + O(tlogt) as t — oo.

For the unit disc D = {z € C; |z| < 1}, one has A = 7 and B = —7/2.
One deduces

T
log ] = > 1 = mr’logr — —1? 2).
og |w\ | og |w| = mr-logr 57 + o(r*)
0£wEZ]i] 0#£wEZi]
lwl<t Jw]<t

This yields

Lemma 156. An entire function f satisfying f(Z[i]) = {0} and, for all
sufficiently large r, ,
’f’r <e"

with k < w/2, is a polynomial.

Proof. Like in the proof of Lemma this follows from Jensen’s formula,
but here one replaces Stirling’s formula by the estimates

and

. 2
0F#wEZ[i]
lw|<t
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9.2.7 Transcendence of €™

In [2], just after his paper [I] on integer valued entire functions on Z[i],
A.O. Gel’fond extended his proof and obtained the following outstanding
result:

Theorem 157 (Ge’lfond). The number
e™ = 23,140692 632 779 269 005 729 086 367 . ..

1s transcendental.

This was the first step towards a solution of the seventh of the 23 prob-
lems raised by D. Hilbert at the International Congress of Mathematicians
in Paris in 1900: for algebraic a and B with a # 0, a # 1 and (8 irrational,
the number o is transcendental.

The number of is defined as o = exp(floga), where loga is any
logarithm of «. The condition a # 1 may be replaced by loga # 0, both
statements are equivalent.

Taking a = —1, loga = im, f = —i gives o = €.

Proof of Theorem[157. . Gel’fond starts by ordering Z[i] by non-decreasing
modulus, and for those of the same modulus by increasing arguments in
[0, 27):
Z[i| = {azo,xl,xg,...,xn,...}
with g = 0. Hence
{wo,x1,22,...} ={0, 1, 4, =1, —i, 1+4, =1 +4, =1 —14, 2, 2,...}.

If the disc |z| < ry, contains the points x; for 0 < ¢ < n, then the number
n + 1 of these points is

n+1=mr2+ar, + o(ry)

with a < 2v/27, hence |z,| = v/n/7 + o(y/n).
For n > 1, define P, (z) = 2(2 —x1) - - - (¢ — xp—1). Gel’fond expands the
function €™ into a series of P,,:

€™ =Y ApPi(2) + Rn(2),
k=0

where, following [0.2.3]

_ L emtd¢ _ Pua(?) et d¢
Ak N 29T I¢|=n Pk+1(C) and Rn(Z) N 2im /|C|=n Pk—o—l(C) C -z
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Since the zeroes of Py are simple, the residue formula gives, for n > 0,

n o mwxp

Anzze , with  wyp = H (xp — ;).

k=0 ok 0<j<n
Ik

The number ™+ is +e™(#) and Re(xy) is a rational integer of absolute
value < y/n/m + o(y/n). Hence A, is a polynomial in €™ and e~ ™ of degree
< y/n/m+o(y/n) and coefficients in Q(7). The integral over the circle [(| = n
yields the upper bound

™

|An‘ < e < e—nlogn+7rn+0(\/ﬁ)'

II o=zl ~

0<j<n

In his previous work [I], Gel’fond proved that the least common multiple
2, of the numbers w,; for 0 < k < n (which is also the least common
denominator of the numbers 1/w, ;, for 0 < k < n) satisfies

0 <e%nlogn+163n+o(n)
n S .

The product 2,4, is in Z[i][e™, e "]:

k=0

and

max |Bkn| < e%nlogn+163nf%nlogn+37rn+o(n) < 6173n+0(n),

0<k<n
Assuming e” is algebraic, Liouville’s inequality (Lemma implies A,, =
0 for all sufficiently large n, and therefore the interpolation series

F(z)= Z Ap P, (2)

n>0

is a polynomial. This polynomial F', by construction, takes the value e™**
at z = xj, which means that the entire function e™ — F'(z) vanishes on Z[i].
But this function has exponential type 7, hence order 1, and Lemma [156
implies that this function is the zero function. This is a contradiction with
the fact that €™ is a transcendental function.

O
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9.2.8 Interpolation formulae

In the easiest case where there are no multiplicities, the interpolation prob-
lem is to find a function f taking given values at distinct points. When
x; and y; are m given points (0 < i < m — 1), with z; pairwise distinct,
there is a unique polynomial P of degree < m satisfying P(z;) = y; for
0 <i <m — 1. This polynomial is

—_

m—

1) =3 if(2),

Jj=
where f; is the solution of the same problem for the special case where
y; = 0;; (Kronecker symbol, which is 1 for ¢ = j and 0 otherwise). Explicitly,

zZ — Xy
fitz)= 11 T
0<i<m—1 *J v

iA]

Similar formulae exist when the x; may be repeated. As a simple example,
if 2; = 2o for 0 < i < m, then the condition on f becomes fU)(zg) = Yj
(0 < j < m), and the solution is given by the Taylor’s expansion

m—1

f(z) = S yifi(2)  with fj(z)zjl,(z—wo)j-

Jj=

In the very general case, one way to produce such formulae is to introduce
integral formulae.

Let Q(z) be a monic polynomial with roots z1,...,2,, and for 1 <i <n
let m; > 1 be the multiplicity of z; as a root of Q:

(z —z;)™.

S
&
i
jamb

Let R be a real number with R > maxj<;<p |2i], so that the disc |z| < R
contains all points z;. We denote by I' the circle |z] = R. Further, for
1 <1 < n, let r; be a real number in the range

0<r; < min |z; — 2g|.
v 1<k<n ’ t k’
ki

We denote by I'; the circle |z;| < r;: it contains z;, but no z for k # 4.
The following formula is due to Hermite: for f analytic in an open domain
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containing the disc |z| < R and for z in the open disc |z| < R distinct from
all z;,
n m;—

f])zz (C—2) d¢
(2) 2m/Q Z—MZZO / QQ) (-z

The proof is a simple application of the residue formula (see for instance [3]
Chap. IX § 2): the first integral divided by 2im is the sum of the residues of
the function

fQ 1

w(ﬁ):m (—2

at the poles in |z| < R. The pole ( = z is simple, and the residue is
f(2)/Q(z), which gives the left hand side. Also, each sum

m;—1 ; ;
~ fDz) [ (C—z) dC
2 J! /rj QC) (-=

in the right hand side is 2im times the residue at ¢ = z; of ¢(¢). Hence the
formula drops out.

