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ABSTRACT. A polynomial in a single variable is uniquely determined by its
derivatives of even order at 0 and 1. More precisely, such an univariate poly-
nomial can be written and a finite sum of f(27) (0)A,, (1—2) and £ (1)A,(2),
(n > 0), where the Ap(2) are the Lidstone polynomials defined by the condi-

tions
a2k a2k
(—) An(0) =0 and (—) An(1) =6k n, k>0,n>0.
dz dz ’
We generalize this theory to n variables, replacing the two points 0, 1 in C with

n+1 points ey, e, ..., e, in C*, where ¢ is the origin of C" and ¢, ..., ¢, the
canonical basis of C™. By selecting a suitable subset of even order derivatives
at these n+ 1 points, we show that any polynomial in n variables has a unique
expansion. We obtain generating series for these sequences of polynomials and
we deduce an expansion for entire functions in C" of exponential type < =.
We extend to several variables results due to Lidstone (1930), Poritsky (1932),
Whittaker (1934), Schoenberg (1936), Buck (1955). We also show that our
results are, to a certain extent, best possible.

1. THE MAIN RESULTS

Let n be a positive integer. For z = (z1,...,2,) € C", { = ((1,...,() € C* and
t=(t1,...,tn) € N* we set

|zl = max{|z1],.. o [znl}, N2l = |zl 4+l C2= Gzt 4 G,

n
tl=1t!---t,! and zt= Hzfl
i=1

9 ty 9 tn
t_ [ 2 R
b (6) <a> |

We denote by Clz] the vector space of polynomials in n variables. For D > 0, let
Clz]<p denote the subspace of polynomials of total degree < D.

We also use the notation
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Let (eq,--.,€,) denote the canonical basis of C™:
& = (Oijhicjen (i=1,...,n)

where §;; is the Kronecker symbol. Further, set e, = (0,...,0). We denote by 2N
the set of even nonnegative integers.
The following definition will play a main role in this paper.

Definition 1.1. We denote by T the set of (¢,7) € N* x {0,1,...,n} such that ||Z]|
is even and, for ¢ > 1, t1,...,%; are even.

The initial step is the following result, which is easy to prove by induction on
the number n of variables — see [6, Proposition 2.

Proposition 1.2. If a polynomial | € C|z] satisfies
(D*f)(e;) =0
for all (t,7) € T, then f =0.

From Proposition 1.2 we will deduce the next result, which is our basis for
interpolation. We use the Kronecker symbol

bry = {1 ifr=t,

0 otherwise
and similarly for ;5.

Theorem 1.3. For each (t,i) € T, there is a unique polynomial Ay ,; € C[z] satis-
fying, for all (7,7) € T,

(DTA¢i)(e;) = 07,1045
The total degree of Ay is < ||| + 1.

Here is the expansion formula for polynomials:

Corollary 1.4. Any polynomial f € C[z] can be expanded in a unique way as a
finite sum

f)= Y (D) (e)Anil2)-

E)eT

We now consider extensions of the unicity result in Proposition 1.2 and of the ex-
pansion formula in Corollary 1.4 from polynomials to entire functions of exponential
type < 7.

For » > 0 and for f an analytic function in a domain containing {z € C"* |
2]l < 73, set

I fll» = sup [f(z)].

zl|=r

The order of an entire function f is

logl -
o) — timsup 210811
r—00 logr

and its exponential type

7(f) = limsup

T—00
These definitions extend to several variables the definitions of [8, § 7] for two vari-
ables. For instance for ¢ € C" the exponential type of the entire function z Sz

log 1]l
T
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is [¢|. If we were using the norm |z| in place of ||z|| in the definition of || f||,, the

order would be the same, but not the exponential type: for ¢ it would be ||{||.
Given an entire function f in C" and a real number 7 > 0, we will say that f

has exponential type < T in each of the variables if, for any i = 1,...,n and any
(215 -y Zi15 Zit1, - -+ 2n) € C"1 the function z; — f(21,...,2,) has exponential
type < 7

1
limsup — log sup |f(z1,...,2n)| < T

r—oo T |zi| <7
If an entire function f in C™ has exponential type 7(f) < 7, then f has exponential
type < 7 in each of the variables. The converse is not true [8, § 7].
The next result is [6, Proposition 2], where it is proved by induction on the
number of variables:

Proposition 1.5. If an entire function f in C™ of exponential type < 7 in each of
the variables satisfies (DLf)(e;) =0 for all (t,i) € T, then f =0.

Proposition 1.5 is optimal for two different reasons. Firstly, it does not hold with
a subset 77 of 7 when 7 \ 7" is infinite, as shown by the next Proposition 1.6.

Proposition 1.6. Let T’ be a subset of T such that T \ T’ is infinite. Then there
is an uncountable set of entire functions f of order 0, with Taylor expansion at the
origin having rational coefficients, such that (Dtf)(e;) =0 for all (t,i) € T".

