Families of cubic Thue equations
with effective bounds for the solutions

Claude LEVESQUE and Michel WALDSCHMIDT

Abstract . To each non totally real cubic extension K of Q and to each generator
« of the cubic field K, we attach a family of cubic Thue equations, indexed by the
units of K, and we prove that this family of cubic Thue equations has only a finite
number of integer solutions, by giving an effective upper bound for these solutions.

1 Statements

Let us consider an irreductible binary cubic form having rational integers coeffi-
cients
F(X,Y) = aoX’ + a1 XY + @ XY? +a3Y° € ZX,Y]

with the property that the polynomial F (X, 1) has exactly one real root o and two
complex imaginary roots, namely &’ and o’. Hence @ € Q, o’ # o’ and

F(X,Y) = ap(X —aY)(X —'Y)(X —&'Y).

Let K be the cubic number field Q(or) which we view as a subfield of R. Define o :
K — C to be one of the two complex embeddings, the other one being the conjugate
G.Hence &' = o() and &’ = (). If 7 is defined to be the complex conjugation,
wehave 6 = TocandG6oT = ©.
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Let € be a unit > 1 of the ring Z of algebraic integers of K and let &’ = o(€)
and ¢’ = ©(€) be the two other algebraic conjugates of €. We have

— 1
'l = e = =< 1.

NG
For n € Z, define
Fy(X,Y) = ao(X —€"a¥) (X —"a'Y) (X " &dY).
Let k € N, where N = {1,2,...}. We plan to study the family of Thue inequations
0 < [Fulx,y)| <k, ey
where the unknowns n, x, y take values in Z.

Theorem 1. There exist effectively computable positive constants K| and k3, de-
pending only on F, such that, for all k € Z with k > 1 and for all (n,x,y) € ZXZ XL
satisfying €"a € Q, xy # 0and |F,(x,y)| < k, we have

max{s‘”‘, |x], |y|} < Kk*.

From this theorem, we deduce the following corollary.

Corollary 1 . Fork € Z, k > 0, the set
{(n,x,y) EZXZLXZL | e"adQ;xy#0; |F(x,y)] gk}
is finite.

This corollary is a particular case of the main result of [2], but the proof in [2] is
based on the Schmidt subspace theorem which does not allow to give an effective
upper bound for the solutions (n, x,y).

Example.LetD€Z,D# —1.Lete: = (\3/ D3+1— D) ! There exist two positive
effectively computable absolute constants k3 and x4 with the following property.
Define a sequence (Fy),cz of cubic forms in Z[X,Y] by

F(X,Y) = X> +a,X?Y +b,XY? Y3,
where (a,)nez is defined by the recurrence relation
a3 = 3Day.2 +3D%ays1 +ay

with the initial conditions g = 3D?,a_; = 3anda_» = —3D, and where (b,,),cz
is defined by b, = —a_,_3. Then, for x, y, n rational integers with xy # 0 and
n # —1, we have

|F ()] > ieymax{]], [y], "1}
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This result follows from Theorem 1 with &t = € and
F(X,Y) = X3 —3DX?Y —3D°XY* Y3,
Indeed, the irreducible polynomial of e ' = v/D3+1—D is
F(X,1) = (X+D)*-D*—1 = X>+3DX>+3D*X — 1,

the irreducible polynomial of @ = € is

F(X,1) = Ry(X,1) = F5(1,X) = X*>-3D*X*>-3DX —1,
while

F(X,Y) = (X-Y) = X3 -3Xx’y +3xy?-Y>.

Forn € Z,n# —1, F,(X, 1) is the irreducible polynomial of oe” = "l while for
anyn € Z, Fy(X,Y) = Noe)/Q(X — €"1Y). The recurrence relation for

m+1 g+l

a, = 4" 4

follows from
8n+3 _ 3D£n+2 + 3D28n+l + el

and for b, from F_,(X,Y) = —F,_»(¥,X).

2 Elementary estimates

For a given integer k > 0, we consider a solution (n,x,y) in Z* of the Thue inequa-
tion (1) with "¢ irrational and xy # 0. We will use ks, K, . . . , K55 to designate some
constants depending only on ¢.

Let us firstly explain that in order to prove Theorem 1, we can assume n > 0 by
eventually permuting x and y. Let us suppose that n < 0 and write

1

F(X,Y) = a3(Y —a”'X)(Y -/ 'X)(Y =o' X).

Then
FuX,Y) = a3 (Y — "' X) (Y — Mo/ x) (v - " &' X).

Now it is simply a matter of using the result for |n| for the polynomial G(X,Y) =
F(Y,X).

