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1 Background

Among many references for this preliminary section are D.S. Dummit &
R.M. Foote [5] and S. Lang [9].

1.1 Group theory

Groups, subgroups. Lagrange’s theorem: the order of a subgroup of a finite
group divides the order of the group. Index of a subgroup in a group.

Additive vs multiplicative notation.

Abelian groups (=commutative groups).

Intersection of subgroups. Subgroup generated by a subset. Finitely
generated group. Subgroup generated by an element.

The order of an element is the order of the subgroup generated by this
element. An element x in a multiplicative group G is torsion if it has finite
order, that means if there exists m > 1 such that " = 1. In this case the
order of z is the least of these integers m’s. The set of m € Z with 2™ =1
is a subgroup of Z which is not 0, hence, it has a unique positive generator
d, which is the order of . Therefore, for an element x of order d, we have

" =1<<=d|m.

We stress that the condition 2™ = 1 does not mean that x has order m, it
means that the order of x divides m.

If z is an element in a multiplicative group G and m an integer such that
2™ = 1, then for i and j in Z satisfying i = j mod m we have 2* = 2/. In
other terms, the kernel of the morphism

Z — G
e



contains mZ. Hence, this morphism factors to Z/mZ — G, which we
denote again by 7 — 7. This means that we define 7 for j a class modulo
m by selecting any representative of j in Z.

Exercise 1.

(1) Let G be a finite group of order n and let k be a positive integer with
ged(n, k) = 1. Prove that the only solution x € G of the equation z¥ =1 is
=1

(2) Let G be a cyclic group of order n and let k£ be a positive integer. Prove
that the number of x € G such that z¥ = 1 is ged(n, k).

(3) Let G be a finite group of order n. Prove that the following conditions
are equivalent:

(1) G is cyclic

(41) For each divisor d of n, the number of x € G such that z¢ = 1 is < d.
(4i1) For each divisor d of n, the number of 2 € G such that 2¢ =1 is d.

The torsion subgroup of a commutative group. FEzxponent of a torsion
group G: the smallest integer m > 1 such that 2™ =1 for all € G. Exam-
ples of torsion groups: in additive notation Z/nZ, Q/Z. In multiplicative
notation: n-th roots of unity, group of all roots of unity in C.

Direct product and direct sum of groups (this is the same when there are
only finitely many groups).

Morphisms (also called homomorphisms) between groups. Isomorphisms,
endomorphisms, automorphisms. Kernelof a morphism. Quotient of a group
by a subgroup.

Theorem of factorisation for morphisms of groups.

Given an surjective morphism of groups f : G1 — G2 and a morphism
of groups g : G1 — G3, there exists a morphism h : Go — G3 such that
ho f =g if and only if ker f C kerg.

If h exists, then h is surjective if and

g

Gy —— G3 only if g is surjective, and h is injec-
fl A tive if and only if ker f = ker g.

Go

Ezample: G2 = G1/H when G is abelian, H a subgroup of G, and f is
the canonical morphism.

Cyclic groups. The subgroups and quotients of a cyclic group are cyclic.
For any cyclic group of order n and for any divisor d of n, there is a unique
subgroup of G of order d; if { is a generator of the cyclic group G of order n



and if d divides n, then ("¢ has order d, hence, is a generator of the unique
subgroup of G of order d. In a cyclic group whose order is a multiple of d,
there are exactly d elements whose orders are divisors of d, and these are the
elements of the subgroup of order d. In a cyclic group G of order a multiple
of d, the set of elements {z¢ | 2 € G} is the unique subgroup of G of index
d.

A direct product Gy x Go is cyclic if and only if G; and Gs are cyclic
with relatively prime orders.

The number of generators of a cyclic group of order n is ¢(n), where ¢

is Euler’s function (see §[1.4.1)).

1.2 Ring theory

Unless otherwise explicitly specified, the rings are commutative, with a unity
1 and 1 # 0. Often, they have no zero divisors (they are called domains),
but not always: indeed, we will consider quotient rings like Z/nZ where n
is not a prime number.

Characteristic of a ring.

Intersection of rings. For B a ring, A a subring and E a subset of B,
the ring generated by E over A is denoted by A[E]. Special case where
E ={aq,...,ay}: we denote it by Alaq,...,ap].

Morphisms between rings, isomporhisms, endomorphisms, automorphisms.

Ideal of a ring, kernel of a morphism. Quotient of a commutative ring by
an ideal Z # {0}. Canonical morphism A — A/Z. Prime ideals, mazimal
ideals.
Theorem of factorisation for morphisms of rings. Given a surjective
morphism of rings f : Ay — As and a morphism of rings g : Ay — As,
there exists a morphism h : Ay —> As such that ho f = g if and only if
ker f C kerg.

If h exists, then h is surjective if and

g
A —— A3 only if g is surjective, and h is injec-
fl T tive if and only if ker f = ker g.

Ao

Ezample: Ay = A;/Z when A; is commutative, Z an ideal of A, and f is
the canonical morphism.
Quotient field of a domain.

The ring of polynomials in one variable A[X] or in several variables
AlXq, ..., X,



The units of a ring A are the invertible elements, they form a multiplica-
tive group A*. A field is a ring F such that F’* = F \ {0}. The torsion
elements in the group A* are the roots of unity in A. Their set

AX

tors

={z € A | there exists n > 1 such that 2" = 1}

is the torsion subgroup of the group of units A*.
FEuclidean rings, principal rings, factorial rings. Examples: Z, k[X]
where k is a field, A[X] where A is a ring, k[X1,...,X,] and A[X7,..., X,].
Given two rings Ay, Bs, a subring As of Bs, a morphism of rings

f : Al — A2 C By
and elements y1,..., ¥y, of By, there is a unique morphism
F: Al[Xl,. . .,Xn] — Ag[yl,. . .,yn]

such that F(a) = f(a) for a € Ay and F(X;) =y; for 1 <i<n.

As a consequence, if f : A — As is a morphism of rings, there is a unique
morphism of rings A;[X1,...,X,] = A2[X1,...,X,] which coincides with
f on Ay and maps X; to X; for 1 <i <n.

A fundamental example is the surjective morphism of rings

U, : Z[X] - F,[X], (2)

which maps X to X and Z onto F, by reduction modulo p of the coefficients.
Its kernel is the principal ideal pZ[X] = (p) of Z[X] generated by p.

Exercise 3. Given two rings Bj, Bs, a subring A; of By, a subring Ay of
B, a morphism of ring f: A1 — Ao,

By By

U U

A1 T} A2
elements x1,...,x, of By and elements y1,...,y, of By, a necessary and
sufficient condition for the existence of a morphism F : Aj[zy,...,z,] —

Asly1, ..., yn] such that F'(a) = f(a) fora € Ay and F(z;) =y for1 <i<n
is the following:

For any polynomial P € Ai[X1,...,X,] such that
P(xl,...,wn) = 0,

the polynomial Q € As[ X1, ..., Xy, image of P by the extension
of f to A1[X1,..., X, — Ao[X1,..., Xy, satisfies

Q(ylv"' ;yn) = 0.



Modules over a ring. FExample: Z-modules are nothing else than the
abelian groups.

Structure theorem for finitely generated modules over a principal ring.
Application: structure theorems for finitely generated abelian groups and
for finite groups. Rank of a finitely generated abelian group.