The assumption on 7 \ 7" is necessary: for a subset 7' of T such that 7\ T’
is finite, the only entire functions of exponential type < 7 in each of the variables
such that (DLf)(e;) = 0 for all (¢,i) € T’ are the polynomials — this follows from
Proposition 1.5. The proof of Proposition 1.6 is given in § 3.

Before giving the second reason for which Proposition 1.5 is optimal, let us state
the following generalization of Corollary 1.4 to entire functions of exponential type
<.

Following [2, p. 27], we will say that a series of functions ) an(z) converges
normally in an open subset  of C™ if )~ supy |aq(2)| converges for every compact
set K C Q. For instance [2, Theorem 2.2.6] an analytic function in a polydisc
{z€C" | |z <rj, j=1,...,n} is the sum of its Taylor expansion at the origin
with normal convergence in this polydisc.

Theorem 1.7. Any entire function f in C™ of exponential type < 7 can be written
n a unique way as the sum of a series

(1.1) f2)= Y (Df)(e)Ani(2)
(t,0)eT
which is normally convergent in C™.
The case n = 2 of Theorem 1.7 is Theorem 7.1 of [8].
The proof of Theorem 1.7 (§ 6) is an application of the Laplace transform, once

we prove the special case for the functions f¢(2) = etz for ¢ € C" with |¢| < T,
which is the following:

Theorem 1.8. For z € C" and € C" with |(| < 7, we have

o= Y Ao+ Y e D Anila)ch
1

teEN i= teENT
(t.0)0eT (t,9)ET
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where the series in the right hand side are mormally convergent in the open set

{(¢,2) eC" xC" | [¢| <}

For the proof of Theorem 1.8, we will produce in (§ 4) explicit formulae for
the multivariate polynomials A;,;(z) ((¢,7) € T) in C[z], in terms of the classical
Lidstone univariate polynomials A;1(2) and Ay o(2) = Ay1(1 — 2) (¢ € 2N) in C[2]
which we recall in § 2. We will deduce in § 5 explicit generating series for the 2"
families of polynomials Ay ;(z), (¢,¢) € Ta, where T, (a € (Z/2Z)") is a partition
of T; the parity of the components (¢1,...,t,) of t for (¢,7) € T, depend only on a.

The second reason for which Proposition 1.5 is optimal is that the upper bound 7
for the exponential type is best possible: in § 7 we give the following characterisation
(Corollary 1.10) of the entire functions f in C™ of finite exponential type which
satisfy (DTf)(e;) = 0 for all (¢,4) € T.

Theorem 1.9. Let K be a nonnegative integer. Let f be an entire function in C™
of finite exponential type < 7 with T < (K + 1)w. Then for z € C" we have

flz)= Z (D f)(e;)gri(z +Zzhkz Py Zim1s Zigl - - - Zn) SiD(ETZ;),

(t,9)eT k=1i=1
where the functions g ;(z) are entire functions in C", the series is normally con-
vergent in C" and hy;, (k=1,2,...,K,i=1,...,n) are entire functions of n —1
variables of exponential type < T.

Corollary 1.10. Let f be an entire function in C™ of exponential type < T with

< (K + 1)m. Assume (Dtf)(e;) = 0 for all (t,i) € T. Then there are entire
functions of n — 1 variables hy; (k=1,2,...,K,i=1,...,n) of exponential type
< 7, such that

K n
z) = Z Z Pii(21, .05 %o, Zig1 - - - 2n) Sin(kmz;).

k=1 11=1
2. UNIVARIATE LIDSTONE POLYNOMIALS - A SURVEY

We collect here some classical results on univariate Lidstone polynomials. Full
proofs and references are given in [7].

Theorem 2.1 (G. J. Lidstone (1930) [3]). There are two sequences of polynomials
in a single variable, (Atvo(z))te2N’ (Ae1(2)) such that any polynomial f € C[z]
can be written as a finite sum

(2.1) F&) =" fO0)A0(z) + > FO M)Az

te2N te2N

te2N’

For i = 0,1, the degree of A;; is t + 1. These polynomials are characterized by
the following property: for ¢ and 7 in 2N, we have

A (0) =8, and Al (1) =0
and
A(0)=0 and A (1) =6y,
It follows that A o(2) = Ay1(1—2). In the literature, the polynomials Agg 1 are de-

noted by Ay (they are the classical Lidstone polynomials), but for our generalization
to several variables it is more convenient to use the present notation.
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From Theorem 2.1 one deduces, for t € 2N, the recurrence formulae

(2.2) Ai1(2) = (t_il)!zﬂ'l - Z ﬁ/\r,l(Z)

and

(2.3) = Aol)+ Y (

—FA
t—1)!
TE2N
o<r<t
Lidstone’s Theorem 2.1 for polynomials has been extended by H. Poritsky (1932)
and J.M. Whittaker (1934) [4, 9] to entire functions of sufficiently small exponential

type.