If f is a polynomial of degree < M where M = mq + - -+ + m,,, then the
first integral vanishes.

For 1 <ip <nand 0 < jo < my, define the function f;, j,(2) on the open
set |z — zj,| > 14, by

o :_l.i (C_Zio)jo. dc_
flo,jo (2) 4! Qiﬂ'Q(Z) /Czi():”o Q(¢) ¢—2

Here, r;, is any number satisfying 0 < 7;, < min;;, |zi—zi,|. Computing the
integral by means of the residue Theorem shows that the integral extends
to a meromorphic function in C with a single pole at z = z;, of order < m,;.
Also, letting |z| tend to infinity shows that f;, j, () is a polynomial of degree
< M. Hence f;, j, is the unique polynomial of degree < M satisfying

J=0

; 1 ifi=1ipand j=j
Fia () = Siosjor i) Where  Sig jo) (i) = {0 Otherw(i)se s
It follows that, given distinct points z1, ..., z,, positive integers myq, ..., my,
and complex numbers y;; (1<i<mn,0<j<m;—1), there is a unique
polynomial of degree < M, where M = mq + --- + m,,, satisfying the M
conditions f(j)(zi) =y for 1 <i<nand0<j<m;—1. This polynomial
is given by

n m;—1

S vty

i=1 j=0
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9.2.9 Rational interpolation

We just mention another kind of interpolation formula, which was intro-
duced by René Lagrange in 1935, and used more recently by Tanguy Rivoal
[4] for producing Diophantine results, including a new proof of Apéry’s the-
orem on the irrationality of ¢(3).

One starts with the formula

1 a—pf r—0 z—« 1

t—z (r—-a)z—f) z-a 2-8 -2

Iterating and integrating yields

= (z—a1) - (z—an) =
)= X B T A

This is an expansion of f into rational fractions, with given zeroes and poles.
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10 The Schneider—Lang Theorem

The Theorem of Schneider-Lang is a general statement dealing with values
of meromorphic functions of one or several complex variables, satisfying
differential equations.

The first general result dealing with analytic or meromorphic functions
of one variable and containing the solution to Hilbert’s seventh problem
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appears in [4]. In fact one can deduce the transcendence of o (Gel’fond-
Schneider Theorem 1.4) from this theorem, either by using the two functions
z and o without derivatives (Schneider’s method), or else e* and €% with
derivatives (Gel’fond’s method). The statement is rather complicated, and
Th. Schneider made successful attempts to simplify it [5]. Schneider’s crite-
ria in [5], Chap. II, § 3, Th.12 and 13 deal only with Gel’fond’s method, i.e.
involve derivatives. Further simplifications have been introduced by S. Lang
later: either for Schneider’s method (see [I], Chap. III, § 1, Th.1), or else
for Gel’fond’s method and functions satisfying differential equations (see [1],
Chap. III, § 1, Th.1 and [3], Appendix 1). This last result is known as the
Theorem of Schneider-Lang.

10.1 Statement and first corollaries

Content of the course: Theorem of Schneider-Lang, corollaries: theo-
rem of Hermite-Lindemann, Theorem of Gel’fond—Schneider.

Outline of the proof.

References: [6] (Chap. 3, § 3.7) and [7] (§ 2.2).

See also [B] (Chap. II, § 3, Th.12 and 13); [I] (Chap. III, § 1, Th.1); [3]
(Appendix 1).

There is also a proof in [2] (Chap. IX § 3) for the special case where the
number field is Q: this allows to avoid any use of algebraic number theory.
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10.2 Siegel’s Lemma
References: [2] Chap. 1 Lemme 1.3.1 and [3] § 1.2.

10.3 Liouville’s inequality
Reference: [2] Chap. 1 § 1.2. See also Proposition [26]

10.4 Schwarz’s Lemma

See (T5).

References: [3] § 1.3 and [4] Chap. 7.

10.5 Differential equations

Reference: Lemma 2.2.5 of [3].

10.6 Proof of the Schneider—-Lang Theorem
Reference: [2] Chap. 3. See also [I] Chap. III.
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10.7 Elliptic functions
10.7.1 Introduction to elliptic functions

Among many references for this section are the books by Chandrasekharan
[4], Chap. 1-6; by S. Lang [16], Chap. 1-6 and [14], § 1-6; by Alain Robert,
[20], Chap I; by J. Silverman [23| 24], and by M. Hindry and J. Silverman
[9].

’The text below is taken from [29] § 2 and § 3.‘

An elliptic curve may be defined as

e y? = C(x) for a squarefree cubic polynomial C(z),

a connected compact Lie group of dimension 1,
e a complex torus C/Q where Q is a lattice in C,
e a Riemann surface of genus 1,

e a non-singular cubic in P(C) (together with a point at infinity),

an algebraic group of dimension 1, with underlying projective algebraic
variety.

‘We shall use the Weierstrafl form
E= {(t tx 1Y) v = 423 — got® — ggt3} C Ps.

Here g2 and g3 are complex numbers, with the only assumption g3 #
27g§, which means that the discriminant of the polynomial 4X3 — g2 X — g3
does not vanish.
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An analytic parametrization of the complex points E(C) of E is given by
means of the Weierstraf elliptic function g, which satisfies the differential
equation

7 = 4p° — gop — g3. (158)
It has a double pole at the origin with principal part 1/22 and also satisfies
an addition formula

1

'(2) — o (2 2
@(Zl + Z2) = —p(zl) — p(zQ) + Z . (@(1)@(2)) ]

p(21) — p(22)
The exponential map of the Lie group E(C) is
expp: C — E(C)
z = (L:p(2):¢(2)).
The kernel of this map is a lattice in C (that is a discrete rank 2 subgroup),

(159)

Q=kerexpy ={w e C; p(z+w) = p(2)} = Zw; + Zws.