Consequence: In a finite abelian group of exponent e, there exists an element
of order e.

1.3 Field theory

The characteristic of a field K is either 0 or else a prime number p. In the
first case, the prime field (smallest subfield of K, which is the intersection
of all subfields of K) is Q; in the second case, it is F}, :== Z /pZ.

Intersection of fields. If L is a field and K a subfield, we say that L is
an extension of K. Then L is a K—vector space. Further, if F is a subset of
L, we denote by K(FE) the field generated by E over K: it is the quotient
field of K[E]. If E = {au,...,a,}, we write K(E) = K(ay,...,a,). If K;
and Ko are two subfields of a field L, the compositum of K; and K» is the
subfield field K1(K2) = K2(K1) of L generated by K; U Ko.

A morphism f: K — A, where K is a field and A a ring, is injective.

When L; and Lo are two extensions of K, a K-morphism L1 — Lo is
a field morphism whose restriction to K is the identity. If f : Ly — Lo is
a field morphism, then L and Lo have the same characteristic, hence, the
same prime field F', and f is a F—morphism.

If L is an extension of K, the K—automorphisms of L form a group
denoted Aut(L/K).

Finitely generated extensions. Algebraic and transcendental extensions.

Finite extensions, degree [L : K|. For K1 C Ko C K3, we have

(K3 : K| = [K3: Ko][Ky : Ky].

Given an extension L D K of fields and an element o € L, there is a
unique map K[X] — K[a], which is the identity on K and maps X to «.
Kernel of this map. Irreducible (monic) polynomial of an algebraic element
over a field K. The field K[X]/(f) = K(«) when « is algebraic over K.

For L an extension of K, an element « in L is algebraic over K if and
only if K[a] = K(«), and this is true if and only if [K(«) : K] is finite.

Splitting field of a polynomial over a field. Algebraic closure of a field.
Two algebraic closures of K are K—isomorphic, but, usually, there is no
unicity of such a morphism (since there are many K—automorphisms of the
algebraic closure: they constitute the absolute Galois group of K).



An element « in an algebraically closed extension € of a field K is
algebraic over K if and only if the set of o(«), where o ranges over the
K—automorphisms of €, is finite.

Given an algebraically closed field €2, a subfield K of {2 and an element
a € Q algebraic over K, the roots in 2 of the irreducible polynomial f of «
over K are the conjugates of aw over K. If oy, ..., a,, are the distinct roots of
f in Q, then there are exactly m K-morphisms K(«a) — Q, say o1,...,0m,
where o; is determined by o;(a) = .

Zeroes of polynomials: multiplicity or order of a zero of a polynomial in
one variable.

1.4 Arithmetic
1.4.1 Residue classes modulo n

Subgroups of Z. Morphism s, : Z — Z/nZ. There exists a morphism
¢ :Z/aZ — Z/bZ such that pos, = s if and only if aZ C bZ, which means
if and only if b divides a. If ¢ exists, then ¢ is unique and surjective. Its
kernel is bZ/aZ which is isomorphic to Z/(a/b)Z.

The greatest common divisor ged(a, b) of a and b is the positive generator
of aZ + bZ, the least common multiple lecm(a,b) of a and b is the positive
generator of aZ N bZ.

The order of the multiplicative group (Z/nZ)* of the ring Z/nZ is the
number p(n) of integers k in the interval 1 < k < n satisfying ged(n, k) = 1.
The map ¢ : Zso — Z is Euler’s function already mentioned in § [I.I} If
ged(a,b) = d, then a/d and b/d are relatively prime. Hence, the partition of
the set of integers in 1 < k < n according to the value of ged(k,n) yields:

Lemma 4. For any positive integer n,

n= Zcp(d).

dln

(Compare with (85))).

An arithmetic function is a map f : Zsg — Z. A multiplicative function
is an arithmetic function such that f(mn) = f(m)f(n) when m and n are
relatively prime. For instance, Euler’s ¢ function is multiplicative: this fol-
lows from the ring isomorphim between the ring product (Z/mZ) x (Z/nZ)
and the ring Z/mnZ when m and n are relatively prime (Chinese remainder
Theorem). Also, ¢(p®) = p*~*(p—1) for p prime and a > 1. Hence, the value
of p(n), for n written as a product of powers of distinct prime numbers, is

ay—1

e pir) =pi s — 1) pt T Hpe — 1).



Primitive roots modulo a prime number p: there are exactly ¢(p— 1) of
them in (Z/pZ)*. An element g € (Z/pZ)* is a primitive root modulo p if
and only if

g1/ £ 1 mod p

for all prime divisors g of p — 1.

If @ and n are relatively prime integers, the order of a modulo n is the
order of the class of a in the multiplicative group (Z/nZ)*. In other terms,
it is the smallest integer ¢ such that af is congruent to 1 modulo n.

Exercise 5. For n a positive integer, check that the multiplicative group
(Z/nZ)* is cyclic if and only if n is either 2, 4, p® or 2p®, with p an odd
prime and s > 1.

Remark: Fors > 2, (Z/2°Z)* is the product of a cyclic group of order
2 by a cyclic group of order 2°72, hence, for s > 3 it is not cyclic.

1.4.2 The ring Z[X]

When F is a field, the ring F[X] of polynomials in one variable over F' is
an Euclidean domain, hence, a principal domain, and, therefore, a factorial
ring. The ring Z[X] is not an Euclidean ring: one cannot divide X by 2 in
Z[X] for instance. But if A and B are in Z[X]| and B is monic, then both
the quotient @ and the remainder R of the Euclidean division in Q[X] of A
by B

A=BQ+R

are in Z[X].

The ged of the coefficients of a non-zero polynomial f € Z[X] is called
the content of f. We denote it by ¢(f). A non—zero polynomial with content
1 is called primitive. Any non-zero polynomial in Z[X] can be written in a
unique way as f = ¢(f)g with g € Z[X] primitive.

For any non—zero polynomial f € Q[X], there is a unique positive ratio-
nal number r such that rf belongs to Z[X]| and is primitive.

Lemma 6 (Gauss’s Lemma). For f and g non—zero polynomials in Z[X],
we have

c(fg) = e(f)elg)-

Proof. 1t suffices to check that the product of two primitive polynomials is
primitive. More generally, let p be a prime number and f, g two polynomials
whose contents are not divisible by p. We check that the content of fg is
not divisible by p.



Recall the surjective morphism of rings U, : Z[X] — F,[X], which
is the reduction modulo p. The kernel of ¥,, is the set of polynomials whose
content is divisible by p. The assumption is ¥,(f) # 0 and ¥,(g) # 0.
Since p is prime, the ring F,[X] has no zero divisor, hence, ¥,(fg) =
U, (f)¥p(g) # 0, which shows that fg is not in the kernel of ¥, O

The ring Z is an Euclidean domain, hence, a principal domain, and,
therefore, a factorial ring. It follows that the ring Z[X] is factorial. The
units of Z[X] are {+1,—1}. The irreducible elements in Z[X] are
— the prime numbers {2,3,5,7,11,...},

— the irreducible polynomials in Q[X] with coefficients in Z and content 1
— and, of course, the product of one of these elements by —1.

From Gauss’s Lemma [6] one deduces that if f and g are two monic
polynomials in Q[X] such that fg € Z[X], then f and g are in Z[X].