Theorem 2.2. The expansion (2.1) holds for any entire function f of exponential
type < m, with a series in the right hand side of (2.1) which is normally convergent
in C.

Corollary 2.3. Let f be an entire function of exponential type < 7 satisfying
f®0) = fO(1) = 0 for all sufficiently large t € 2N. Then f is a polynomial.

Another consequence of Theorem 2.2 is the following explicit expression for the
generating series of the Lidstone polynomials:

At — sinh(Cz)
(2.4) tezzNAt’l( )¢ (D)

From the estimates in [7, (15)] for the classical Lidstone polynomials, it follows that
the series in the left hand side of (2.4) is normally convergent in {(z,() € C? |
¢l <7}

Expansions similar to (2.1) hold for functions of finite exponential type, as shown
by R.C. Buck in 1955 [1].

Theorem 2.4. Let K be a positive integer. Let f be an entire function of finite
exponential type 7(f) < (K +1)7 and let F(¢) be the Laplace transform of f. Then
for z € C we have

K
F) =Y FP0)0 =2+ Y fPW)a(z) + ) Crsin(krz),

te2N te2N k=1

where the series are normally convergent in C, the functions g, are entire and, for
max{Knm,7(f)} <r < (K + 1)~,

_1\k+1.¢
Cp = —ki/lq_ %F(()dg 1<k < K).

Notice the assumption max{7(f), K7} < r < (K + 1)m which replaces the er-
roneous condition 7(f) < r < (K + 1)7 of [7, Proposition 3], as pointed out in [,
§ 8].

The following consequence of Theorem 2.4 was already proved by I.J. Schoenberg
in 1936 [5]:
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Corollary 2.5. Let f be an entire function of finite exponential type 7(f) satisfying
f®0) = f®(1) =0 for all t € 2N. Then there are complex numbers such that

K
flz) = Z Cy sin(kmz)

k=1
with K < 7(f)/m and Cy,...,Ck are the constants from Theorem 2.4.

3. EXISTENCE AND UNICITY OF THE POLYNOMIALS

Recall (Definition 1.1) that 7 denotes the set of (¢,¢) with t € N™, ||t|| even,
i €{0,1,...,n}, which satisfy the additional condition, for ¢ > 1, that ¢,...,t; are
even.

Let ¥ : N® — T be the map which sends k € N” to (k,0) for ||k|| even and to
(k —¢;,1) for ||k|| odd, where ¢ € {1,...,n} is the index such that k1,...,k;—1 are
even and k; is odd. We also define «(k) as the integer ¢ such that ¥ (k) = (k—¢;,19).
This map W is bijective, the inverse bijection is (¢,7) — ¢+ e,.

Proof of Proposition 1.2. For t and k in N”, we have

(3.1)

Dtk _ (E%)!gk’i ifk; >t;foralli=1,...,n,
B otherwise.

Let f(z) = Y penn auzt € C[z]. From (3.1) we deduce that for t € N, we have
DL (ey) = thay

and that for 1 <1i < n, we have

Dif(e) =) M%M@;

ya
>0

Assume (Dtf)(e;) = 0 for all (¢,i) € T. Let K > 0 be an even integer such that f
has degree < K 4+ 1. We prove f = 0 by induction on K.
For K =0, we have

n
(3-2) f(2) = fleo) = Y zilf(e) = fleo))-
i=1
Since (eg,4) € T for 0 < i < n, the assumption on f implies f(e;) = 0 for 0 < i < mn,
hence f = 0.
Assume K > 2; recall that K is even. Let (f,i) € T satisty ||t|| = K. From
Dtf(ey) = 0 we deduce a; = 0. Since f has degree < K + 1, for 1 < i < n we have

Df(e;) = tlay + (t+ €;)apye,,

hence the condition Dtf(e;) = 0 implies aire, = 0. Since W is bijective, we deduce
a, = 0 for all k € N” with || k|| € {K, K + 1} and therefore f has degree < K — 1.
This completes the proof of the inductive argument. O

Let T be an even integer > 0. Let T be the set of pairs (¢,7) € T with [|t|| < T.
By restriction, ¥ induces a bijective map from {k € N* | ||k|]| < T + 1} onto Tr.
Therefore Proposition 1.2 can be stated as:
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Proposition 3.1. For each even T > 0, the linear map which, to a polynomial
f € Clzl<r+1, associates the tuple

(sz(gi))(g,i)ETT eC’r

is an isomorphism from Clz]l<pi1 to Cr.

