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We complete the proof of the transcendence of e, following Hermite.
We shall substitute 1 to x in the relations

Q(x)eµx = Pµ(x) + Rµ(x)

and deduce simultaneous rational approximations (p1/q, p2/q, . . . , pm/q) to
the numbers e, e2, . . . , em. In order to use Proposition 14, we need to have
independent such approximations. This is a subtle point which Hermite did
not find easy to overcome, according to his owns comments: we quote from
p. 77 of [3]

Mais une autre voie conduira à une démonstration plus rigoureuse

The following approach is due to K. Mahler, we can view it as an exten-
sion of the simple non-vanishing argument used in § 8.1.3 for the irrationality
of π.

We fix integers n0, . . . , n1, all ≥ 1. We set N = n0 + · · · + nm. For
j = 0, 1, . . . ,m we denote by Qj , Pj1, . . . , Pjm the Hermite-Padé polynomials
attached to the parameters

n0 − δj0, n1 − δj1, . . . , nm − δjm,

where δji is Kronecker’s symbol

δji =

{
1 if j = i,
0 if j #= i.
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These parameters are said to be contiguous to n0, n1, . . . , nm. They are the
rows of the matrix





n0 − 1 n1 n2 · · · nm

n0 n1 − 1 n2 · · · nm
...

... . . . ...
n0 n1 n2 · · · nm − 1




.

We are going to use the previous results, but one should notice that the sum
of the parameters on each row is now N ′ = N − 1, not N as before.

Proposition 148. There exists a non-zero constant c such that the deter-
minant

∆ =

∣∣∣∣∣∣∣

Q0 P10 · · · Pm0
...

... . . . ...
Qm P1m · · · Pmm

∣∣∣∣∣∣∣

is the monomial cxmN .

Proof. The matrix of degrees of the entries in the determinant defining ∆ is




N − n0 N − n1 − 1 · · · N − nm − 1
N − n0 − 1 N − n1 · · · N − nm − 1

...
... . . . ...

N − n0 − 1 N − n1 − 1 · · · N − nm




.

Therefore ∆ is a polynomial of exact degree N − n0 + N − n1 + · · · + N −
nm = mN , the leading coefficient arising from the diagonal. This leading
coefficient is c = c0c1 · · · cm, where c0 is the leading coefficient of Q0 and cµ

is the leading coefficient of Pµµ, 1 ≤ µ ≤ m.
It remains to check that ∆ has a multiplicity at least mN at the origin.

Linear combinations of the columns yield

∆(x) =

∣∣∣∣∣∣∣

Q0(x) P10(x)− exQ0(x) · · · Pm0(x)− emxQ0(x)
...

... . . . ...
Qm(x) P1m(x)− exQm(x) · · · Pmm(x)− emxQm(x)

∣∣∣∣∣∣∣
.

Each Pµj(x)− eµxQj(x), 1 ≤ µ ≤ m, 0 ≤ j ≤ m, has multiplicity at least N
at the origin, because for each contiguous triple (1 ≤ j ≤ m) we have

m∑

i=0

(ni − δji) = n0 + n1 + · · · + nm − 1 = N − 1.

153



Looking at the multiplicity at the origin, we can write

∆(x) =

∣∣∣∣∣∣∣

Q0(x) O(xN ) · · · O(xN )
...

... . . . ...
Qm(x) O(xN ) · · · O(xN )

∣∣∣∣∣∣∣
.

This completes the proof of Proposition 148.

Now we fix a sufficiently large integer n and we use the previous results
for n0 = n1 = · · · = nm = n with N = (m + 1)n. We define, for 0 ≤ j ≤ m,
the integers qj , p1j , . . . , pnj by

(n− 1)!qj = Qj(1), (n− 1)!pµj = Pµj(1), (1 ≤ µ ≤ m).

Proposition 149. There exists a constant κ > 0 independent on n such
that

max
1≤µ≤m

max
0≤j≤m

|qie
µ − pµj | ≤

κn

n!
·

Further, the determinant
∣∣∣∣∣∣∣

q0 p10 · · · pm0
...

