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Seventh lecture: April 21, 2011

7.2 Chen’s integrals

Chen iterated integrals are defined by induction as follows. Let ¢1,...,¢, be
holomorphic differential forms on a simply connected open subset D of the
complex plane and let z and y be two elements in D. Define, as usual, fj Y1 as
the value, at y, of the primitive of 7 which vanishes at x. Next, by induction

on p, define .
Y y
/901"'90p:/ sol(t)/ P2 Pp.

By means of a change of variables
t—x+t(y —x)

one can assume that z = 0, y = 1 and that D contains the real segment [0, 1].
In this case the integral is

/01901...%:/A o1(t1)p2(ta) - p(ty),

P

where the domain of integration A, is the simplex of R? defined by
Ap={(ti,...,t,)) ERP [ 1>t > > 1, >0}

In our applications the open set D will be the open disk |z — (1/2)] < 1/2, the
differential forms will be dt/t and dt/(1 — t), so one needs to take care of the
fact that the limit points 0 and 1 of the integrals are not in D. One way is to
integrate for €; to 1 —e and to let €; and €5 tend to 0. Here we just ignore these
convergence questions by restricting our discussion to the convergent words and
to the algebra $° they generate.

The product of two integrals is a Chen integral, and more generally the
product of two Chen integrals is a Chen integral. This is where the shuffle
comes in. We consider a special case: the product of the two integrals

/ <,01(f1)<,02(t2)/ ©3(t3)
1>t1>t2>0 1>t3>0

is the sum of three integrals

/ @1 (t1)p2(t2)ps(ts),
1>t1 >t >t3>0

/ p1(t1)p3(ts)pa(ta)
1>t >t3>t2>0

and
/ ©3(t3)p1(t1)pa(ta).
1>tg3>t1>t2>0
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Consider for instance the third integral: we write it as

/ 0r1) (tr (1) Pr2) (tr2))Pr3) (tr(3))-
1>t7.<1)>t7-(2)>t.,-(3) >0

The permutation 7 of {1,2,3} is 7(1) = 3, 7(2) = 1, 7(3) = 2, and it is one of
the three permutations of &3 which is of the form ¢! where (1) < (2).
The shuffle mr will be defined in §7.3 so that the next lemma holds:

Lemma 29. Let 1, ..., ¢ptq be differential forms with p > 0 and ¢ > 0. Then

1 1 1
/ gplgpp/ Spp+1...g0p+q:/ @1...@pm@p+l...¢p+q_
0 0 0

Proof. Define AJ  as the subset of A, x A, of those elements (21, ..., zp44) for
which we have z; # z; for 1 <¢ <p < j <p+q. Hence

1 1
/ ‘Pl"'¢p/ ‘Pp+1"'<Pp+q:/ ‘Pl"'<Pp+q:/ P11 Pptq
0 0 ApxA, A

p.a
where A, is the disjoint union of the subsets A7 = defined by
Aqu = {(tl, R 7tp+q) ;1> to-—l(l) > > ta—l(p—i-q) > 0},
for o running over the set &, , of permutations of {1,...,p + ¢} satisfying

o(l)<o(2)<---<o(p) and op+1)<o(p+2)<---<olp+q).

A

Lemma 29 follows if we define the shuffle so that

Hence

1
$1 " Pptqg = Z /0%—1(1)"'%—1(p+q)~

!
P 066,]7(1

Z Po-1(1) """ Po-1(p+q) = L1 LpllPpt1 " Ppiq-
066,,7(1

7.3 The shuffle m and the shuffle Algebra 6,

Let X be a set and K a field. On K(X) we define the shuffle product as follows.
On the words, the map m : X* x X* — § is defined by the formula

(1 zp)m(Tpy1 -+ Tpiq) = Z Ta=1(1) " To—1(ptq)s
UEGP,,}

where &,, ; denotes the set of permutation o on {1,...,p + ¢} satisfying

o(l)y<o(2)<---<o(p) and op+1)<op+2)<---<olp+q).
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This set &, 4 has (p+ ¢)!/p!q! elements; if (p, q) # (0,0), it is the disjoint union
of two subsets, the first one with (p—1+¢)!/(p—1)!q! elements consists of those
o for which o(1) = 1, and the second one with (p + ¢ — 1)!/p!(¢ — 1)! elements
consists of those o for which o(p+ 1) = 1.

Write y; = z,-1¢;3), so that x; = y,(;) for 1 <i < p+gand 1 < j <

p + q. The letters x1,...,2p44 and y1,...,Yp1q are the same, only the order
may differ. However zi,...,z;, (which is the same as y,(1),...,¥o(p)) Occur
in this order in yi,...,Yptq, and so do zpy1,...,Tptq (Which is the same as
Yo(p+1)- - -+ Yo(p+a))-

Accordingly, the previous definition of m : X* x X* — ) is equivalent to the
following inductive one:

emw = wiie = w for any w € X*,

and
(zu)m(yv) = z(um(yv)) + y((zu)mo)
for x and y in X (letters), v and v in X* (words).