Proof of Theorem 1.3. The unicity follows from Proposition 1.2. We prove the
existence together with the upper bound for the degree. Let T be an even integer
> 0. The inverse image under the isomorphism given by Proposition 3.1 of the
canonical basis of C'T is a family of polynomials At in Clz]<r41 which satisfies,
for each (7,j) € T with ||z|| < T +1,

(D) (¢;) = 07,105

Since A;; has total degree < T + 1, it also satisfies (DTA;;) = 0 for all 7 with
=]l > T + 1.
In a more explicit way, we deduce from Proposition 3.1 that the square matrix

((DI&E) (Qj)> (£.9)ETr

IEI<T+1

(k)
(am’ ) £ <T+1

) ETp

is regular. Denote by

the inverse matrix. The polynomials A;; are nothing else than
k
Ailz) = Y a2t
kI <T+1
|

Proof of Corollary 1.4. Under the assumptions of Corollary 1.4, it follows from
Theorem 1.3 that the polynomial

9@ =F2) = D (D)e)Ai2)

(ti)eT
satisfies
(Dtg)(e;) = 0 for all (¢,4) € T,
hence g = 0 as shown by Proposition 1.2. O

In the case n = 1, we recover the Lidstone univariate polynomials classically
denoted A, (z) : for m > 0 and z € C,

Ao o(2) = A(1 — 2),  Agpma(2) = Ap(2).
They also occur in the relations, for m > 0,¢=1,...,n and z € C*,
Aome,i(2) = Am(2).
For t = e, we have (compare with (3.2))

Aejo(z)=1—21— =z, A i(z)=zfori=1,...,n.
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Proof of Proposition 1.6. Let (P,),>0 be an infinite sequence of polynomials among
the Ay, (t,4) € T \ T, where the sequence d,, of the degree of P, is increasing.
Let (¢n)n>0 be a sequence of positive rational numbers satisfying

Pyl < cpri
for all » > 1 and n > 0. For n > 0, set

_1
cn(dp!)?

> unPul(2)

n>0

Uy =

The series

is normally convergent in C" and its sum f(z) is an entire function of order 0. From
the normal hence uniform convergence we deduce, for all (¢,7) € T,

Up, if Ag,i = Pn7

0 otherwise.

(DAf)(ey) = {

As a consequence we have (Dtf)(e;) = 0 for all (¢,7) € T".
Two distinct sequences (¢, )n>0 give rise to two distinct functions f, and conse-
quently we obtain an uncountable set of such functions. O

4. EXPLICIT FORMULAE

Here are explicit formulae for the multivariate polynomials A ;(z) ((¢,¢) € T) in
C[z], in terms of the classical Lidstone univariate polynomials Ay 1 (2) and A o(2) =
Ai1(1—2) (t € 2N) in C[z] introduced in § 2.

Theorem 4.1. Let (¢,i) € T. Ifi € {1,...,n}, we have

J

t

z.

(4.1) Ari(z) = Ana(z) [] ij,'
15;5in, J°

If i = 0, let us denote by v € {0,1,...,n} the least integer > 0 such that t, 11 is
odd, with v =0 if t1 is odd while v =n if t1,...,t, are all even. Then

v 17 t
z z=
o *

We will prove Theorem 4.1 by using the following corollary of Theorem 1.3,

where x7 denotes the characteristic function of 7 for (¢,i) € N* x {0,1,...,n},
we write
. At Z(Z) if (t, Z) S T,
LA i(2)=4q 77 -
Xt AL(2) {O T

Lemma 4.2. For k € N", we have

n k;
1 <1 .
(4.3) E§E = g E BXT(E — le;, Z)Ah—fg,i(g) +

i=1 £=0

Ago(z) if || k|l is even,
0 if ||| is odd.
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Proof of Lemma 4.2. We use Corollary 1.4 in the following equivalent form: for

keN",
Z > (DLE) (e)xr(t i) Ari(2).

i=0 teNn
From the relations (3.1) we deduce

(D'2%)(eo) = dunk!,
hence

> (D) (eo)xr (£ 0)Aro(2) =

teNn
Let ¢ € {1,...,n}. The relations (3.1) yield

(D 2%)(e;) = {(ki). if kj =t; for all j # 4 and t; <k,
= J\&q

E'Ako(z) if ||E| is even,
0 if ||&| is odd.

0 otherwise,
hence
g
S (D) e (6 )Ai(2) = 3 T — ey, DA e, i)
zeNn /=0
Lemma 4.2 follows. u

We deduce from Lemma 4.2 the following recurrence formulae, which extend to
several variables the inductive formulae (2.2) and (2.3) for the classical Lidstone
polynomials. Corollary 4.3 enables one to compute firstly A;; for i =1,...,n by
induction on ||¢|| and next A;o. The computation of A;; relies on formula (4.3)
applied to k = ¢ + ¢;, that is with k such that ¥(k) = (¢, 1), following the notation
of § 3.

Corollary 4.3. For (t,i) € T with 1 <i <n, we have

2z 1
(44) Agi(&) = Eti 11 - WEZZN m/\z—mgi,z(é).