Let us now check that, in order to prove the statements of §1, there is no restric-
tion in assuming that ¢ is an algebraic integer and that ag = 1. To achieve this goal,
we define
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F(T,Y) = T> +a\T*Y +apaxTY? +ddasY? € Z[T,Y],

so that G3F(X,Y) = F(aoX,Y). If we define & = apax and &' = apa/, then &
is a nonzero algebraic integer, and we have

E(T)Y) = (T—aY)(T-&Y)(T—-&Y).
For n € Z, the binary form
E(T,Y) = (T—€e"ay)(T—e"&'Y)(T—¢"&'Y)

satisfies
@BF,(X,Y) = Fy(apX,Y).

The condition (1) implies 0 < |F;,(agx,y)| < a%k. Therefore it suffices to prove the
statements for F,, instead of F,,, with ¢ and o/ replaced by & and &'. This allows us,
from now on, to suppose & € Zg and ap = 1.

As already explained, we can assume n > 0. There is no restriction in supposing
k > 2; (if we prove the result for a value of k > 2, we deduce it right away for smaller
values of k, since we consider Thue inequations and not Thue equations). If k were
asumed to be > 2, we would not need k7, as is easily seen, and the conclusion would
read

max{e"l, |x], [y} < k*.

Without loss of generality we can assume that n is sufficiently large. As a matter
of fact, if n is bounded, we are led to some given Thue equations, and Theorem 1
follows from Theorem 5.1 of [3].

Let us recall that for an algebraic number 7, the house of ¥, denoted m is by
definition the maximum of the absolute values of the conjugates of y. Moreover, d
is the degree of the algebraic number field K (namely d = 3 here) and R is the
regulator of K (viz. R = log€), where, from now on, € is the fundamental unit > 1
of the non totally real cubic field K. The next statement is Lemma A.6 of [3].

Lemma 1 Let vy be a nonzero element of Lk of norm < M. There exists a unit
N € Zg such that the house W is bounded by an effectively computable constant
which depends only on d, R and M.

We need to make explicit the dependence upon M, and for this, it suffices to
apply Lemma A.15 of [3], which we want to state, under the asumption that the d
embeddings of the algebraic number field K in C are noted o1, ..., 0.

Lemma 2 Let K be an algebraic number field of degree d and let 'y be a nonzero
element of Zg whose absolute value of the norm is m. Then there exists a unit 1 € Zg
such that

1 —1/d| ~.
X max, log(m™"/%|c;(ny)])

is bounded by an effectively computable constant which depends only on d.
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Since d = 3, K = Q(a) and the regulator R of K is an effectively computable
constant (see for instance [1], §6.5), the conclusion of Lemma 2 is

—xs < log(|lo;j(ny)l/V/m) < s,
which can also be written as
Kevm < |oj(ny)| < K7v/m,

with two effectively computable positive constants ki and x7. We will use only the
upper bound !: under the hypotheses of Lemma 1 with d = 3, when ¥ is a nonzero
element of Zg of norm < M, there exists a unit 1] of Z,X( such that

My < VM.

Since (n,x,y) satisfies (1), the element ¥ = x — €" oty of Zg has a norm of abso-
lute value < k. It follows from Lemma 2 that y can be written as

x—e"oy = €' )

with £ € Z, &; € Zk and the house of &, @ = max{|&|, |§]|}, satisfies

@ < K‘g%.

We will not use the full force of this upper bound, but only the consequence

max {|& |71 lef1 e} < e 3)

Taking the conjugate of (2) by ¢, we have
x—¢&"ay = 8'%1’ 4

with & = o(&).
Our strategy is to prove that |¢| is bounded by a constant times logk, and that |n]|
is also bounded by a constant times log k; then we will show that |y| is bounded by a
a constant power of k and deduce that |x| is also bounded by a constant power of k.
Let us eliminate x in (2) and (4) to obtain

leg _ ollgl
y:feél 851. (5)

o —ena’’

since we supposed €« irrational, we did not divide by 0. The complex conjugate
of (4) is written as

-y = ¢ . ©6)

! The lower bound follows from looking at the norm!
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We eliminate x and y in the three equations (2), (4) and (6) to obtain a unit equation
a la Siegel:

el (e —a ")+ "] (o € — ae™) +?Z§T’((x£” —a'e™) =0. (7
In the remaining part of this section 2, we suppose
e'al > 2|e"d|. ®)
Note that if this inequality is not satisfied, then we have

2|a’
3n/2 < | | < K10,

|ot|
and this leads to the inequality (18), and to the rest of the proof of Theorem 1 by
using the argument following the inequality (18).