A monic polynomial in Z[X] is a product, in a unique way, of irreducible
monic polynomials in Z[X].

1.4.3 Mobius inversion formula

Let f be a map defined on the set of positive integers with values in an
additive group. Define another map g by

o) = 3" ().
dn

It is easy to check by induction that f is completely determined by g. Indeed,
the formula for n = 1 produces f(1) = g(1), and for n > 2, once f(d) is
known for all d | n with d # n, one obtains f(n) from the formula

fn) =g(n) = > f(d).
i
We wish to write this formula in a close form. If p is a prime, the formula
becomes f(p) = g(p) — g(1). Next, f(p?) = g(p?) — g(p). More generally, for

p prime and m > 1,
™) = g™ — g™ ).

It is convenient to write this formula as



where p(1) = 1, u(p) = =1, p(p™) = 0 for m > 2. In order to extend this
formula for writing f(n) in terms of g(d) for d | n, one needs to extend the
function p, and it is easily seen by means of the convolution product (see
Exercise|7)) that the right thing to do is to require that p be a multiplicative
function, namely that p(ab) = p(a)wu(b) if a and b are relatively prime.

The Mdbius function p (see, for instance, [I3] § 2.6) is the map from the
positive integers to {0,1,—1} defined by the properties p(1) =1, u(p) = —1
for p prime, pu(p™) = 0 for p prime and m > 2, and p(ab) = p(a)w(d) if a and
b are relatively prime. Hence, u(a) = 0 if and only if a has a square factor,
while for a squarefree number a, which is a product of s distinct primes we
have u(a) = (—1)*:

plorp) = (~1)°

One of the many variants of the Mobius inversion formula states that, for
f and g two maps defined on the set of positive integers with values in an
additive group, the two following properties are equivalent:
(i) For any integer n > 1,

g(n) =Y f(d).
dln
(ii) For any integer n > 1,
Fn) = 3 uln/d)g(d).
dln

For instance, Lemma [4] is equivalent to

p(n) = Zp(n/d)d for all n > 1.
d|n

An equivalent statement of the Md6bius inversion formula is the following
multiplicative version, which deals with two maps f, ¢ from the positive
integers into an abelian multiplicative group. The two following properties
are equivalent:

(i) For any integer n > 1,

g(n) = [T f(a).

dln

(ii) For any integer n > 1,

fn) =TT (@)
dn

10



A third form of the Mobius inversion formula (which we will not use here)
deals with two functions F' and G from [1,+00) to C. The two following
properties are equivalent:

(i) For any real number x > 1,

n<x
(ii) For any real number x > 1,
Z u(n)G(z/n).
n<lx
As an illustration, take F'(x) =1 and G(x) = [z] for all z € [1,4+00). Then

Zu )z/n] =1

n<x

Exercise 7. Let A be a (commutative) ring and let R denote the set of
arithmetic functions, namely the set of applications from the positive inte-
gers into A. For f and g in R, define the convolution product

Frgm)="Y" fla)g

ab=m

(a) Check that R, with the usual addition and with this convolution product,
becomes a commutative ring.
Hint:

frgxhm)= Y fla

abc=m

Check that the unity is € R defined by
1 f =1
5(a) = or a ,
0 fora>1.

(b) Check that if f and g are multiplicative, then so is f x g.
(c) Define 1 € R by 1(z) =1 for all x > 1. Check that p and 1 are inverse
each other in R:

puxl=24.

(d) Check that the formula
puxlxf=f forall feR

is equivalent to Mobius inversion formula.

e) Define j by j(n) = n and, for k£ > 0, or(n) = dk. Check
() J by J din

pxj=¢, Fxl=oy.

11



2 Continued fractions

We first consider generalized continued fractions of the form

by
ap + b )
2
a1 + b
3
az + —
which we denote byf]
b b b
bl kel
|a1 ‘ag
Next we restrict to the special case where by = by = --- = 1, which yields
the simple continued fractions
1] 1]
ap+ — + — +--- = [ag,a1,az,...].
lar  |ag

2.1 Generalized continued fractions

To start with, ag,...,an,...and by,..., by, ... will be independent variables.
Later, we shall specialize to positive integers (apart from ag which may be
negative).

Consider the three rational fractions

b b
aop, ag + L and ag + !
a1 a + el
ag
We write them as
Ap Ay 4 As
— — and ==
By’ B By

with

Ag =ag, A1 =apar +0b1, Az =apaiaz + apbs + azby,
By=1, Bi=ai, By = ajas + be.

b1
la1

42l y g Z’—:J introduced by Th. Muir and used by

laz
o Db
ap,a1,...,0n

12

2 Another notation for ag +
Perron in [I1I] Chap. 1 is



Observe that
Ay = ag A1 + oAy, By = asB1 + by By.
Write these relations as
A\ (A1 Ag) (a2
By) \B; By by )’
In order to iterate the process, it is convenient to work with 2 x 2 matrices
and to write
AQ A1 . A1 Ao a9 1
By By) \By By \by 0/)°

Define inductively two sequences of polynomials with positive rational coef-
ficients A, and B,, for n > 3 by

Ap Anq _ Ap1 Ay anp 1 (8)
Bn anl N anl Bn72 bn 0/)°

An = anAn—l + bnAn—27 Bn = aan—l + ann—Q-

This means

This recurrence relation holds for n > 2. It will also hold for n = 1 if we set
A,1 =1 and B,1 =0:

Ar A\ [ap 1\ (a1 1
BIBO_lo b10

and it will hold also for n = 0 if we set by =1, A_9s =0 and B_5 = 1:

A()A,l_l(] aol
By B_1) \0 1)\by 0)°

Obviously, an equivalent definition is

An An,1 [ ao 1 al 1 o Anp—1 1 (07 1 (9)
B, B,.1/ \b 0 by 0 b1 0O b, 0)°
These relations ([9) hold for n > —1, with the empty product (for n = —1)
being the identity matrix, as always.

Hence A,, € Z[ag,...,an,b1,...,b,] is a polynomial in 2n + 1 variables,
while B, € Z[a; ..., ap,ba,...,b,] is a polynomial in 2n — 1 variables.

13



Exercise 1. Check, forn > —1,
Bn(al, v ,an,bz, - .,bn) = An_l(al, ‘e ,an,bg, e ,bn).
Lemma 10. Forn > 0,

bl ‘ bn‘ An
ag+ — + -4 — = 2.
* 7 s lan,  Bn
Proof. By induction. We have checked the result for n = 0, n = 1 and
n = 2. Assume the formula holds with n — 1 where n > 3. We write

b b b b by —
a0+71’+..._|_ n 1|+L’:a0+i|+...+ n 1|
lay lan—1  |an |ay |z
with
bn
T=ap-1+ —:
an,

We have, by induction hypothesis and by the definition ,

ao + bill +oe gt bn—1| _ Ap—1 _ an—1An—2 + bn—lAn—3.
lay |an—1  Bn-1  ap—1Bp—2+by_1Bn_3

Since A,_o, An_3, Bn_o and B,_3 do not depend on the variable a,,_1, we

deduce . ) " b A
a0+i|+_“+ n—1| _ x n—2+ n—1 n—3_
lai |z xBy_o +by_1B,_3

The product of the numerator by a,, is

(anan—l + bn)An—2 + anbn—lAn—3 = an(an—lAn—Q + bn—lAn—?)) + bnAn—2
=apAn_1+byAn 2= A,

and similarly, the product of the denominator by a,, is

(ananfl + bn)Bn72 + anbnlenfS = an(anlen72 + bnlenf?)) + ann72
= anBn-1+b,By_2 = B,.