2<m<t;

Fori=0 and ||t]| even, we have
2 1
(4.5) Apo(z) = i —Z > o ht-re,4(2)
j_

where v is defined in the statement of Theorem 4.1.

In case n = 1, (4.4) is nothing else than the recurrence formulae (2.2), while
(4.5) corresponds to (2.3) for the univariate Lidstone polynomials. In case n = 2,
Corollary 4.3 reduces to [8, Lemma 3.1] for the bivariate polynomials.

Proof. Let i € {1,...,n} and let (¢,7) € T; hence ty,...,t; are even and ||t|| is even.
We use equation (4.3) with k = ¢+ ¢, (hence k; =t; +1 and ||| = ||t]| + 1 are odd
while kq,...,k;_1 are even):

~

n kj
—ZZ% (k — bej, ) Ak—te, 5(2).

E S
It \ IRy
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Let j € {1,2,...,n} and £ € {0,...,k;} be such that (k — fe;,j) € T; then
ki,...,kj—1, kj — € and ||k — fe;|| = ||k|| — ¢ are even, hence / is odd and therefore
k; also. Since ki,...,k;_1 are even and k; is odd we have i > j. Since kq,...,k;_1
are even and k; is odd we have j > 4. Hence j = i. For j = i, we have (k—/e;,i) € T
for all £ odd in the range 0 < ¢ < k;. Equation (4.4) follows.

Let t € N™ with ||£|| even. Let v € {0,1,...,n} be the index such that ¢1,...,t,
are even and t,41 is odd. We use (4.3) with k = ¢ (hence ||k|| is even):

1 - ,
Apo(z) = 72" = > X7 (= Llej, ) Ar—re, 5(2)-

Let j € {1,2,...,n} and ¢ € {0,...,t;} be such that (¢t — le;,j) € T. Now
[t — Le;|| = [It]] — ¢ is even, hence t1,...,t; 1 and £ are even. Also t; — ( is even,
hence ¢; is even. Since ¢1,...,t; are even and t,4; is odd, we have j < v. Finally
for £ even in the range 1 < j < v, we have (t — le;,j) € T. We deduce (4.5). O

Proof of Theorem 4.1. Let i satisfy 1 < ¢ < n. We prove (4.1) by induction on ||¢]|,
starting with [|£]| = 0, that is t = (0,...,0) = ¢y, for which A, ;(z) = 2; = Ao 1(2:)-
Assume now (¢,4) € T has ||t|| > 2. From the induction hypothesis we deduce, for
m even in the range 2 < m <'t,,

t
z.
Ap-me,i(2) = Meimma(z) [ 7

1<j<n 7
i#i
Using (4.4), we obtain
Z’.:Hrl Z 1 Z;J
Api(2) = | 77— — A () .
wt (tl —+ 1)' mean (m + 1)' m ¢ 155<n j!
2<m<t; jHi

Now (4.1) follows from the recurrence formula (2.2).
We prove (4.2), again by induction, starting with ||£|]| = 0 for which we have
v=mn:

Ago(z)=1-21——2zp=(1—2z1)+ - +(1-2,)—(n—1) = ZAO’O(zi)—(n—l).
i=1

Let t € N” with ||t|| even > 2. In (4.5), using (4.1), we substitute, for 1 < j <wv,

Apre, j(2) = Aiy—1(25) E
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Using (2.3) we obtain

= j=1 te2n 1<i<n
0<e<t; i#£j
v t; t t
Z 1 z.t 2
— J . v —_ 1=
- '_ 7|AtJ*Z71(ZJ) N (V 1) |
y 2 ¢ 11 ;! t
j=1 £€2N 1<i<n
0<e<t; i#j
A 1= z
- t;,0(25) T (v )yv
j=1 1<i<n '
i)

which completes the proof by induction of (4.2).

An alternative proof of Theorem 4.1 is by checking that the polynomials in the
right hand sides of the formulae (4.1) and (4.2) satisfy the properties of Theorem
1.3 which give a characterisation of the polynomials Ay ;. ([

From Theorem 4.1 and [7, Equation (15)], we deduce, for (¢,i) € T and z € C",

. v Ak .
Ari(z)] < 2 tig37zil/2 H |t.7.|' 7 i=1,....n,
1<j<n 7
i
o 24 g '
_1)&! 3m/2 —tj o37|z51/2 a .
Aro(@)] < (0= DED 42007/ Y ntesminlz T 20
j=1 1<e<n
[
5. GENERATING SERIES
Let us write the conclusion of Theorem 1.8 as
(5.1) elz — Z Az’i(é)e<i£§7
(ti)eT
where we set (o = 0.
For i € {0,1,...,n}, define
A ={ae(Z/22)" | |laf =0, a1 =+ = a; =0}

and let
A={(a,1) | a€A;, 0<i<n} C(Z2/22)" x{0,1,...,n}.