For £ > 0, the absolute value of the numerator £'&; — €’/£] in (5) is increasing
like €’ and for ¢ < 0 it is increasing like €!/1/2; for n > 0, the absolute value of the
denominator €"a — €™a’ is increasing like €" and for n < 0 it is increasing like
€l"l/2 In order to extract some information from the equation (5), we write it in the
form

€

with ‘
B=c¢a, b=c¢e"d, {Aa}= {8[51 : s"é{},

the choice of A and a being dictated by
Al = max{e|&], [€"&{[}, lal = min{e’|&[, [€"&][}.

Since |A — a| < 2|A| and since |b| < |B|/2 because of (8), we have |B—b| > |B|/2,
so we get "
A
< 42
[ < 4 B]
We will consider the two cases corresponding to the possible signs of ¢, (remember
that » is positive).
First case. Let £ < 0. We have

Al < Kyl

We deduce from (5)

L <D 34‘3' el2=n < gt/ )

Hence there exists k3 such that
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1
0 < loglyl < <|2n> loge + k13logk,

from which we deduce the inequality
4]
n< 5 + xi4logk, (10)

which will prove useful: n is roughly bounded by |¢|. From (4) we deduce the exis-
tence of a constant k5 such that

x| < e |aly|+ K5kl (11)
Second case. Let / > 0. We have
lA] < K16'k™.

We deduce from (5) the upper bound
&

L< bl <42 el < kpgk™et, (12)

hence there exists kg such that
0 < logly| < (¢—n)loge+ k3logk.

Consequently,

IN

n {+ xi9logk. (13)

From the relation (4) we deduce the existence of a constant ko such that
1< x| < e "?|oly|+ Kkaok™e /2 (14)

By taking into account the inequalities (9), (10) and (11) in the case ¢ < 0, and
the inequalities (12), (13) and (14) in the case ¢ > 0, let us show that the existence
of a constant k»; satisfying |[¢| < x»1 logk allows to conclude the proof of Theorem
1. As a matter of fact, suppose

M' < K21 logk. (15)

Then (10) and (13) imply n < &y, logk, whereupon |¢| and n are effectively bounded
by a constant times logk. This implies that the elements €', with 7 being (|¢|/2) —
n, L —n, —n/2, |€|/2 or —£/2, appearing in (9), (12), (11) and (14) are bounded
from above by k*23 for some constant k»3. Therefore the upper bound of |y| in the
conclusion of Theorem 1 follows from (9) and (12) and the upper bound of |x| is a
consequence of (11) and (14). Our goal is to show that sooner or later, we end up
with the inequality (15).

In the case ¢ > 0, the lower bound |x| > 1 provides an extra piece of information.
If the term &"°& { on the right hand side of (4) does not have an absolute value < 1/2,
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then the upper bound (15) holds true and this suffices to claim the proof of Theorem
1. Suppose now |€/*&{| < 1/2. Since the relation (12) implies

61

e 2aly| < 4 ~(3n/2),
we have

< < 4"5';‘ et=n2) 4 1
and

| < 8‘51“ el-Gn/2)
o
We deduce
%n < 0+ Ko4logk. (16)

The upper bound in (16) is sharper than the one in (13), but, amazingly, we used
(13) to establish (16).
When ¢ < 0, we have |£{ —n| = n+ |¢| > |¢|, while in the case £ > 0 we have

1 2 1

because of (16). Therefore, if £ is positive (recall (16)), zero or negative (recall (10)),
we always have

2 1
n < Sl +Koslogk and [(—n| > 2|t - Kalogk an

with ko4 > 0 and x5 > 0.

3 Diophantine tool

Let us remind what we mean by the absolute logarithmic height h(et) of an algebraic
number @ (cf. [4], Chap. 3). For L a number field and for o € L, we define

h(a) = log Hi(@),

[L:0] Q}
with

) = Hmax{1,|a|v}dv

where v runs over the set of places of L, with dy being the local degree of the place v

if v is ultrametric, dy = 1if visreal, d, = 2if v is complex. When f(X) € Z[X]

is the minimal polynomial of & and f(X) = ag H (X —aj), with oy = a, it
1<j<d



Families of cubic Thue equations with effective bounds for the solutions 9

happens that

h(a) = élogM(f) with  M(f) = lao| H max{1,|e;|}.
1<j<d

We will use two particular cases of Theorem 9.1 of [4]. The first one is a lower
bound for the linear form of logarithms bgAg + b1 A; + by Az, and the second one is
a lower bound for )/17 ! )/272 — 1. Here is the first one.