Hence expgp induces an isomorphism between the quotient additive group
C/Q and E(C) with the law given by (159). The elements of ) are the
periods of p. A pair (wy,ws) of fundamental periods is given by (cf. [30]
§ 20.32 Example 1)

oo
w,:z/ dr . (i=1,2),
e /473 — gox — g3

where

42 — gox — g3 = 4(z — e1)(x — e2)(z — e3).
Indeed, since ' is periodic and odd, it vanishes at wy/2, wy/2 and (wy +
w2)/2, hence the values of p at these points are the three distinct complex
numbers ey, ex and e3 (recall that the discriminant of 423 — gox — g3 is not
0).

Conversely, given a lattice €2, there is a unique Weierstraf} elliptic func-
tion pqo whose period lattice is Q (see §. We denote its invariants in
the differential equation by ¢2(€2) and g3(2).

We shall be interested mainly (but not only) with elliptic curves which
are defined over the field of algebraic numbers: they have a Weierstraf3
equation with algebraic g» and g3. However we shall also use the Weier-
straf} elliptic function associated with the lattice AQ2 where A € C* may be
transcendental; the relations are

oxa(Az) =A%0a(2), 9200 =A"1g(Q),  g3(AQ) = A Cg(Q).
(160)
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The lattice Q = Z + Z7, where 7 is a complex number with positive
imaginary part, satisfies

QQ(Z + ZT) = GOGQ(T) and gg(z + ZT) = 140G3(T),

where, for Gi(7) (with k£ > 2) are the Eisenstein series (see, for instance, [22]
Chap. VII, § 2.3, [11] Chap. III § 2 or [23] Chap. VI § 3— the normalization
n [31] p. 240 is different):

Gr(r) = > (m +nr) "2k (161)
(m,n)€Z2\{(0,0)}

10.7.2 Morphisms between elliptic curves. The modular invari-
ant

If Q and Q' are two lattices in C and if f : C/Q — C/€ is an analytic homo-
morphism, then the map C — C/Q — C/Q' factors through a homothecy
C — C given by some A € C such that \Q2 C ':

c 2, cC

\ \:
C/0 —— C/

If f #0, then A € C* and f is surjective.

Conversely, if there exists A € C such that AQ C Q, then f\(z + Q) =
Az + Q' defines an analytic surjective homomorphism fy : C/Q — C/Q. In
this case AQ) is a subgroup of finite index in ', hence the kernel of f) is
finite and there exists u € C* with uQ)’ C Q: the two elliptic curves C/
and C/Q are isogeneous.

If Q and Q* are two lattices, p and p* the associated Weierstraf} elliptic
functions and gs, g3 the invariants of p, the following statements are equiv-
alent:
(i) There is a 2 x 2 matrix with rational coefficients which maps a basis of
) to a basis of 2*.
(ii) There exists A € Q* such that AQ2 C Q*.
(iii) There exists A € Z \ {0} such that AQ2 C Q*.
(iv) The two functions p and p* are algebraically dependent over the field
Q(g2,93)-
(v) The two functions g and g* are algebraically dependent over C.

The map f) is an isomorphism if and only if AQ = €.

The number

1728¢3

j= 2
95 — 2793
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is the modular invariant of the elliptic curve E. Two elliptic curves over C
are isomorphic if and only if they have the same modular invariant.
Set T = wa /w1, ¢ = ¥ and J(e*™7) = j(1). Then

o0 m 300
_ -1 3 4 ny—24
Jq) = ¢ <1+2402m 1_qm> [Ta-qav

m=1 n=1

1
= — 4 744 4 196884 ¢ + 21493760 ¢* + - --
q

— see [19] § 4.12 or [22] Chap. VII § 3.3 and § 4.

10.7.3 Endomorphisms of an elliptic curve; complex multiplica-
tions

Let © be a lattice in C. The set of analytic endomorphisms of C/€ is the
subring
End(C/Q) = {fr; A € C with A\Q C Q}

of C. We also call it the ring of endomorphisms of the associated elliptic
curve, or of the corresponding Weierstraf ¢ function and we identify it with
the subring

{xeC ; \2cCQ}

of C. The field of endomorphisms is the quotient field End(C/2) ®z Q of
this ring.

If A € C satisfies A2 C Q, then A is either a rational integer or else an
algebraic integer in an imaginary quadratic field. For such a A, po(\z) is a
rational function of pq(z); the degree of the numerator is A\? if A € Z and
N(X) otherwise (here, N is the norm of the imaginary quadratic field); the
degree of the denominator is A2 — 1 if A € Z and N(\) — 1 otherwise.

Let E be the elliptic curve attached to the Weierstrafl p function. The
ring of endomorphisms End(E) of E is either Z or else an order in an imag-
inary quadratic field k. The latter case arises if and only if the quotient
T = wa/wy of a pair of fundamental periods is a quadratic number; in this
case the field of endomorphisms of E is & = Q(7) and the curve E has
complex multiplications — this is the so-called CM case. This means also
that the two functions p(z) and p(7z) are algebraically dependent. In this
case, the value j(7) of the modular invariant j is an algebraic integer whose
degree is the class number of the quadratic field k = Q(7).

Remark. From Gel’fond-Schneider Theorem (§ one deduces the tran-
scendence of the number

e™V163 — 962 537 412 640 768 743.999 999 999 999 250 07259. ..
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If we set
1 + i v 163 _ e27ri7' 77‘(‘\/@

T=——— = = —e ,

2

then the class number of the imaginary quadratic field Q(7) is 1, we have
§(7) = —(640 320)3 and

‘j(T) - 611 — 744‘ < 10712,
Also ([6] § 2.4)

1/3
<e“ 163 _ 744) = 640 319.999 999 999 999 999 999 999 999 390 31 . ..

Let © be a Weierstra$} elliptic function with field of endomorphisms k.
Hence k£ = Q if the associated elliptic curve has no complex multiplica-
tion, while in the other case k is an imaginary quadratic field, namely
k = Q(7), where 7 is the quotient of two linearly independent periods
of p. Let ui,...,uq be non-zero complex numbers. Then the functions
p(uiz),...,p(ugz) are algebraically independent (over C or over Q(g2, g3),
this is equivalent) if and only if the numbers wuq,...,uy are linearly inde-
pendent over k. This generalizes the fact that p(z) and p(7z) are alge-
braically dependent if and only if the elliptic curve has complex multiplica-
tions. Much more general and deeper results of algebraic independence of
functions (exponential and elliptic functions, zeta functions. ..) were proved
by W.D. Brownawell and K.K. Kubota [3].