The number of elements in A; is

{2"—1—i for0<i<n—1,

1 for i = n,
hence the number of elements in A is 2. We now split 7 into a disjoint union of
2™ subsets Ty ;: for (a, i) € A, define
Tai ={(t,3) € T, t; mod 2 = ¢; for 1 < j <n}.
We now produce explicit formulae for the 2™ generating series indexed by («, ) €

A:

Mai(G2) = Y Aui()Eh

£END
(t,1) €Ty i
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Using the notation (p = 0 from above, we have

(5.2) > Avi(2)efict= > e My (¢, 2).

(ti)eT (a,i)€A
Definition 5.1. For a € Ay, we define v(a) as the largest index v € {0,1,...,n}
such that a; =--- = «, = 0.
If 7 =+ = a, = 0 then v(a) = n. Otherwise v(a) < n—1and a,41 = 1.

Also v(a) = 0 if and only if oy = 1.
Theorem 4.1 can be stated as follows:

Theorem 5.2. Let (a,i) € A and let (¢,z) € C" x C" with |{| < 7.
If i # 0, we have

inh(Giz; .
Mai(Co2) = m &g#i cosh(¢;z;) H sinh(;z5).

;=0 aj=1

If i =0, we have, with v = v(a),

Mool =3 Si“hs(iff}f(lcj_) ) I otz TT st

—(v-1) H cosh(Crze) H sinh(Ce2¢),

1<e<n 1<e<n
ap=0 ap=1
and also
Mqa (¢, 2) H cosh((;z;) H sinh((;z;)
1<J<n 1<j<n
i=0 aj=1
cosh(¢ .
- Z ah(C smh (Giz5) H cosh(Crze) H sinh(Cezy).
sin 1<0<n, 045 1<0<n
ap=0 ap=1

Proof. The formula for i # 0 and the first formula for ¢ = 0 follow from Theorem
4.1, the generating series (2.4) and the Taylor expansions of sinh({z) and cosh((z).
The last formula for ¢ = 0 follows from the previous one by using the identity

(5.3) sinh(¢(1 — z)) = sinh(¢) cosh(¢z) — sinh(¢z) cosh(().

6. ENTIRE FUNCTIONS OF EXPONENTIAL TYPE < 7

This section is devoted to the proof of Theorem 1.8 first and then of Theorem
1.7. We start with the claims on the normal convergence of the series in these
statements.

Proof of the normal convergence. If f is an entire function in C™ of exponential
type 7(f), then

(6.1) lim sup | D% f(z0)|Tll =7(f).

Ikl —o00

The proof given in [8, Lemma 7.1] for n = 2 extends to all n.
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Let R > 0. According to (4.6), there exists ¢ = ¢(R) > 0 such that, for (¢,i) € T,

we have c
sup [Agi(2)] < T
llzII<R =

From (6.1) we deduce that for x in the range 7(f) < & < m, for sufficiently large
[[£]l, we have
(6.2 D1 (er)] < .

Hence the series

Y D))l sup [Agi(z)] and Y0 sup |Agi(z)CY

X <R X Iglh<w
(tHET llzli< GDET Zi<r

converge. O

Proof of Theorem 1.8. Our goal is to prove the formula (5.1). Thanks to (5.2), it
will be sufficient to check that eSZ is given by the right hand side of (5.2).

We use the formula
n

H((Ll+bz) = Z Haijj
i=1 JC{1,2,...n}jeJ  j&J
with a; = cosh({;2;) and b; = sinh((;z;). Hence

n

ghrFtHnzn — H(cosh((izi)—i-sinh(g}zi)) = Z H cosh((;z;) H sinh(;z;).

i=1 Jc{1,2,....,n} jeJ Jg¢J

For (a,i) € Aand 1 < j < n, we define A, (¢, 2) and B, ;),;(¢,2) as follows.
When i > 1, we set

Aai(G2) =sinh(Gz)  [] cosh(¢z) [ sinh(¢z)

1<j<n,j#i 1<j<n
;=0 aj=1

and

B(Q,i),j (Qa 5) = 6iajAQ,i(§7 é)'
When i = 0, we set

Aao(C,2) = H cosh(¢;z;) H sinh({;z;)

1<j<n 1<j<n

;=0 aj=1
and

—sinh((;z;) H cosh(Crze) H sinh(Cpz¢) for 1 <j <uw,
B(a,0),i(6,2) = i T

0 for v < j <mn,

where v = v(a) has been introduced in Definition 5.1. Recall (, = 0 and notice
that
e$
sinh(()
According to Theorem 5.2, for all («,4) € A we have

=1+ coth(().