From @, taking the determinant, we deduce, for n > —1,

ApnBn 1 — Ay 1B, = (=1)""tby - b,. (11)

14



which can be written, for n > 1,

Ay A1 (=D)"lbg---b,

on = . 12
Bn Bn1 Bn—an ( )
Adding the telescoping sum, we get, for n > 0,
A, " (—1)FH by - - by,
L =Ag+ . 13
By —  Brabi (13)
We now substitute for ag,ai,... and by, b, ... rational integers, all of

which are > 1, apart from ag which may be < 0. We denote by p,, (resp.
qn) the value of A, (resp. B,) for these special values. Hence p,, and ¢, are
rational integers, with ¢, > 0 for n > 0. A consequence of Lemma [10]is

DPn bl ‘ bn ’

—=ay+—+-+— for n>0.
dn ’a’l |(Zn

We deduce from ,

Pn = AnPn—1 + bppp—2, Gn = anGn—1 +bpgn—o for n >0,
and from ,

Pndn—1 — Pn—14n = (_1)n+1b0 s bn for n> -1,
which can be written, for n > 1,

_1)n+1lp. ...
pi_pn—l :( 1) bO bn (14)

An Gn—1 4n—14n

Adding the telescoping sum (or using ), we get the alternating sum

n " (=1)k by b
I S = LD (15)
gn el qr—19k

Recall that for real numbers a, b, ¢, d, with b and d positive, we have

a c a a+c c
y<d T b bvid~d (16)

Since a,, and b,, are positive for n > 0, we deduce that for n > 2, the rational

number
Pn _ GnPp—1+ brpn—2

Gn B AnQn—1 + ann—2

15



lies between py,_1/¢n—1 and p,_2/¢n—2. Therefore we have

]2<}£<“_<%<”.<}72m+1<”.<p73<&. (17)
q2 qa q2n q2m+1 qs3 q1

From , we deduce, for n > 3, ¢,—1 > qn—2, hence ¢, > (an + by)gn—2.
The previous discussion was valid without any restriction, now we as-

sume a,, > b, for all sufficiently large n, say n > ng. Then for n > ng, using

Gn > 2bngn—2, we get

bo - by, by, - -+ bo bng - - - bo

Pn Pn-1 < _
dn—14n 2n=nop,by_q - - bn0+1Qno Gng—1 2n—no dno4no—1

qn gn—1

and the right hand side tends to 0 as n tends to infinity. Hence the sequence
(Pn/qn)n>0 has a limit, which we denote by
bl ’ bn—l | bn ’

r=ay+-—+- -+ +— 4+
ai ‘an—l |an

From , it follows that x is also given by an alternating series

e (_1)k+1b0 . bk

qk—19k

r=ag+
k=1

We now prove that x is irrational. Define, for n > 0,

bn+1|
|ant1
so that x = x¢ and, for all n > 0,
o bn—l—l . bn—l—l
Tp = an + ) T+l = —
Tn+1 T — An

and a, < z, < a, + 1. Hence for n > 0, x, is rational if and only if
Tpy1 is rational, and therefore, if x is rational, then all z, for n > 0 are
also rational. Assume z is rational. Consider the rational numbers z,, with
n > ng and select a value of n for which the denominator v of x,, is minimal,
say xp = u/v. From

brt1 br+1v

Tpyl = = with 0<u—anv <w,
Ty — Qp U — AU

it follows that x,; has a denominator strictly less than v, which is a con-
tradiction. Hence x is irrational.

16



Conversely, given an irrational number x and a sequence by, bo, . .. of pos-
itive integers, there is a unique integer ag and a unique sequence aq, . . ., Gy, . . .
of positive integers satisfying a,, > b, for all n > 1, such that

b bn1| | bl

r=ayg+-—+---+ + 4
a1 lan—1 |an

Indeed, the unique solution is given inductively as follows: ay = |z], z1 =
b1/{z}, and once ag,...,a,—1 and z1,...,x, are known, then a, and z,+1
are given by

ap = anJ; Tn4+1 = bn+1/{xn}7
so that for n > 1 we have 0 < z,, — a,, < 1 and

b,— b
x—ao—i——‘%- 4+ 1| n‘
a1 lan—1 |Zn,

Here is what we have proved.

Proposition 18. Given a rational integer ag and two sequences ag, ai, . . .
and by,ba, ... of positive rational integers with a, > b, for all sufficiently
large m, the infinite continued fraction

by bat1| = byl
ag+— +- +—+-
a1 |an71 |an
exists and ts an irrational number.
Conversely, given an irrational number x and a sequence by,bs, ... of posi-
tive integers, there is a unique ag € Z and a unique Sequence ai,...,dy, ...

of positive integers satisfying an > by for all n > 1 such that

UL B DL
’al ‘an—l ‘an

These results are useful for proving the irrationality of m and e” when
r is a non—zero rational number, following the proof by Lambert. See for
instance Chapter 7 (Lambert’s Irrationality Proofs) of David Angell’s course
on Irrationality and Transcendence(EI) at the University of New South Wales:
http://www.maths.unsw.edu.au/~angell/5535/
The following example is related with Lambert’s proof [§]:

O s s OV S a0 U
nhz = o+ =+ = S
IAEREE 20 +1

31 found this reference from the website of John Cosgrave
http://staff.spd.dcu.ie/johnbcos/transcendental numbers.htm.
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Here, z is a complex number and the right hand side is a complex valued
function. Here are other examples (see Sloane’s Encyclopaedia of Integer

Sequences(ﬁ))

1 2| 4 6| 8|

=14+ 24y 2 2 = 1541494082 ... A113011
Je—1 tptrptutpt ( )
! O = 0.581 976 706 (A073333)
e—1 |1 |2 |3 4 -

Remark. A wvariant of the algorithm of simple continued fractions is the
following. Given two sequences (an)n>0 and (by)n>0 of elements in a field
K and an element x in K, one defines a sequence (possibly finite) (xy)n>1
of elements in K as follows. If x = ag, the sequence is empty. Otherwise
x1 1s defined by x = ag + (b1/x1). Inductively, once x1,...,x, are defined,
there are two cases:

o If x, = ay, the algorithm stops.
o Otherwise, xypy1 is defined by

bn+1 bn+1 .

Tpy1 = ———,  so that xp, =an +
In — an Tn+1

If the algorithm does not stop, then for any n > 1, one has

b by— b
$:a0+i‘—|—'--+ ”1’ L‘
|lay lan—1  |zn
In the special case where ag = a1 = --- =by = by = --- =1, the set of x such

that the algorithm stops after finitely many steps is the set (Fp41/Fn)n>1 of
quotients of consecutive Fibonacci numbers. In this special case, the limit of
bl ‘ bn—l ’ bn‘

ap+-—+---+ —
’al |an—1 |an

is the Golden ratio, which is independent of x, of course!