If p is a Weierstraf elliptic function with algebraic invariants g2 and g3, if
FE is the associated elliptic curve and if £ denotes its field of endomorphisms,
then the set

Lr=0U{ueC\Q; p(u) € Q}

is a k-vector subspace of C: this is the set of elliptic logarithms of algebraic
points on E. It plays a role with respect to E similar to the role of £ for
the multiplicative group Gyy,.

Let k¥ = Q(v/—d) be an imaginary quadratic field with class number
h(—d) = h. There are h non-isomorphic elliptic curves E1, ..., Ej with ring
of endomorphisms the ring of integers of k. The numbers j(E;) are conjugate
algebraic integers of degree h; each of them generates the Hilbert class field
H of k (maximal unramified abelian extension of k). The Galois group of
H/k is isomorphic to the ideal class group of k.

Since the group of roots of units of an imaginary quadratic field is
{—1,+1} except for Q(i) and Q(o), where o = >™/3 it follows that there
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are exactly two elliptic curves over Q (up to isomorphism) having an au-
tomorphism group bigger than {—1,+1}. They correspond to Weierstraf
elliptic functions g for which there exists a complex number A # +1 with
Np(A2) = p(2).

The first one has g3 = 0 and j = 1728. An explicit value for a pair of
fundamental periods of the elliptic curve

vt = 4a® — dat?

follows from computations by Legendre using Gauss’s lemniscate function
([30] § 22.8) and yields (see [1], as well as Appendix 1 of [2§])

r(1/4)®

1

= /OO dv
b L Vi —z 2
The lattice Z[i] has g2 = 4w{, thus

S mtni)t = LA

6.23.5..2
(mn)€Z2\{(0.0)} 2 85m

and  wy =iw;. (162)

The second one has go = 0 and j = 0. Again from computations by Legendre
([30] § 22.81 II) one deduces that a pair of fundamental periods of the elliptic
curve

v =4z — 483

is (see once more [I] and Appendice 1 of [28])

*  dx 1 r(1/3)3
= —=-DB(1/6,1/2) = —F— d = . (163
i e R
The lattice Z[g] has g3 = 4w¢, thus
L(1/3)"

Y. (mingC= gt
(m,n)€Z2\{(0,0)} 257w

These two examples involve special values of Euler’s Gamma function

> dt Ol -1
I'(z) = / e 1t* v = e 7yt H (1 + %) /", (164)
0 n=1

n
1
v = lim ( 5 log n) = 0.577215664 901 532 860 606 51209.. ..
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is Euler’s constant (§ 12.1 in [30]), while Euler’s Beta function is

a 1
B(a,b) = 1;((635_(2)) = /0 271 — )b .

More generally, the formula of Chowla and Selberg (1966) [5] (see also [2,
7, 18, [10} 12} 26] for related results) expresses periods of elliptic curves with
complex multiplications as products of Gamma values: if k is an imaginary
quadratic field and O an order in k, if E is an elliptic curve with complex
multiplications by O, then the corresponding lattice 0 determines a vector
space Q®z Q which is invariant under the action of k and thus has the form
k-w for some w € C* defined up to elements in k™. In particular, if O is
the ring of integers Zy, of k, then

w=ayT H [(a/d)v<(@/4
(0<a)<d
a,d)=1

where « is a non-zero algebraic number, w is the number of roots of unity
in k, h is the class number of k, € is the Dirichlet character modulo the
discriminant d of k.

10.7.4 Standard relations among Gamma values

Euler’'s Gamma function satisfies the following relations ([30] Chap. XII):
(Translation)

I(z+1) =2T'(2);
(Reflection)

™

F'z)Ira—-=z) =

sin(7z) ;

(Multiplication) For any positive integer n,

n—1

| | r (Z + k) = (2m) (/27 (/2 (),
n

k=0

D. Rohrlich conjectured that any multiplicative relation among Gamma val-
ues is a consequence of these standard relations, while S. Lang was more
optimistic (see [15], [I7] I Chap. 2 Appendix p. 66 and [2] Chap. 24):
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Conjecture 165 (D. Rohrlich). Any multiplicative relation
2 T[T(@™ cQqQ
aceQ
with b and my in Z is a consequence of the standard relations.

Conjecture 166 (S. Lang). Any algebraic dependence relation with alge-
braic coefficients among the numbers (2r)~'/2T(a) with a € Q is in the ideal
generated by the standard relations.

10.7.5 Quasi-periods of elliptic curves and elliptic integrals of the
second kind

Let Q = Zw; + Zws be a lattice in C. The Weierstrafi canonical product
attached to this lattice is the entire function oq defined by ([30] § 20.42)

oq(z) ==z H (1 — i) eé+22722-
weM\{0} w

It has a simple zero at any point of 2.
Hence the Weierstrafl sigma function plays, for the lattice {2, the role
which is played by the function

zg (1 — %) e/ = —e D (—2) 7!

for the set of positive integers N\ {0} = {1,2,...} (see the infinite product
(164]) for Euler’s Gamma function), and also by the function

7 sin(rz) = 2 H (1 - E) e/

n
neZ\{0}

for the set Z of rational integers ([4] Chap. IV § 2).

The Weierstrafl sigma function o associated with a lattice in C is an
entire function of order 2:

1
lim sup Toar -loglog sup |o(z)| = 2;
r

7—00 Og |z‘:r

the product o2 is also an entire function of order 2 (this can be checked by
using infinite products, but it is easier to use the quasi-periodicity of o, see

formula (167) below).
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The logarithmic derivative of the sigma function is the Weierstraf§ zeta
function { = o’ /o whose Laurent expansion at the origin is

1 2k—1
((z) = o Z SRz,
k>2

where, for k € Z, k > 2,

sk =sk(Q) = Y w = waGy(r)
weN
w#0

The derivative of ¢ is —gp. From

o' =69 — (92/2)

one deduces that si(£2) is a homogenous polynomial in Q[g2, g3] of weight
2k for the graduation of Q[g2, 93] determined by assigning to go the degree
4 and to g3 the degree 6.