" My i(¢,2) = Aai(C2) + Y coth((;) Bia.iy.i (¢ 2).
j=1
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The class modulo 2 of the number of sinh factors in the product A, (¢, 2) is [|afl,
hence the number of sinh factors is even. Among the 2" products of the form

H cosh(¢;z;) H sinh(¢;z;),
jedJ J¢J
for J asubset of {1,2,...,n}, the Ay 0(¢, 2) with o € Ag are the 27~1 such products

where the number of sinh factors is even:

Z Aa,0(¢, 2) = cosh((r21) Z Hsinh(Cjzj) H cosh(¢;z;)

acAp IC{2,...,n} jEI 2<j<n

|I| even J¢I
+ sinh({121) Z H sinh(¢;z;) H cosh(¢;z;).
1c{2,..., n} jel 2<j<n
1] odd i€l

For 1 <i < n, the class modulo 2 of the number of sinh factors in

Ani(C2) = H cosh((jz;) | sinh((;2;i) H sinh((;z;) H cosh((;z;)

1<j<i i<j<n i<j<n
- ajzl aj:O

is 14-||f|, hence this number is odd; these A, i(¢,2) for a € A; are all the different
products

H cosh((;z;) H sinh((;z;),
JjeJ Jj¢J
which have an odd number of sinh factors and which are starting with

cosh((121) - - cosh(¢j—12;—1) sinh((;2;).
Hence the Aq (¢, 2) for (a,i) € A with 1 <4 < n are the 2"~! products

H cosh(¢;z;) H sinh({;2;),

jeJ Jj¢J
for J a subset of {1,2,...,n}, where the number of sinh factors is odd. Therefore
Z Ani(C,2) = Z H cosh(¢;z;) H sinh((jz;) = e,
(a,i)€A Jc{1,2,...,n} jeJ Ji¢J

We now fix j € {1,2,...,n}. Let (a,i) € A such that B, ;) ; # 0. If i = 0, then
v>1, a,41 =1, hence

B(a,0),5(¢, 2) = —sinh((;2;) H cosh((rze) H sinh(Ceze).

1<e<n,e4£] 1<e<n
=0 ap=1

If i > 1, the condition By ),; # 0 implies i = j and
Ba.i),; (¢, z) = sinh((j2;) H cosh({pz) H sinh({pzy).
1<e<n, 645 1<¢<n
=0 ap=1
Hence for all 1 < 5 < n, we have
Z Ba,i),; = 0.
(ai)€A

This completes the proof of Theorem 1.8. (]
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Proof of Theorem 1.7. Theorem 1.8 yields the formula (1.1) of Theorem 1.7 for the
special case of the functions e¢* with ( € C", || < 7. Once we know (1.1) for

these functions %, we deduce the general case by means of the Laplace transform
in several variables as follows.

Let ar
_ E _k
flz) = e
keNn =

be an entire function in C™ of exponential type 7(f). From (6.1) with zgp = 0 it
follows that the Laplace transform of f, viz. the function of n complex variables

(6.3) F(¢) = Z apCTRt

keNn

is analytic in the domain {¢ € C™ | |G| > 7(f), 1 <i < n}. Let r > 7(f). From
Cauchy’s residue Theorem and from the normal convergence of the series (6.3) for
Fon|¢|=-=||=r we deduce

A= 1L ¢ Lo
(6.4) 10 = e [ OG-,
and

(6.5) Df(z) = ﬁ /| e /| | GREP(OAG G

Assume 7(f) < 7. Let r satisfy 7(f) < r < 7. In (6.4) we replace e$* by the
formula of Theorem 1.8 :

1
_ A iz : Ll F(O)dC -+ - dE.
10 3 My [ SEP© A

Using (6.5), we deduce
@)= Y A2 (DH)(e).
(ti)eT
This completes the proof of Theorem 1.7. (]

Remark. Denote by p, the multiplicative group with two elements {—1,1}. For
v € py and o € (Z/27)", write
rE=NT

Further, for v € pu3, z and ¢ € C", set
lg = (’71417 cee 7'7n<:n) € Cn’ LCZ = 71(131 +---+ ’YnCnZn eC

and for i =0,...,n,
0 for ¢+ =0,
(1Q)i = .
v ¢ for 1 <i<n.
For v € p% we deduce from the definition of M, ; in § 5
Ma,i(76, 2) = 7*Mai(C 2),
and from Theorem 1.8 and (5.2)

(6.6) €282 = Z 7209 My (¢, 2).
(ai)€A
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Let E(¢, 2) be the column vector with 2" components 2%, y € p%, and let M((, 2)
be the column vector with 2" components M, (¢, z), (¢, ) € A. Then the equations
(6.6) can be written in matrix form E(¢, z) = A(¢)M(C, z), where A(C) is the 2" x 2"
square matrix B I -

Theorem 5.2 shows that for 0 < [(;| < 7 (1 < i < n) the matrix A(¢) is regular and
it gives implicitly a formula for its inverse. The case n = 2 is explained in [8, § 7].