2.2 Simple continued fractions

We restrict now the discussion of § to the case where by = by = -+ =
b, = --- = 1. We keep the notations A,, and B,, which are now polynomials
in Z[ag, a1, ...,a,] and Zlay, ..., ay] respectively, and when we specialize to

“http://www.research.att.com/~njas/sequences/
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integers ag, a1, ..., 0, ... with a, > 1 for n > 1 we use the notations p,, and
gn for the values of A,, and B,,.
The recurrence relations are now, for n > 0,

<An An—l) _ <An—1 An—?) (an 1> (19)
Bn anl anl Bn72 1 0/)’
while @ becomes, for n > —1,
A, A, _ (o I\ fax 1\ [ap—1 1\ fan 1 (20)
B, B,_1 1 0 1 0 1 0 1 0)°
From Lemma [10| one deduces, for n > 0,
[ag, ... ,an] = —-

Taking the determinant in , we deduce the following special case of
ApBp_1 — Ay 1B, = (-1)"L,

The specialization of these relations to integral values of ag, a1, as ... yields
<pn pn—1> _ (pn—l pn—2> (an 1> for n > O, (21)
dn 4dn—1 n—1 (4n—-2 1 0

Dn  Pn—1 ap 1\ far 1 p—1 1\ fap, 1
G o) = (o) (o) (o) (7o) oz
(22)

[aov"'aan]:]ﬁ fOTnZO
n
and
Prn-1 — Pn-1qn = (=)™ for n > —1. (23)

From , it follows that for n > 0, the fraction p, /g, is in lowest terms:

ng(men) =1
Transposing yields, for n > —1,

Pn dn _ (9n 1 an-1 1 (M 1 ap 1
Pn—1 Q4n—1 1 0 1 0 1 0 1 0
from which we deduce, for n > 1,

Pn_ - and [an,...,a1] =
Pn—1 dn—1

[an, ..., a0] =

19



Lemma 24. Forn > 0,

Pndn—2 — Pn—24n = (_1)nan-

Proof. We multiply both sides of on the left by the inverse of the matrix

<pn—1 pn—2> which is (_1)11 < dn—2 _pn—2> ]

dn—1 4n-—2 —QGn—1 Pn—1
We get
(_l)n ( Pndn—2 — Pn—-29n  Pn—-149n-2 — pn—2Qn—1> _ <an 1)
—DPnqn—1 1+ Pn—14n 0 1 0

2.2.1 Finite simple continued fraction of a rational number
Let up and u; be two integers with wy positive. The first step in Euclid’s
algorithm to find the gcd of ug and uy consists in dividing ug by wuq:

Ug = apgUl + U9

with ag € Z and 0 < ug < uw1. This means

U U
20 _ ag + £7
(75} (5]
which amonts to dividing the rational number xg = ug/u; by 1 with quotient
ap and remainder ug/u; < 1. This algorithms continues with

U = AmUm+1 T Um+2,

where a,, is the integral part of x,;, = up/tum+1 and 0 < Uppo < Upt1,
until some uy4o is 0, in which case the algorithms stops with

Up = QpUp41-

Since the ged of u,, and u,,+1 is the same as the ged of w11 and w19, it
follows that the gecd of ug and wy is wpy1. This is how one gets the regular
continued fraction expansion zy = [ag, a1, ..., a¢], where £ = 0 in case xg is
a rational integer, while ay > 2 if zg is a rational number which is not an
integer.
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Exercise 2. Compare with the geometrical construction of the continued
fraction given in the beamer presentation.

Give a variant of this geometrical construction where rectangles are replaced
by segments.

Proposition 25. Any finite reqular continued fraction

[CL07CL17...,CLTL],

where ag,ai,...,a, are rational numbers with a; > 2 for 1 < i < n and
n > 0, represents a rational number. Conversely, any rational number x has
two representations as a continued fraction, the first one, given by Fuclid’s
algorithm, is

x = lag,a,...,an]

and the second one is
x = ag,a1,...,an—1,a, — 1,1].

If x € Z, then n = 0 and the two simple continued fractions representa-
tions of x are [z] and [z — 1, 1], while if = is not an integer, then n > 1 and
an, > 2. For instance the two continued fractions of 1 are [1] and [0, 1], they
both end with 1. The two continued fractions of 0 are [0] and [—1, 1], the
first of which is the unique continued fraction which ends with 0.

We shall use later (in the proof of Lemma [30[in § the fact that any
rational number has one simple continued fraction expansion with an odd
number of terms and one with an even number of terms.

2.2.2 Infinite simple continued fraction of an irrational number

Given a rational integer ag and an infinite sequence of positive integers
ai,as, ..., the continued fraction

[ao,al,...,an,...]

represents an irrational number. Conversely, given an irrational number x,
there is a unique representation of x as an infinite simple continued fraction

T =ag,a1,...,0n,...]

Definitions The numbers a,, are the partial quotients, the rational numbers

DPn
; = [ao,al,...,an]
n
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are the convergents (in French réduites), and the numbers

Tn = [ana an+1, - - }
are the complete quotients.
From these definitions we deduce, for n > 0,

Tn+1Pn + Pn—1

| (26)
Tnt1qn + Gn—1

L= [a07a17' : 'aanvxn+1] =

Lemma 27. Forn > 0,

(=D"

Gn® —pp=—"—"—
" " Tng1n + G

Proof. From one deduces

pi _ Tp1Pn + Pn—1 _ & . (_1)71

I Tnt1@n T -1 @ (Tnt1Gn + -1)gn

Corollary 28. Forn >0,

1 1
—— < ’Canﬁ _pn| <
dn+1 + qn qn+1

Proof. Since a,41 is the integral part of x,, 41, we have
an41 < Tpy1 < apg1 + 1.
Using the recurrence relation ¢, 11 = an+1¢n + gn—1, we deduce
Gn+1 < Tn41qn + gn—-1 < On19n + Gn—1 + Gn = gnt1 + qn-
O
In particular, since xp+1 > an+1 and g,—1 > 0, one deduces from Lemma

27
1

an+1 %21

1 Dn
s_Pn

(an+1 + Q)q% dn
Therefore any convergent p/q of z satisfies |z — p/q| < 1/¢* (compare with
(i) = (v) in Proposition [60). Moreover, if a,41 is large, then the approx-
imation py /gy is sharp. Hence, large partial quotients yield good rational
approximations by truncating the continued fraction expansion just before
the given partial quotient.

< <

(29)
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2.3 Continued fractions and cryptography

We refer to section 6 of the course Cryptoalgomaple by Abderrahmane Nitaj
for a connection between continued fractions and cryptanalysis:
http://www.math.unicaen.fr/~nitaj/cimpamaure/Documents.htm

Cryptanalyse de RSA par les Fractions Continues
Les fractions continues
Définitions et propriétés
Cryptanalyse de RSA par les fractions continues
L’attaque de Wiener.

3 Continued fractions and Pell’s Equation

3.1 The main lemma

The theory which follows is well-known (a classical reference is the book
[11] by O. Perron), but the point of view which we develop here is slightly
different from most classical texts on the subject. We follow [I], 2] [14].
An important role in our presentation of the subject is the following result
(Lemma 4.1 in [12]).