As a side remark, we notice that for any u € C\ Q we have

Q(g2,93) € Q(p(w), ' (u), " (u)).

Since its derivative is periodic, the function ( is quasi-periodic: for each
w € Q there is a complex number 1 = n(w) such that

((z+w)=((2) +n.

These numbers 7 are the quasi-periods of the elliptic curve. If (w1, ws) is a
pair of fundamental periods and if we set 71 = n(wy) and 12 = n(ws), then,
for (a,b) € Z2,

n(awr + bwa) = any + bno.

Coming back to the sigma function, one deduces that

oz +w;) = —o(z) exp(m (= + (wi/2))) (i=1,2).  (167)
The zeta function also satisfies an addition formula:

1 ¢'(21) — ¢ (22)

((21 + 22) = C(Zl) + C(Zz) + 2 gg(zl) — KJ(ZZ)

The Legendre relation relating the periods and the quasi-periods

wan — wine = 27,
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when wy/w; has positive imaginary part, can be obtained by integrating
((z) along the boundary of a fundamental parallelogram.

In the case of complex multiplication, if 7 is the quotient of a pair of
fundamental periods of p, then the function ((7z) is algebraic over the field
Q(92, 93, 2, 0(2), ((2)).

Examples For the curve y%t = 423 — 42t? the quasi-periods attached to the
pair of fundamental periods are

(2 )3/2 ‘
_ T _ , = —im:
= T e mE

(168)

it follows that the fields Q(w1,wo,n1,12) and Q(?T,F(l/4)) have the same
algebraic closure over Q, hence the same transcendence degree. For the
curve y°t = 4a3 — 4¢3 with periods (163, they are

2 27/372 9

(169)

In this case the fields Q(w1,ws2,n1,72) and Q(W,F(l/?))) have the same al-
gebraic closure over Q, hence the same transcendence degree.

10.7.6 Elliptic integrals

Let
E={(t:z:y) € Pyy’t = 42> — gout® — g3t3}

be an elliptic curve. The field of rational (meromorphic) functions on £ over
Cis C(€) = C(p, ') = C(x,y) where x and y are related by the cubic
equation 32 = 423 — gz — g3. Under the isomorphism C/Q — £(C) given
by (1: p: ), the differential form dz is mapped to dz/y. The holomorphic
differential forms on C/€ are Adz with A € C.

The differential form d¢ = ¢’/ is mapped to —zdz/y. The differential
forms of second kind on £(C) are adz+bd({ + dy, where a and b are complex
numbers and y € C(x,y) is a meromorphic function on .

Assume that the elliptic curve £ is defined over Q: the invariants go and
gs are algebraic. We shall be interested with differential forms which are
defined over Q. Those of second kind are adz + bd( + dy, where a and b are
algebraic numbers and x € Q(x,y).

An elliptic integral is an integral

/ R(z, y)dz
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where R is a rational function of = and y, while y? is a polynomial in x
of degree 3 or 4 without multiple roots, with the proviso that the integral
cannot be integrated by means of elementary functions. One may transform
this integral as follows: one reduces it to an integral of dx/+/P(x) where P
is a polynomial of 3rd or 4th degree; in case P has degree 4 one replaces
it with a degree 3 polynomial by sending one root to infinity; finally one
reduces it to a Weierstrafl equation by means of a birational transformation.
The value of the integral is not modified.

For transcendence purposes, if the initial differential form is defined over
Q, then all these transformations involve only algebraic numbers.

10.7.7 Transcendence results of numbers related with elliptic func-
tions

The main references for this section are [13] 21 27, 29].
The first transcendence result on periods of elliptic functions was proved
by C.L. Siegel as early as 1932.

Theorem 170 (Siegel, 1932). Let o be a Weierstraf elliptic function with
period lattice Zwi + Zws. Assume that the invariants go and g3 of o are
algebraic. Then at least one of the two numbers wy,ws is transcendental.

In the case of complex multiplication, it follows from Theorem that
any non-zero period of @ is transcendental.

From formulae and it follows as a consequence of Siegel’s 1932
result that both numbers I'(1/4)*/m and I'(1/3)3/m are transcendental.

Other consequences of Siegel’s result concern the transcendence of the
length of an arc of an ellipse [21]

a2x?
T g2

for algebraic a and b, as well as the transcendence of an arc of the lemniscate
(22 4+ y%)? = 2a%(2? — y?) with a algebraic.

A further example of application of Siegel’s Theorem is the transcendence
of values of hypergeometric series related with elliptic integrals

K(z) =

/1 dx
0 V-1 = 22)

= ZoaFi(12 125127,
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where o F] denotes Gauss hypergeometric series

> (a)p(b), 2"
gFl(a,b;c‘z):Z()()-n!

n=0 (C)n

with (a), =a(a+1)---(a+n—1).

Further results on this topic were obtained by Th. Schneider in 1934 and
in a joint work by K. Mahler and J. Popken in 1935 using Siegel’s method.
These results were superseded by Th. Schneider’s work in 1936 where he
proved a number of definitive results on the subject, including:

Theorem 171 (Schneider, 1936). Assume that the invariants go and gs of
p are algebraic. Then for any non-zero period w of p, the numbers w and
n(w) are transcendental.

It follows from Theorem that any non-zero period of an elliptic
integral of the first or second kind is transcendental:

Corollary 172. Let £ be an elliptic curve over Q, py and ps two algebraic
points on £(Q), w a differential form of first or second kind on € which is
defined over Q, holomorphic at p1 and py and which is not the differential
of a rational function. Let v be a path on &€ from py to pa. In case p1 = po

one assumes that v is not homologous to 0. Then the number

/ w
2l
is transcendental.

Ezamples: Using Corollary and formulae ((168)) and ([169)), one deduces

that the numbers
I(1/4)*/7® and T(1/3)%/n?

are transcendental.
The main results of Schneider’s 1936 paper are as follows (see [21]):

Theorem 173 (Schneider, 1936). 1. Let o be a Weierstraf elliptic func-
tion with algebraic invariants gs, gs. Let B be a non-zero algebraic number.
Then (3 is not a pole of p and () is transcendental.