... . . . ...
qm p1m · · · pmm

∣∣∣∣∣∣∣

is not zero.

Proof. Recall Hermite’s formulae in Proposition 146:

Qj(x)eµx − Pµj(X) = xmneµx
∫ µ

0
e−xtfj(t)dt, (1 ≤ µ ≤ m, 0 ≤ j ≤ m),

where

fj(t) = (t− j)−1
(
t(t− 1) · · · (t−m)

)n

= (t− j)n−1
∏

1≤i≤m
i"=j

(t− i)n.

We substitute 1 to x and we divide by (n− 1)!:

qje
µ − pµj =

1
(n− 1)!

(
Qj(1)eµ − Pµj(1)

)
=

eµ

(n− 1)!

∫ µ

0
e−tfj(t)dt.
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Now the integral is bounded from above by
∫ µ

0
e−t|fj(t)|dt ≤ m sup

0≤t≤m
|fj(t)| ≤ m1+(m+1)n.

Finally the determinant in the statement of Proposition 149 is
∆(1)

(n− 1)!m+1
,

where ∆ is the determinant of Proposition 148. Hence it does not vanish
since ∆(1) #= 0.

Since κn/n! tends to 0 as n tends to infinity, we may apply the criterion
for linear independence Proposition 14. Therefore the numbers 1, e, e2, . . . , em

are linearly independent, and since this is true for all integers m, Hermite’s
Theorem on the transcendence of e follows.

Exercise 8. Using Hermite’s method as explained in § 8.3, prove that for
any non-zero r ∈ Q(i), the number er is transcendental.

Exercise 9. Let m be a positive integer and ε > 0 a real number. Show
that there exists q0 > 0 such that, for any tuple (q, p1, . . . , pm) of rational
integers with q > q0,

max
1≤µ≤m

∣∣∣∣e
µ − pµ

q

∣∣∣∣ ≥
1

q1+(1/m)+ε
·

Check that it is not possible to replace the exponent 1+ (1/m) by a smaller
number.
Hint. Consider Hermite’s proof of the transcendence of e (§ 8.3.2), espe-
cially Proposition 149. First check (for instance, using Cauchy’s formulae)

max
0≤j≤m

1
k!
|Dkfj(µ)| ≤ cn

1 ,

where c1 is a positive real number which does not depend on n. Next, check
that the numbers pj and qµj satisfy

max{qj , |pµj |} ≤ (n!)mcm
2

for 1 ≤ µ ≤ m and 0 ≤ j ≤ n, where again c2 > 0 does not depend on n.
Then repeat the proof of Hermite in § 8.3 with n satisfying

(n!)mc−2mn
3 ≤ q <

(
(n + 1)!

)m
c−2m(n+1)
3 ,

where c3 > 0 is a suitable constant independent on n. One does not need to
compute c1, c2 and c3 in terms of m, one only needs to show their existence
so that the proof yields the desired estimate.
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9 Interpolation

9.1 Weierstraß question

Weierstraß (see [3]) initiated the question of investigating the set of alge-
braic numbers where a given transcendental entire function f takes algebraic
values.

Denote by Q the field of algebraic numbers (algebraic closure of Q in
C). For an entire function f , we define the exceptional set Sf of f as the
set of algebraic numbers α such that f(α) is algebraic:

Sf :=
{
α ∈ Q ; f(α) ∈ Q

}
.

For instance, the Hermite–Lindemann’s Theorem on the transcendence of
log α and eβ for α and β algebraic numbers is the fact that the exceptional
set of the function ez is {0}. Also, the exceptional set of ez + e1+z is empty,
by the Theorem of Lindemann–Weierstrass. The exceptional set of functions
like 2z or eiπz is Q, as shown by the Theorem of Gel’fond and Schneider.