Lemma 30. Let e = +1 and let a, b, c,d be rational integers satisfying
ad —bc=¢€

and d > 1. Then there is a unique finite sequence of rational integers
ag,...,as with s > 1 and ay,...,as_1 positive, such that

(e o= o) (T o) (7o) @1

These integers are also characterized by

b c
7= l[ag, a1, ..., as—1], 5= [as,...,a1], (=1t =e (32)

For instance, when d = 1, for b and c rational integers,
bc+1 b\ (b 1\ [c 1
c 1) \1 0/\1 0
bc—1 b\ (b—1 1\ (1 1\ (c—1 1
c 1) 1 0/\1 O 1 0)°
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Proof. We start with unicity. If ag, ..., as satisfy the conclusion of Lemma
then by using , we find b/d = [ag,a1,...,as—1]. Taking the trans-
pose, we also find ¢/d = [as,...,a1]. Next, taking the determinant, we
obtain (—1)*T! = e. The last equality fixes the parity of s, and each of the
rational numbers b/d, ¢/d has a unique continued fraction expansion whose
length has a given parity (cf. Proposition . This proves the unicity of the
factorisation when it exists.

For the existence, we consider the simple continued fraction expansion
of ¢/d with length of parity given by the last condition in , say ¢/d =
[as,...,a1]. Let ag be a rational integer such that the distance between b/d
and [ag, a1,...,as—1] is < 1/2. Define d’, V', ¢, d’ by

(o) = (7)1 o) (5 o)

We have .
d >0, dd—-Vd=e, %:[as,...,al]:g
and
v voob 1
E:[a(];al:"'aas—l]a 7 d Si-
From ged(c,d) = ged(d,d') =1, ¢/d = ¢'/d and d > 0, d' > 0 we deduce
d = ¢, d = d. From the equality between the determinants we deduce

a =a-+ke, b =b+ kd for some k € Z, and from

¥ ob
7 a "

we conclude k =0, (d/,¥,,d") = (a,b,c,d). Hence follows.

Corollary 33. Assume the hypotheses of Lemma[30 are satisfied.
a) If ¢ > d, then as > 1 and

a
E_[ao,al,”-»as]'
b) If b > d, then ag > 1 and

a
5= [as, ..., a1,a0].
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The following examples show that the hypotheses of the corollary are

A
RGP
(2 9-00 DY

Proof of Corollary[33 Any rational number u/v > 1 has two continued frac-
tions. One of them starts with 0 only if u/v = 1 and the continued fraction
is [0,1]. Hence the assumption ¢ > d implies as > 0. This proves part a),
and part b) follows by transposition (or repeating the proof). O

Another consequence of Lemma [30|is the following classical result (Satz
13 p. 47 of [11]).

Corollary 34. Let a, b, ¢, d be rational integers with ad — bc = +1 and
c>d>0. Let x and y be two irrational numbers satisfying y > 1 and

ay + b

cy +d

Let © = [ap,a1,...] be the simple continued fraction expansion of x. Then
there exists s > 1 such that

a4 = Ps, b:ps—lu C=4{(qs, T=(s—1, Y = Ts41-

Proof. Using lemma we write

o) =)0 o)

with af,...,a’_, positive and
b c
i / ot /
g—[aojal,...,as_l], g—[as,...,al].

From ¢ > d and corollary we deduce a/, > 0 and
/ / /
+ P
%z[é,a’l,...a’]—& Iy L

/ / /
= x = = lag, ay,...,a%,y].
s g ) ; 0> “1>» » Yo
qs a5y +qs

Since y > 1, it follows that a} = a;, p}, = ¢} for 0 <i < s and y = z441.
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Remark.
In [6], § 4, there is a variant of the matrix formula for the simple
continued fraction of a real number.

Given integers ag,ay, ... with a; > 0 for ¢ > 1 and writing, for n > 0,
as usual, p,/qn, = [ao,a1,...,ay], one checks, by induction on n, the two
formulae

(1 a0> ( 1 O> . (1 a”) - (pnl p”) if n is even

0 1 a; 1 0 1 dn—1 Qn (35)
1 ag Lo 10 _ (Pn Pn-1 if n is odd
0 1 ai 1) (79} 1 gn Q4n—-1

Define two matrices U (up) and L (low) in GL2(R) of determinant +1 by

11 10
U—<O 1) and L_<1 1).

For p and ¢ in Z, we have

1 p 1 0
P _ q _
UP = <O 1) and L7?= <q 1> ,

so that these formulae are

yeors...gon = (Z"l ];n) if n is even
n—1 n

and

UL ... [an — (g" Z’H) if 7 is odd.
n n—1

The connexion with Euclid’s algorithm is

—pfa b\ _ [(a—pc b—pd —qf(a b\ _ a b
v (c d)_<c d) and L <cd_c—qa d—qgb)”

The corresponding variant of Lemma [30|is also given in [6], § 4: If a, b, ¢,
d are rational integers satisfyingb > a >0, d > c > 0 and ad—bc =1, then

there exist rational integers ag,...,a, with n even and aq,...,a, positive,
such that

a b\ (1 ao 1 0 1 a,

c d) \0 1 a; 1 0 1
These integers are uniquely determined by b/d = [ag, . .., a,] with n even.
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3.2 Simple Continued fraction of VD

An infinite sequence (ay)n,>1 is periodic if there exists a positive integer s
such that
apts = an for all n > 1. (36)

In this case, the finite sequence (aq, ..., as) is called a period of the original
sequence. For the sake of notation, we write

(ar,a2,...) = (ar,-..,as).

If sq is the smallest positive integer satisfying , then the set of s satisfying
(36) is the set of positive multiples of sg. In this case (ay,...,as,) is called
the fundamental period of the original sequence.

Theorem 37. Let D be a positive integer which is not a square. Write the
simple continued fraction of D as [ag, a1, ...] with ag = |VD].

a) The sequence (ay,aq,...) is periodic.

b) Let (z,y) be a positive integer solution to Pell’s equation x> — Dy? = +1.
Then there exists s > 1 such that x/y = [ag, .. .,as—1] and

(CL17 az,...,0s—1, 2@0)

is a period of the sequence (a1,as,...). Further, as_; = a; for 1 <i<s—1.
One says that the word a1, ...,as—1 is a palindrome. E|

c) Let (a1,as,...,as—1,2a9) be a period of the sequence (ay,asz,...). Set
z/y = [ag,...,as—1]. Then > — Dy* = (—1)*.

d) Let sg be the length of the fundamental period. Then fori > 0 not multiple
of so, we have a; < ag.

If (a1,a9,...,as—1,2a9) is a period of the sequence (a1, as,...), then

\/5: [a07a'17"' 7a5—172a0] - [a07a17' ..o, 051,00 + \/5]

SNote (2016). As kindly pointed out to me by Yoishi Motohashi, the fact that the
word ai,...,as—1 is a palindrom is proved in ’Essai sur la théorie des nombres’ by
Legendre (1798).

In his first paper published at the age of 17 by Evariste Galois, it is proved that if the
expansion of a quadratic irrational « is purely periodic, then the same is true for the
conjugate o of «, and the continued fraction of o’ is obtained by reversing the order of
the continued fraction of a. Besides, this continued fraction is a palindrom if and only if
ad = —1.