More generally, if a and b are two algebraic numbers with (a,b) # (0,0),
then for any u € C\  at least one of the two numbers p(u), au + b¢(u) is
transcendental.

2. Let p and p* be two algebraically independent elliptic functions with al-
gebraic invariants g2, g3, g5, 95- If t € C is not a pole of p or of p*, then
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at least one of the two numbers p(t) and ©*(t) is transcendental.

3. Let o be a Weierstraf$ elliptic function with algebraic invariants ga, gs.
Then for any t € C\Q, at least one of the two numbers p(t), et is transcen-
dental.

It follows from Theorem [I73]2 that the quotient of an elliptic integral of
the first kind (between algebraic points) by a non-zero period is either in the
field of endomorphisms (hence a rational number, or a quadratic number in
the field of complex multiplications), or a transcendental number.

Here is another important consequence of Theorem [I73]2.

Corollary 174 (Schneider, 1936). Let 7 € H be a complex number in the
upper half plane Sm(1) > 0 such that j(T) is algebraic. Then T is algebraic
if and only if T is imaginary quadratic.

In this connection we quote Schneider’s second problem in [21], which is
still open (see papers by Wakabayashi

Conjecture 175 (Schneiders’ second problem). Prove Corolla'ry with-
out using elliptic functions.

Sketch of proof of Corollary[17]] as a consequence of part 2 of Theorem[173,
Assume that both 7 € H and j(7) are algebraic. There exists an elliptic
function with algebraic invariants gs, gs and periods wy, wo such that

1728¢3
T = — and ](T) = 372,9722
w1 g3 — 41093

Set p*(z) = 72p(72). Then p* is a Weierstral function with algebraic in-
variants g5, gs. For u = w;/2 the two numbers p(u) and p*(u) are algebraic.
Hence the two functions p(z) and p*(z) are algebraically dependent. It fol-
lows that the corresponding elliptic curve has non-trivial endomorphisms,
therefore 7 is quadratic. ]

A quantitative refinement of Schneider’s Theorem on the transcendence
of j(7) given by A. Faisant and G. Philibert in 1984 became useful 10 years
later in connection with Nesterenko’s result. (see § .

We will not review the results related with abelian integrals, but only
quote the first result on this topic, which involves the Jacobian of a Fermat
curve: in 1941 Schneider proved that for a and b in Q with a, b and a + b
not in 4, the number
Blay) - D@EO

I'(a+ )
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is transcendental. We notice that in his 1932 paper, C.L. Siegel had already
announced partial results on the values of the Euler Gamma function.

Schneider’s above mentioned results deal with elliptic (and abelian) in-
tegrals of the first or second kind. His method can be extended to deal with
elliptic (and abelian) integrals of the third kind (this is Schneider’s third
problem in [21]).

As pointed out by J-P. Serre in 1979, it follows from the quasi-periodicity
of the Weierstrafl sigma function that the function

o(z+u) _
F, _ Y\r T —2((u)
S EEON
satisfies
Fou(z + w;) = Fy(2)emtwic®),

Theorem 176. Let u; and us be two mon-zero complexr numbers. Assume
that g2, g3, p(u1), p(u2), B are algebraic and Zu; N Q = {0}. Then the
number

U(ul + u?) e(,@—((ul))zm

o (u1)o(uz)
18 transcendental.

From the next corollary, one can deduce that non-zero periods of elliptic
integrals of the third kind are transcendental.

Corollary 177. For any non-zero period w and for any u € C\ Q the
number e?S(W=1u+BY g transcendental.

References

[1] M. ABraMowITz & I. A. STEGUN - Handbook of mathematical
functions with formulas, graphs, and mathematical tables, A Wiley-
Interscience Publication, New York: John Wiley & Sons, Inc; Wash-
ington, D.C, 1984, Reprint of the 1972 ed.

[2] Y. ANDRE — Une introduction auz motifs (motifs purs, motifs miztes,
périodes), Panoramas et Syntheses, vol. 17, Société Mathématique de
France, Paris, 2004.

[3] W.D. BRowNAWELL & K. K. KuBoTA — “The algebraic independence
of Weierstrass functions and some related numbers”, Acta Arith. 33
(1977), no. 2, p. 111-149.

194



[4] K. CHANDRASEKHARAN, Elliptic functions, vol. 281 of Grundlehren der
Mathematischen Wissenschaften, Springer-Verlag, Berlin, 1985.

[5] S. CHOwWLA & A. SELBERG — “On Epstein’s zeta-function”, J. reine
angew. Math. 227 (1967), p. 86-110.

[6] H. CoHEN — “Elliptic curves”, in From Number Theory to Physics (Les
Houches, 1989), Springer, Berlin, 1992, p. 212-237.

[7] B. H. Gross — “On the periods of abelian integrals and a formula of
Chowla and Selberg”, Invent. Math. 45 (1978), no. 2, p. 193-211, With
an appendix by David E. Rohrlich.

[8] — , “On an identity of Chowla and Selberg”, J. Number Theory 11
(1979), no. 3 S. Chowla Anniversary Issue, p. 344-348.

[9] M. HINDRY & J. H. SILVERMAN — Diophantine geometry, Graduate
Texts in Mathematics, vol. 201, Springer-Verlag, New York, 2000, An
introduction.

[10] N. KoBLITZ — “Gamma function identities and elliptic differentials on
Fermat curves”, Duke Math. J. 45 (1978), no. 1, p. 87-99.

[11] —, Introduction to elliptic curves and modular forms, second ed., Grad-
uate Texts in Mathematics, vol. 97, Springer-Verlag, New York, 1993.

[12] N. KoBLITZ & D. ROHRLICH — “Simple factors in the Jacobian of a
Fermat curve”, Canad. J. Math. 30 (1978), no. 6, p. 1183-1205.

[13] S. LANG, Introduction to transcendental numbers, Addison-Wesley
Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1966.

[14] — , Elliptic curves: Diophantine analysis, vol. 231 of Grundlehren der
Mathematischen Wissenschaften, Springer-Verlag, Berlin, 1978.

[15] — , “Relations de distributions et exemples classiques”, in Séminaire
Delange-Pisot-Poitou, 19¢ année: 1977/78, Théorie des nombres, Fasc.
2, Secrétariat Math., Paris, 1978, p. Exp. No. 40, 6 (= [18] p. 59-65).