The exceptional set of a polynomial is Q if the polynomial has algebraic
coefficients, otherwise it is finite. Also, any finite set of algebraic numbers is
the exceptional set of some entire function: for s ≥ 1 the set {α1, . . . ,αs} is
the exceptional set of the polynomial π(z − α1) · · · (z − αs) ∈ C[z] and also
of the transcendental entire function (z − α2) · · · (z − αs)ez−α1 . Assuming
Schanuel’s conjecture, further explicit examples of exceptional sets for entire
functions can be produced, for instance Z≥0 or Z.

The study of exceptional sets started in 1886 with a letter of Weierstrass
to Strauss. This study was later developed by Strauss, Stäckel, Faber –
see [3]. Further results are due to van der Poorten, Gramain, Surroca and
others (see [1, 5]).

Among the results which were obtained, a typical one is the following:
if A is a countable subset of C and if E is a dense subset of C, there exist
transcendental entire functions f mapping A into E.

Also, van der Poorten noticed in [4] that there are transcendental entire
functions f such that Dkf(α) ∈ Q(α) for all k ≥ 0 and all algebraic α.

The question of possible sets Sf has been solved in [2]: any set of al-
gebraic numbers is the exceptional set of some transcendental entire func-
tion. Also multiplicities can be included, as follows: define the exceptional
set with multiplicity of a transcendental entire function f as the subset of
(α, t) ∈ Q × Z≥0 such that f (t)(α) ∈ Q. Here, f (t) stands for the t-th
derivative of f , which we denote also by Dtf .
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Then any subset of Q× Z≥0 is the exceptional set with multiplicities of
some transcendental entire function f . More generally, the main result of
[2] is the following:

Let A be a countable subset of C. For each pair (α, s) with α ∈ A,
and s ∈ Z≥0, let Eα,s be a dense subset of C. Then there exists
a transcendental entire function f such that

(
d

dz

)s

f(α) ∈ Eα,s (150)

for all (α, s) ∈ A× Z≥0.

One may replace C by R: it means that one may take for the sets Eα,s

dense subsets of R, provided that one requires A to be a countable subset
of R.

The proof is a construction of an interpolation series on a sequence where
each w occurs infinitely often. The coefficients of the interpolation series are
selected recursively to be sufficiently small (and nonzero), so that the sum
f of the series is a transcendental entire function.

This process yields uncountably many such functions. Further, one may
also require that they are algebraically independent over C(z) together with
their derivatives. Furthermore, at the same time, one may request further
restrictions on each of these functions f . For instance, given any transcen-
dental function g with g(0) #= 0, one may require |f |R ≤ |g|R for all R ≥ 0.

As a very special case of 150 (selecting A to be the set Q of algebraic
numbers and each Eα,s to be either Q or its complement in C), one deduces
the existence of uncountably many algebraic independent transcendental
entire functions f such that any Taylor coefficient at any algebraic point α
takes a prescribed value, either algebraic or transcendental.

Exercise 10. . Check that a consequence of the main result (150) of [2] is
the following.
Let A be a countable subset of C. For any non negative integer s and any
α ∈ A, let Eαs be a dense subset in C. Let g be a transcendental entire func-
tion with g(0) #= 0. Then there exists a set {fi i ∈ I} of entire functions,
with I a set having the power of continuum, with the following properties.
• For any i ∈ I, any α ∈ A and any integer s ≥ 0, f (s)

i (α) ∈ Eαs.
• For any i ∈ I and any real number r ≥ 0, |fi|r ≤ |g|r.
• The functions f (s)

i , (i ∈ I, s ≥ 0) are algebraically independent over C(z).
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Hint. Use (150) with A replaced by A ∪ {z1, z2}, where z1, z2 are two al-
gebraically independent complex numbers which do not belong to A. For
s ≥ 0, set Ez1,s = Q. If there is a non–trivial relation of algebraic depen-
dence among some of the functions f (s)

i , then there is such a relation with
coefficients in Q(z1). Next select a set of numbers xi,s, i ∈ I, s ≥ 0, having
the power of continuum, which are algebraically independent over Q(z1, z2)
– it is easy to give explicit examples with Liouville numbers. To produce fi,
set Ez2,s = Qxi,s \ {0}.
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