E. Galois, Démonstration d’un théoréme sur les fractions continues périodiques.

Annales de Mathématiques Pures et Appliquées, 19 (1828-1829), p. 294-301.
http://archive.numdam.org/article/AMPA_1828-1829__19__294_0.pdf

For more information on these contributions by Galois, see

https://www.bibnum.education.fr/mathematiques/algebre/demonstration-d-un-theoreme-sur-les-fractions-continues-periodiques

27


http://archive.numdam.org/article/AMPA_1828-1829__19__294_0.pdf
https://www.bibnum.education.fr/mathematiques/algebre/demonstration-d-un-theoreme-sur-les-fractions-continues-periodiques

Consider the fundamental period (ai, ag, ..., as,—1, as,) of the sequence (a1, az, . .

By part b) of Theorem we have as, = 2ag, and by part d), it follows that
sp is the smallest index ¢ such that a; > ayg.

From b) and c) in Theorem (37} it follows that the fundamental solution
(w1,1) to Pell’s equation 22 — Dy? = £1 is given by z1/y1 = [ao, - - -, Gsy—1],
and that 22 — Dy? = (—1)*. Therefore, if sy is even, then there is no
solution to the Pell’s equation z? — Dy? = —1. If sq is odd, then (x1,y1)
is the fundamental solution to Pell’s equation x> — Dy? = —1, while the
fundamental solution (z2,y2) to Pell’s equation 22 — Dy? = 1 is given by
xg/yg = [ao, e ,ags_l].

It follows also from Theorem [37| that the (nsy — 1)-th convergent

Tn/Yn = [a(]v e 7an80*1]

satisfies
Tn + ynV'D = (z1 + 11VD)". (38)

We shall check this relation directly (Lemma [42)).

Proof. Start with a positive solution (x,%) to Pell’s equation 2% — Dy? = +1,
which exists according to Proposition Since Dy > x and x > y, we may
use lemma [30] and corollary [33] with

a=Dy, b=c=z, d=y

()=o) (o) (% ) (39)

with positive integers al,...,a, and with aj = |v/D]. Then the contin-
ued fraction expansion of Dy/x is [ay,...,a}] and the continued fraction
expansion of z/y is [af, ..., a,_4].

Since the matrix on the left hand side of is symmetric, the word
ag, - - -, a is a palindrome. In particular a, = aj,.

Consider the periodic continued fraction

and write

— A4l 4 / /
§ = lag,al, ..., al_q,2ag)].

This number § satisfies

/ / / !/
6 = [ao,al,.. .,as_l,aro +5]
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Using the inverse of the matrix

ap 1 D 0 1
< 1 0) which is <1 _%) ,
ag+46 1\  [fay 1\ (1 O
1 0/ \1 0 o 1

Hence the product of matrices associated with the continued fraction of §
ap 1\ (ay 1\ f(aj_y 1Y\ [ag+d 1
1 0 10 1 0 1 0
Dy z\ (1 0\ (Dy+dx =
z y)\d 1) \z+dy y/)’

6:Dy+5:z

x+y

hence 62 = D. As a consequence, a; = a; for 0 < i < s — 1 while a/, = ao,

we write

is

It follows that

as = 2ayg.
This proves that if (x,y) is a non—trivial solution to Pell’s equation 22 —
Dy? = +1, then the continued fraction expansion of v/D is of the form

\/5: [ao,al,. . .,as_1,2a0] (40)
with a1, ...,as—1 a palindrome, and z/y is given by the convergent
x/y = lap,a1,...,as_1]. (41)

Consider a convergent p,/q, = lag,a1,-..,ay]. If any1 = 2ap, then
with = v/D implies the upper bound

’\/ﬁ_pn
qn

< [
= 2a0q2’

and it follows from Propositionthat (Pn, qn) is a solution to Pell’s equation
p? — Dqg? = £1. This already shows that a; < 2ag when i + 1 is not the
length of a period. We refine this estimate to a; < ay.

Assume ap41 > ap+ 1. Since the sequence (@, )m>1 is periodic of period
length sg, for any m congruent to n modulo sy, we have a1 > ag. For
these m we have

VD — Pm < 172 .
dm ((10 =+ 1)Qm
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For sufficiently large m congruent to n modulo s we have
(ap +1)¢2, > 2V D + 1.

Proposition 62| implies that (p,,, gm) is a solution to Pell’s equation p?, —
Dq?, = +1. Finally, Theorem [37|implies that m+1 is a multiple of sg, hence
n + 1 also.

O

3.3 Connection between the two formulae for the n-th posi-
tive solution to Pell’s equation

Lemma 42. Let D be a positive integer which is not a square. Consider
the simple continued fraction expansion VD = [ag, a1, ..., as,—1,2ap] where
so s the length of the fundamental period. Then the fundamental solution
(w1,1) to Pell’s equation x> — Dy? = +1 is given by the continued fraction
expansion x1/y1 = [ag, a1, ..., as,—1]. Let n > 1 be a positive integer. Define
(l'ny yn) by xn/yn = [a07 ai, ... 7ansofl]- Then x, + yn\/ﬁ = (551 + y1¢5)"

This result is a consequence of the two formulae we gave for the n-th
solution (zy,,¥,) to Pell’s equation 2 — Dy? = £1. We check this result
directly.

Proof. From Lemma [30[ and relation , one deduces
Dy, x,\ _[(ao 1 a; 1 [ Gnso—1 1 ag 1
Tn yn) \1 0 1 0 1 0 1 0/°
Dy, xy 0 1 _ [ Zn Dy, — agxy
T Un 1 —ap B Un Tp — A0Yn ’
we obtain
ap 1 a; 1 Gnso—1 1\ _ (xn Dyn —aozy
< 1 0> ( 1 0) ( 100) "\ o —aope )0

Notice that the determinant is (—1)"° = 22 — Dy2. Formula forn+1
and the periodicity of the sequence (ay,...,an,...) with as, = 2ag give :

Since

<$n+1 Dypq1 — aol’n+1> _ <$n Dy, — aoﬂﬂn) (200 1) <a1 1> <a301
YUn+1l  Tn+1 — AO0Yn+1 Yn Ty — AQYn 1 0 1 0 1
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Take first n = 1 in and multiply on the left by

(o)

(1 ao) <561 Dy — agry
0 1/)\y1 z1—aon
we deduce
2a0 1 ap 1 o[ @sp—1
1 0 1 0 1

Therefore

Tn+1 DynJrl — ApTn+1 _ Tn
Yn+1  Tp+l — A0Yn+1 Yn

Since

The first column gives
Tp+1 = Tn®1 + Dyny1

which was to be proved.

)=o)

> _ <$1 +aoyr (D — a%)yl) .

Y1 Tr1 — aoyi

1> _ (m +ay (D - a%)yl) |

0 Y1 1 — aoy1

Dy, — ao%) <CE‘1 +apy1 (D — Q(Q))?h)
Tn — A0Yn n T1 — a1

and Yn+1 = T1Yn + Tn¥1,

3.4 Examples of simple continued fractions

The three first examples below are special cases of results initiated by O. Per-
ron [I1] and related with real quadratic fields of Richaud-Degert type.

Example 1. Take D = a?b® + 2b
solution to

where a and b are positive integers. A

x? — (a®b* + 2b)y? =1
is (z,y) = (a®b+ 1,a). As we shall see, this is related with the continued

fraction expansion of v/ D which is

vV a?b? + 2b = [ab, a, 2ab]

since

1
t:'MaQW—+2b¢=¢t::ab+—————jr—~

b
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This includes the examples D = a? + 2 (take b = 1) and D = b + 2b (take
a=1). For a =1 and b = ¢ — 1, this includes the example D = ¢ — 1.