[16] — , Elliptic functions, second ed., Graduate Texts in Mathematics, vol.
112, Springer-Verlag, New York, 1987, With an appendix by J. Tate.

[17] — , Cyclotomic fields I and II, second ed., Graduate Texts in Math-
ematics, vol. 121, Springer-Verlag, New York, 1990, With an appendix
by Karl Rubin.

195



[18] — , Collected papers. Vol. III, Springer-Verlag, New York, 2000, 1978—
1990.

[19] Y. MANIN — “Cyclotomic fields and modular curves.”, Uspekhi Mat.
Nauk 26 (1971), no. 6, p. 7-71, Engl. Transl. Russ. Math. Surv. 26
(1971), No 6, 7-T8.

[20] A. ROBERT, Elliptic curves, Lecture Notes in Mathematics, Vol. 326,
Springer-Verlag, Berlin, 1973. Notes from postgraduate lectures given in
Lausanne 1971/72.

[21] T. SCHNEIDER, Einfihrung in die transzendenten Zahlen. Springer-
Verlag, Berlin-Gottingen-Heidelberg, 1957. Introduction aux nombres
transcendants. Traduit de I'allemand par P. Eymard. Gauthier-Villars,
Paris 1959.

[22] J.-P. SERRE — Cours d’arithmétique, Collection SUP: “Le
Mathématicien”, vol. 2, Presses Universitaires de France, Paris,
1970, reprinted 1977. Engl. transl.: A course in arithmetic, Graduate
Texts in Mathematics, Vol. 7. Springer-Verlag, New York, 1978.

[23] J. H. SILVERMAN — The arithmetic of elliptic curves, Graduate Texts
in Mathematics, vol. 106, Springer-Verlag, New York, 1986.

[24] — , Advanced topics in the arithmetic of elliptic curves, Graduate Texts
in Mathematics, vol. 151, Springer-Verlag, New York, 1994.

[25] M. WALDSCHMIDT, Nombres transcendants, Springer-Verlag, Berlin,
1974. Lecture Notes in Mathematics, Vol. 402.
http://wuw.springerlink.com/content/110312/

[26] — , “Diophantine properties of the periods of the Fermat curve.”, in
Number theory related to Fermat’s last theorem, Proc. Conf., Prog. Math.
26, 79-88 , 1982.

[27] — , Nombres transcendants et groupes algébriques, Astérisque, (1987),
p- 218. With appendices by Daniel Bertrand and Jean-Pierre Serre.

[28] —, “Transcendance et indépendance algébrique de valeurs de fonctions
modulaires”, in Number theory (Ottawa, ON, 1996), CRM Proc. Lecture
Notes, vol. 19, Amer. Math. Soc., Providence, RI, 1999, p. 353-375.

[29] — , Elliptic functions and transcendence, in Surveys in number theory,
vol. 17 of Dev. Math., Springer, New York, 2008, pp. 143—188.

196


http://www.springerlink.com/content/110312/

[30] E. WHITTAKER & G. WATSON — A course of modern analysis. An
introduction to the gemeral theory on infinite processes and of analytic
functions; with an account of the principal transcendental functions. 4th
ed., reprinted, Cambridge: At the University Press. 608 p. , 1962.

[31] D. ZAGIER — “Introduction to modular forms”, in From Number Theory
to Physics (Les Houches, 1989), Springer, Berlin, 1992, p. 238-291.

197



Diophantine approximation,
irrationality and transcendence

Michel Waldschmidt

Course N°20, June 23, 2010

Content of the course:

1. Algebraic independence of the two functions p(z) and e*.

Legendre’s relation now; — niwe = 2im. Proof: integrate ((z)dz on a funda-
mental parallelogram.

Application: algebraic independence of the two functions az + b((z) and

(2)-
2. Section §[10.7.2} Morphisms between elliptic curves. The modular in-

variant.

3. Section §[10.7.3} Endomorphisms of an elliptic curve; complex multipli-
cations.

Algebraic independence of g and p*.

Schneider’s Theorem on the transcendence of j(7) (corollary [174)).

11 Algebraic independence

11.1 Chudnovskii’s results

References: [I], [3], Lecture 8. [5] § 5.2.

’The text below is taken from [5] § 5.2.‘

In the 1970’s G.V. Chudnovsky proved strong results of algebraic inde-
pendence (small transcendence degree) related with elliptic functions. One
of his most spectacular contributions was obtained in 1976:

Theorem 178 (G.V. Chudnovsky, 1976). Let p be a Weierstraf ellip-
tic function with invariants gz, gs. Let (w1, we) be a basis of the lattice
period of o and m = n(w1), N2 = n(ws2) the associated quasi-periods of
the associated Weierstraf§ zeta function. Then at least two of the numbers
g2, g3, w1, wa, N1, N2 are algebraically independent.
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A more precise result is that, for any non-zero period w, at least two
of the four numbers go, g3, w/m, n/w (with n = n(w)) are algebraically
independent.

In the case where g9 and g3 are algebraic one deduces from Theorem
that two among the four numbers wi, wa, 71, 72 are algebraically
independent; this statement is also a consequence of the next result:

Theorem 179 (G.V. Chudnovsky, 1981). Assume that go and g3 are alge-
braic. Let w be a non-zero period of p, set n =n(w) and let u be a complex
number which is not a period such that u and w are Q-linearly independent:
u g QwU. Assume p(u) € Q. Then the two numbers

Cw) — Lu, 2

are algebraically independent.
From Theorem or Theorem one deduces:

Corollary 180. Let w be a non-zero period of ¢ and n = n(w). If go
and gs are algebraic, then the two numbers w/w and n/w are algebraically
independent.

The following consequence of Corollary shows that in the CM case,
Chudnovsky’s results are sharp:

Corollary 181. Assume that g3 and gs are algebraic and the elliptic curve
has complexr multiplications. Let w be a non-zero period of . Then the two
numbers w and 7w are algebraically independent.