7. ENTIRE FUNCTIONS OF FINITE EXPONENTIAL TYPE

The proof of Theorem 1.9 is a generalization of the proof of Theorem 8.1 in [§].

Proof. Let K > 1. Set

1)1k sin(knz) ksin(kmz)
_QWZ 21 k2n2 and B ((, 2 :_2”2 21 k2n?

We use the fact (see [7, § 8]) that the functions of two variables Gk ((,z) and
Hg (¢, z) defined by

sinh({z)

Sinh(0) = Ak (¢, 2) + Gk (¢, 2) and sinh(¢z) coth(¢) = Bi (¢, 2) + Hk (¢, 2)

are analytic in the domain {(¢,2z) € C?* | [¢| < (K + 1)7}. From Theorem 5.2 we
deduce, for (o, i) € A, if i > 1,

Ma,i(¢,2) = (A (Gir zi) + G (G 21)) H cosh((;2;) H sinh(j25)

15 <n g 1<i<n
aj=0 L!]'=1
and if i =0
My 0 C, H cosh( Cjzj H sinh( (sz)
1<j<n 1<j<n
aj=0 uj=l
v
- Z(BK(ijzj) + Hk (¢, %)) H cosh(Crze) H sinh((eze).
j=1 1St bt 1<t
ap oy

For (t,i) € T we define g, ;(z) by writing the Taylor expansions for i > 1,

GK(Q;ZZ') Z H COSh(Cij) H Sinh(Cij)

a€cA; 1<j<n,j#i 1<j<n
aj:o ajzl

= Z g.i(2)¢h

teNm
(t,)eT
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and for i =0

Z H cosh(¢;z;) H sinh(¢;z;)

€Ay \ 1<i<n 1<j<n
aj=0 aj=1

=Y Hi(G,z) [ cosh(¢eze) ] sinh(¢eze)
j=1

1<0<n, 045 1<e<n
ap=0 ap=1
E gro(z)¢"
teEN
[I£]l €2N

Finally we set

:ZAK(Q,zi)eCi Z H cosh(¢;z;) H sinh((;z;)

aEA; 1<i<n,j#i 1<j<n
- (yj:() aj:1
— Z ZBK(Cj,zj) H cosh(Crze) H sinh(Cyzy),
a€Ag j=1 1<e<n, 0] 1<e<n
ayp=0 ap=1
so that Theorem 1.8 yields
(7.1) F= Y i)t +x(¢2),

(t,)eT

The series in the right hand side of (7.1) is normally convergent in {({,z) € C" x
C™ | [¢| < (K + 1)}, since for i = 0,...,n, the series

> gri(z)¢

tENT
(t,79)eT

defines an analytic function in this domain [2, Theorem 2.2.6]. For the record, we
point out that it follows from Cauchy’s inequalities [2, Theorem 2.2.7] that there
exists ¢ = ¢(R) > 0 such that, for (¢,7) € T, we have

c
(7.2) sup |gz,i(2)] < T
lzI<R L
For 1 <i < nand z € C", we write 29 for (21,...,2i_1,%i41,-..,2n) € C* L,

For 1 <k < K and 1 <i < n, define

_ 1R+ 27 keC:
yi (o 2y = CU2TRE S T (G T sinh(Gey)

2 1 122
C + k4 QEA; 1<i<n, j#i 1<j<n
;=0 a;=1
+ E C2—|—k;27r2 H cosh((;z;) H sinh((;2;),
acAg 1<j<n,j#i 1<j<n
v(a)>i ;=0 aj=1

so that

n

K
(7.3) Z Xk.i (:, sm(lmrzz)
k=1 i=

1
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Fork=1,...,Kandi=1,...,n, the function x4 (¢, 2(®) is analytic in the domain
{(¢,2) eC"xC" ! | Kr< |G| < (K+1)m (1<j<n)}.

Let f be an entire function in C™ of finite exponential type < 7 with K7 < 7 <
(K + 1)7. Denote by F the Laplace transform of f. In (6.4), we replace e%* with
(7.1), where we substitute (7.3) for x(¢,z). We deduce the formula of Theorem 1.9,

namely
K n

f(z) = Z (DEf)(e;)gri(z +ZZh;“z( )sin(kmz;),

(ti)ET k=1 i=1

(2@
i) = g [ - G F QG G,

for any r with 7 < r < (K + 1)m. This function hy,; has exponential type < r.
Since this is true for all  in the range 7 < r < (K + 1), this exponential type is
<.

Let R > 0 and let &, r satisfy 7(f) < k <r < (K + 1)7. Using (6.2) and (7.2),
we deduce that the series

with

Y D)) sup |guilz)]

(t,9)eT lzll<R
converges. This proves the claim on the normal convergence of the series and
completes the proof of Theorem 1.9. (]

Finally, Corollary 1.10 follows immediately from Theorem 1.9.
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