Example. For k and ¢ non-negative integers and x € X,

koo (B+O! 4oy

From
G22={(1); (2,3)5 (2,4,3)5 (1,2,3); (1,2,4,3); (1,3)(2,4)}
one deduces
T1ToMT3T4 = T1T2T3L4+T1T3L2L4+T1T3T4T2+T3T1T2L4+TL3T1T4T2+T3T4X1T2,

hence
ToT1IMLoL] = 2X0X1ToT1 + 437333%.

In the same way the relation
xozlmxgxl = xoxlxgzl + 3x3x1x0x1 + Gsz%
is easily checked by computing more generally xox1maoz3wy as a sum of 6!/(2!3! =

10 terms.

Notice that the shuffle product of two words is most often not a word but
a polynomial in K(X). We extend the definition of m : X* x X* — § to
m : ) X H — H by distributivity with respect to addition:

Z (Slu)u Z (T|v)v = Z Z (S|u)(T|v)umv.

ueX* veEX* ueX* veX*

One checks that the shuffle mr endows K(X) with a structure of commutative
K-algebra.
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From now on we consider only the special case X = {xg,21}. The set K(X)
with the shuffle law m is a commutative algebra which will be denoted by $yy.
Since $* as well as $° are stable under m, they define subalgebras

9% C HY C D
Since

Cys)C(ys') = C(ysmys),

we deduce:

Theorem 30. The map R
C: S’ng — R

is a homomorphism of commutative algebras.

8 Product of series and the harmonic algebra

8.1 The stuffle x and the harmonic algebra $,

There is another shuffle-like law on ), called the harmonic product by M. Hoff-
man and stuffle by other authors, denoted with a star, which also gives rise to
subalgebras

9 c ol c9,.

The starting point is the observation that the product of two multizeta series is
a linear combination of multizeta series. Indeed, the cartesian product

/

{(ne,...om) s ny > >m} x {(nh, ... ng) s nh >0 >np )

breaks into a disjoint union of subsets of the form
{(n/{, e ,TLZ//) N nlll > > ng//}

with each k" satisfying max{k, k'}k” < k+k’. The simplest example is ((2)? =
2¢(2,2) +¢(4)., a special case of Nielsen Reflexion Formula already seen in §1.2.
We write this as follows:

Ys *Ys' = Zy§”7 (31)

s

where s” runs over the tuples (s{,...,s),) obtained from s = (s1,...,5sk)
and s’ = (s},...,s},) by inserting, in all possible ways, some 0 in the string
(s1,...,5k) as well as in the string (s/,...,s},) (including in front and at the

end), so that the new strings have the same length k", with max{k, &'} < k" <
k + k', and by adding the two sequences term by term. Here is an example:

s S1 So 0 s3 S4 s 0
s 0 sh sh 0 sh cee St
s s1 Sa+8y sy s3 sa+sh - sh
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Notice that the weight of the last string (sum of the s7) is the sum of the weight
of s and the weight of s’.

More precisely, the law x on ) is defined as follows. First on X*, the map
*: X* X X* = 9 is defined by induction, starting with

n — n __ n
Ty KW =Wk T = WEY

for any w € X* and any n > 0 (for n = 0 it means ex w = wx e = w for all
w € X*), and then

(ysu) * (yev) = ys (ur (Yev)) + ye ((Ysu) * v) + yoyie(uxv)

for v and v in X*, s and ¢ positive integers.

We shall not use so many parentheses later: in a formula where there are
both concatenation products and either shuffle of star products, we agree that
concatenation is always performed first, unless parentheses impose another pri-
ority:

Yst*x Yv = Ys(wx yv) + ye(Ysu* v) + Yot (ux v)
Again this law is extended to all of §) by distributivity with respect to addition:

S (Slwu > (T =Y Y (Slu)(T|v)uxv.

ueX* veEX* ueX* veX*

Remark. From the definition (by induction on the length of uv) one deduces

(uzh?) * (vrl) = (uxv)zg ™"

form >0, u and v in X*.

Example. .

Y% = ys x ys * Ys = 6y + 3ysyas + Y25y + Yss-

The set K(X) with the harmonic law * is a commutative algebra which
will be denoted by $),. Since 531 as well as .60 are stable under x, they define
subalgebras

9 C HlCn,.

Since

~ o~ ~

Cys)C(ys) = C(ys * ys')s

we deduce:

Theorem 32. The map N
¢: 5’32 — R

is a homomorphism of commutative algebras.
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8.2 Regularized double shuffle relations

As a consequence of theorems 30 and 32, the kernel of 6 contains all elements
wmw' — w *w for w and w' in §°; indeed

~ o~ ~ o~ o~

C(wmw') = ((w)¢(w') = ((w*w'), hence ((wmw —wxw')=0.

However the relation ((2,1) = ¢(3) (due to Euler) is not a consequence of these
relations, but one may derive it in a formal way as follows.
Consider

Y1IYs = T1MTHT] = ngarl + 212071 = 2Y2y1 + Y192

and
Y1 * Y2 = Y1y2 + Y2y + Ys3.

They are not in .60, but their difference

Y1ys — Y1 * Y2 = YY1 — Y3

is in $°, and Euler’s relation says that this difference is in the kernel of 6 . This
is the simplest example of the so—called Regularized double shuffle relations.
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