As a consequence of formulae (162)) and (163)), one deduces:

Corollary 182. The numbers m and I'(1/4) are algebraically independent.
Also the numbers m and I'(1/3) are algebraically independent.
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The text below is taken from [4] § 5.2.‘

11.2 Modular functions and Ramanujan functions

S. Ramanujan introduced the following functions

They are special cases of Fourier expansions of Eisenstein series. Recall the
Bernoulli numbers By, defined by:

2k

o
2 _ 4 7 I<:+1
- 2+Z (2k)!

k=1

By =1/6, By=1/30, Bs=1/42.

For k > 1 the normalized Eisenstein series of weight k is

Ak o0 n2k71 n
Eylg) =14 (-1 5 Y T

Bk n=1 1- q"
The connection with (161)) is
Ean(a) = o * Gul7)
k\q k\T),
S 2 (2k)

for k > 2, where ¢ = €™, In particular

7t 276

Golr) = g Fala)y Gl = g5

FEs(q)-
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With Ramanujan’s notation we have

P(q) = E2(q), Q(q) = Ea(q), R(q) = Es(q).

The discriminant A and the modular invariant J are related with these
functions by Jacobi’s product formula

(271')12
123

s 1213 492 3
-(Q3—R2) _ (271_)1261711_[1(1_(171)24 and J = (QW)A Q _ (2 32(}2) .

A:

Let g be a complex number, 0 < |¢| < 1. There exists 7 in the upper half
plane H such that ¢ = €2™7. Select any twelfth root w of A(q) . The
invariants go and g3 of the Weierstral p function attached to the lattice
(Z + Z7)w satisfy g3 —27g3 = 1 and

Pa@) =321 0w =5 (9) » Ra=2(2) e

4
According to formulae (162)) and (163)), here are a few special values
e For 7 =1i,q=e 2",
3 wi\4
—2m\ _ % —2m\ _ w1
Pl == Qe =3(2) . (183)
R(e™™) =0 and A(e ") = 20w{?,
with )
I'(1/4
w) = (1/4) = 2.6220575542 . ..
V8T
e For 7 =9p,q= —e_”‘/g,
: 2
ooy = 23 ooy, (184)
T
2 6
R(_efﬂ'\/g) — l (ﬂ) , A(_efﬂ' 3) — _2433(,0%27
2 \7
with (1/3)"
I'(1/3
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11.3 Nesterenko’s result

In 1976, D. Bertrand pointed out that Schneider’s Theorem [173] on the
transcendence of w/m implies:

For any q € C with 0 < |q| < 1, at least one of the two numbers Q(q), R(q)
is transcendental.

He also proved the p-adic analog by means of a new version of the
Schneider—Lang criterion for meromorphic functions (he allows one essential
singularity) which he applied to Jacobi-Tate elliptic functions. Two years
later he noticed that G.V. Chudnovsky’s Theorem yields:

For any q € C with0 < |q| < 1, at least two of the numbers P(q), Q(q), R(q)
are algebraically independent.

The following result of Yu.V. Nesterenko goes one step further:

Theorem 185 (Nesterenko, 1996). For any q¢ € C with 0 < |g| < 1, three
of the four numbers q, P(q), Q(q), R(q) are algebraically independent.

Among the tools used by Nesterenko in his proof is the following result
due to K. Mahler:
The functions P, Q, R are algebraically independent over C(q).
Also he uses the fact that they satisfy a system of differential equations
for D = q d/dq discovered by S. Ramanujan in 1916:
DP Q DQ R DR Q

122 =p-%, 3Z==p-_", 22 2_p_ <.
P P Q Q R R

One of the main steps in his original proof is his following zero estimate:

Theorem 186 (Nesterenko’s zero estimate). Let Lo and L be positive inte-
gers, A € Clq, X1, X2, X3] a non-zero polynomial in four variables of degree
< Lo in q and < L in each of the three other variables X1, Xo, X3. Then
the multiplicity at the origin of the analytic function A(q, P(q),Q(q), R(q))
is at most 2 - 10*° Lo L3.

In the special case where J(q) is algebraic, P. Philippon produced an
alternative proof for Nesterenko’s result where this zero estimate [186]is not
used; instead of it, he used Philibert’s measure of algebraic independence
for w/m and n/m. However Philibert’s proof requires a zero estimate for
algebraic groups.

Using one deduces from Theorem [185

Corollary 187. The three numbers m, €™, I'(1/4) are algebraically indepen-
dent.

203



while using (184)) one deduces

Corollary 188. The three numbers T, e”‘/g, I'(1/3) are algebraically inde-
pendent.

Consequences of Corollary are the transcendence of the numbers
og(1/2) = 22/ 4/ 2em/8D(1/4) 2
and (P. Bundschuh)

Ll m e
n2+1 2 2 ef—eT
n=0

D. Duverney, K. and K. Nishioka and I. Shiokawa as well as D. Bertrand
derived from Nesterenko’s Theorem [I85] a number of interesting corollaries,
including the following ones

Corollary 189. Rogers-Ramanujan continued fraction:

RR(a) =1+

I+,

is transcendental for any algebraic a with 0 < |a| < 1.

Corollary 190. Let (F,)n>0 be the Fibonacci sequence: Fy = 0, F1 = 1,
F, =F,_1+ F,_o. Then the number

1s transcendental.

Jacobi Theta Series are defined by

02(q) = 2¢"/* > ¢"" Y = 2q1/4H L—q"™)(1+¢*"),

n>0
=Y " =J[a-¢ma+ey
neZ n=1
00
0a(q) = 03(—q) = Y _(-1)"¢" = [J(1 =1 =)
nez n=1
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Corollary 191. . Leti, j and k € {2,3,4} with i # j. Let q € C satisfy
0 < |g| < 1. Then each of the two fields

Q(q,0:(9),0;(q), Dbi(q)) and Q(q,0k(q), DOi(q), D*61(q))

has transcendence degree > 3 over Q.

As an example, for an algebraic number ¢ € C with 0 < |q| < 1, the

three numbers
zi:qn27 j{:7ﬂqn27 ZE:HAan

n>0 n>1 n>1

are algebraically independent. In particular the number

Os(0) =D q"

neZ

is transcendental. The number 03(q) was explicitly considered by Liouville
as far back as 1851.

The proof of Yu.V. Nesterenko is effective and yields quantitative refine-
ments (measures of algebraic independence).
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