Proposition 1. There exists an explicit absolute constant co > 0 with the following
property. Let Ay, A1, A, be three logarithms of algebraic numbers and let by,by,b;
be three rational integers such that A = boAg + by A1 + by Ay be nonzero. Write

Ao

Yo = e, YI:e}Lla

v =2 and D = [Q(n,n,%): Q]

Let Ay, Ay, Ay and B be real positive numbers satisfying

Al 1 )
logA; > max{h(%),|DI|,D} (i =0,1,2)
and b b b b
B >maxde, p 17 bol ~_1b2] I
DlogAg DlogA;  DlogA; DlogA,
Then

|A| > exp{—coD’(logD)(logAo)(logA,)(logA;)(logB) }.

The second particular case of Theorem 9.1 in [4] that we will use is the next
Proposition 2. It also follows from Corollary 9.22 of [4]. We could as well deduce
it from Proposition 1.

Proposition 2. Let D be a positive integer. There exists an explicit constant ¢y > 0,
depending only on D with the following property. Let K be a number field of degree
< D. Let 1,7, be nonzero elements in K and let by,b, be rational integers. Assume

VA #1. Set
B = max{2, |bi|,|b2|} and, fori = 1,2, A; = exp(max{e, h(%)}).
Then
17" 152 — 1| > exp{ —c1(logB)(logA1)(logA) }.
Proposition 2 will come into play via its following consequence.

Corollary 2 Let 8) and & be two real numbers in the interval [0,27). Suppose that
the numbers ¢ and €% are algebraic. There exists an explicit constant ¢y > 0,
depending only upon 8, and &, with the following property: for each n € Z such
that 6 +nd, € Lw, we have

Isin(8) +n8)| > (Jn| +2)~.
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Proof. Write y; = € and 15 = ¢'®. By hypothesis, 7; and 7 are algebraic with
1Y, # 1. Let us use Proposition 2 with by = 1, b, = n. The parameters A; and
A, depend only upon §; and &, and the number B = max{2, |n|} is bounded from
above by |n|+ 2. Hence

my =1 = (In[+2)"%

where ¢3 depends only upon &) and J,. Let £ be the nearest integer to (6; +nd)/n
(take the floor if there are two possible values) and let 1 = 6; +nd, — 7. This real
number 7 is in the interval (—7x/2, 7/2]. Now

le" +1| = |1+cos(t)+i sin(t)] = \/2(1+cos(r)) > V2.

Since e = (*1)5}’1}’", we deduce
1 )
|sin(0 +ndy)| = [sin(t)| = 3 ‘(,1)%6%7 1’

1 ; ; 2
= ](4)%!@ 1] ](4)%” - 1‘ > % my—1l.
This secures the proof of Corollary 2.

The following elementary lemma makes clear that &' ~ 1 for ¢ — 0. The first
(resp. second) part follows from Exercice 1.1.a (resp. 1.1.b or 1.1.c) of [4]. We
will use only the second part; the first one shows that the number ¢ in the proof of
Corollary 2 is close to 0, but we did not need it.

Lemma3 (a)Fort € C, we have

le — 1] < |t|max{1,|e'|}.

(b) If a complex number z satisfies |z — 1| < 1/2, then there exists t € C such that
¢ = zand |t| <2|z—1|. This t is unique and is the principal determination of the
logarithm of z:

|logz| < 2|z—1].

4 Proof of Theorem 1
Let us define some real numbers 6, § and Vv in the interval [0,27) by

1 . . .
e = et o = ol & = [E]le".

By ordering the terms of (7), we can write this relation as

TI+T2+T3 = 07
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and the three terms involved are
Ty:= e'é(ae"—a ")  =2i&|a'|e""?sin(8 +nb),

= ag'(e & —e'E)) = —2i|&!|ae" 2 sin(v 4 £8),

——n g5t . .
Ty:= Elea e — & o'e" = 2ilE o |e~ "D 2 sin(v — § + (£ —n)@).
It turns out that these three terms are purely imaginary. We write this zero sum as
a+b+c = 0 with |a| > |b] > |,

and we use the fact that this implies that |a| < 2|b|. Thanks to (17), Corollary 2
shows that a lower bound of the sinus terms is |[¢|~*26 (and an obvious upper bound
is 1!). Moreover,
— The T; term contains a constant factor and the factors:

o |&| with k™™ < |&| < k™,

e £/=("/2) (which is the main term),

e a sinus with a parameter n (a lower bound of the absolute value of that sinus
being n=27).
— Similarly, 7, contains a constant factor and the factors:

o &[], with k% < |&]| <k,

e ¢ ({/2) (which the main term),

e a sinus with a parameter ¢ (a lower bound of the absolute value of that sinus
being |£]|~%28).
— Similarly, 73 contains a constant factor and the factors:

o ]|, with kK < &[] < kb,

e £ ("t0)/2 (which the main term),

e a sinus with a parameter £ — n (a lower bound of the absolute value of that sinus
being | — n| 7).

We will consider three cases, and we will use the inequalities (3) and (17). This
will eventually allow us to conclude that there is an upper bound for |¢| and n by an
effective constant times log k.

First case. If the two terms a and b with the largest absolute values are 77 and
T», from the inequalities |71| < 2|T»| and |T>| < 2|T1| (which come from |b| < |a| <
2|b|), we deduce (thanks to (17))

k_K30|€|_K3‘ < 8%(4—'1) Sk'<32|g|’<33’

whereupon, thanks again to (17), we have

14
—K3410gk+%| < |t—n| < x3slog|l| + K36 logk,

which leads to |¢| < x37(logk+1log|¢|). This secures the upper bound (15), and ends
the proof of Theorem 1.
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Second case. Suppose that the two terms a and b with the largest absolute values
are Ty and T5. By writing |T7| <2|T3| and |T3| <2|T1|, we obtain (thanks to (17))

k71/3|£|71€3g S 83@/2 S kl/3|£|l€397

hence
4] < Kao(logk+log |€]).

Once more, we have el < k*1 and we saw that the upper bound (17) allows to
draw the conclusion.

Third case. Let us consider the remaining case, namely, the two terms a and
b with the largest absolute values being 7, and T3. Consequently, in the relation
T\ +T>+ T3 = 0, written in the form a4+ b+ ¢ = 0 with |a| > |b| > |c|, we have
¢ = Ty. Writing |T»| < 2|T3| and |T3| < 2|T3|, we obtain

k_1/3|£\_’<42 < e < k1/3|€|’<43.
From the second of these inequalities, we deduce the existence of k44 such that
n < Ky(logk+log|l]). (18)
Remark. The upper bound (18) allows to proceed as in the usual proof of the

Thue theorem where # is fixed.

From the upper bound |Ti| < |T|, one deduces n > ¢ — kyslogk, so that (18)
leads right away to the conclusion if £ is positive.
Let us suppose now that £ is negative. Let us consider again the equation (7) that
we write in the form
pue’ + e’ —T,E =0 (19)
with
Pn = gl (O‘/sln _a?") and  p, = gl/(wgn - 068”).

We check (cf. Property 3.3 of [4])

h(u,) < rye(n+logk).

Let us divide each side of (19) by —u,,&":

We have

! a/n

lod'e" — o " < ||+ |/ €| = 2|
and, using (8),
—— 1
o €" — ae"| > Slale".
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Since
[&] <k® and || > k™

by (3), we come up with

Pal < Kk® e, || > wuge"k .
Therefore, since |€/|~' = &!/2, we have
H,€ Pn€ —(n30)) /2
-1 = < € k™. 20
e’ e’ | =Y 20

We denote by log the principal value of the logarithm and we set

& m me
A o=1 — A =1 =L d A =1 I .
1 0og (8’) ) 2 og <I-1n) an og Ivlnglé

We have

M = 2inv Ay = 2im6,,
where v and 6, are the real numbers in the interval [0, 1) defined by

E 2i u 2in6,
—/:e”w and I = 470,
n

From ¢ = %1% we deduce A — A — Ay = 2imwh with h € Z. From Lemma 3b
we deduce |A| < 2]e? —1|. Using |A| < 27 and writing

2inth = A —2inlv —2in6,,

we deduce |h| < |[¢|+2.
In Proposition 1, let us take

P _
b() = h7 bl = €7 b2 = 1> Y = 17 AO = 2i77:> N = o v = &7
€ T
Ag = A = K59, Ay = (ke")™, B = | )
’ ’ logA>

Notice that the degree D of the field Q(y, 71, 72) is < 6. Then we obtain

1
= let —1] > §|A| > exp{ —Ks2(logAz)(logB) }.

By combining this estimate with (20), we deduce

0] < Ksy(n+logk)logB,
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which can also be written as B < K54 log B, hence B is bounded. This allows to obtain
[¢] < xss(n+logk).

We use (18) to deduce €/l < k¥4 and we saw that the upper bound (15) leads to the
conclusion of the main Theorem 1.
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