Example 2. Take D = a?b? + b where a and b are positive integers. A
solution to
2% — (a®* +b)y? =1

is (z,y) = (2a%b + 1,2a). The continued fraction expansion of v/D is

Va2b? + b = [ab, 2a, 2ad]
since

1
t=Vah+be=t=ab+ ——7—

2a +

t+ ab

This includes the example D = b + b (take a = 1).
The case b= 1, D = a® + 1 is special: there is an integer solution to

2= (a® +1)y° = -1,
namely (z,y) = (a,1). The continued fraction expansion of v/D is
Va?+1=a,2a)

since

Example 3. Let a and b be two positive integers such that b 4 1 divides
2ab + 1. For instance b = 2 and @ = 1 (mod 5). Write 2ab+ 1 = k(b + 1)
and take D = a® + k. The continued fraction expansion of v/D is

[a, b, b,2a]
since t = v/ D satisfies
1
t=a+ i = [a,b,b,a + t].
b+
1
b+
a—+t

A solution to 22 — Dy? = —lisz =ab®> +a+b, y = b> + 1.
In the case a = 1 and b = 2 (so k = 1), the continued fraction has period
length 1 only:
V5 =1,2].
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Example 4. Integers which are Polygonal numbers in two ways are given
by the solutions to quadratic equations.

Triangular numbers are numbers of the form

n(n+1)

L4243+ 4n="—"

forn > 1;

their sequence starts with
1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171,...

http://wuw.research.att.com/~njas/sequences/A000217.

Square numbers are numbers of the form
143454+ 2n+1)=n? forn>1;
their sequence starts with
1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, ...

http://wuw.research.att.com/~njas/sequences/A000290.

Pentagonal numbers are numbers of the form

n(3n —1)

f > 1;
5 or n > 1;

1+4+7+--+(Bn+1) =
their sequence starts with
1, 5, 12, 22, 35, 51, 70, 92, 117, 145, 176, 210, 247, 287, 330, 376, 425,...

http://www.research.att.com/~njas/sequences/A000326.

Hexagonal numbers are numbers of the form
145494+ An+1)=n(2n—-1) forn>1;

their sequence starts with

1, 6, 15, 28, 45, 66, 91, 120, 153, 190, 231, 276, 325, 378, 435, 496, 561, ...

http://www.research.att.com/~njas/sequences/A000384.

For instance, numbers which are at the same time triangular and squares
are the numbers y? where (z,%) is a solution to Pell’s equation with D = 8.
Their list starts with

0,1,36, 1225, 41616, 1413721, 48024900, 1631432881, 55420693056, . . .
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See http://www.research.att.com/~njas/sequences/A001110.

Example 5. Integer rectangle triangles having sides of the right angle
as consecutive integers a and a + 1 have an hypothenuse ¢ which satisfies
a® + (a +1)? = ¢®. The admissible values for the hypothenuse is the set of
positive integer solutions y to Pell’s equation 2> — 2y? = —1. The list of
these hypothenuses starts with

1,5,29,169,985, 5741, 33461, 195025, 1136689, 6625109, 38613965,

See http://www.research.att.com/~njas/sequences/A001653.

3.5 Records

For large D, Pell’s equation may obviously have small integer solutions.
Examples are
for D = m? — 1 with m > 2, the numbers x = m, y = 1 satisfy

2?2 — Dy? =1,

for D = m? 4+ 1 with m > 1, the numbers z = m, y = 1 satisfy
2?2 — Dy? = —1,

for D = m? +m with m > 2, the numbers z = 2m + 1, y = 2 satisfy
2 — Dy? =1,

for D = t>m? 4+ 2m with m > 1 and t > 1, the numbers = = t*>m + 1,

y = t satisfy 22 — Dy? = 1.

On the other hand, relatively small values of D may lead to large fun-
damental solutions. Tables are available on the internetf]

For D a positive integer which is not a square, denote by S(D) the base
10 logarithm of 1, when (x1,y;) is the fundamental solution to 22— Dy? = 1.
The number of decimal digits of the fundamental solution z; is the integral
part of S(D) plus 1. For instance, when D = 61, the fundamental solution
(z1,91) is

x1 =1766319049, vy = 226153980

and S(61) =log;oz1 = 9.247069. ..
An integer D is a record holder for S if S(D’) < S(D) for all D' < D.
Here are the record holders up to 1021:

D 2 ) 10 13 29 46 53 61

109

S(D) | 0.477 | 0.954 | 1.278 | 2.812 | 3.991 | 4.386 | 4.821 | 9.247

14.198

5For instance:
Tomas Oliveira e Silva: Record-Holder Solutions of Pell’s Equation
http://www.ieeta.pt/~tos/pell.html.

34



http://www.research.att.com/~njas/sequences/A001110
http://www.research.att.com/~njas/sequences/A001653
http://www.ieeta.pt/~tos/pell.html

181

277

397 409

421 041 661

1021

S(D)

18.392

20.201 | 20.923 | 22.398

33.588 | 36.569 | 37.215

47.298

Some further records with number of digits successive powers of 10:

D

3061

169789

12765349

1021948981 | 85489307341

S(D)

104.051

1001.282

10191.729

100681.340 | 1003270.151

3.6 Periodic continued fractions

An infinite sequence (a,)n>0 is said to be ultimately periodic if there exists
ng > 0 and s > 1 such that

Gp4s = An

for all n > ng.

(44)

The set of s satisfying this property ({3.6)) is the set of positive multiples of an

integer sg, and (ang, Ang+1, - -

-y Gng+so—1) 1s called the fundamental period.

A continued fraction with a sequence of partial quotients satisfying

will be written

[ag, a1, ..

-5 Ang—1,0ngy - -

H) ano—l—s—l} .

Ezample. For D a positive integer which is not a square, setting ag = |v/D],
we have by Theorem

(I(]+\/5: [2&0,&1,..

.,as—1] and

1

VD — ag

= [al, ce ,(1571,2&0].

Lemma 45 (Euler 1737). If an infinite continued fraction

x = ag,a1,...,an,...|

1s ultimately periodic, then x is a quadratic irrational number.

Proof. Since the continued fraction of z is infinite, x is irrational. Assume
first that the continued fraction is periodic, namely that holds with

nOZO:

This can be written

Hence

. ,as_l].

x = [ag, -

Sy Qs—1, .

1% + Ps—2 )

x = |ag, ..
Ps—

xTr =
qs—

17 + gs—2
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It follows that
Gs—1 X% + (qs—2 — ps—1)X — ps—2
is a non—zero quadratic polynomial with integer coefficients having x as a

root. Since x is irrational, this polynomial is irreducible and z is quadratic.
In the general case where holds with ng > 0, we write

T = [a()’alv"',anofl)ano)' "7an0+871} — [GOaala"'aanoflayL

where y = [Gny, - -, Gng+s—1) is a periodic continued fraction, hence is quadratic.

But
5 — Pro-1Y + Dng—2

Uno—1Y + qng—2

hence = € Q(y) is also quadratic irrational.
O

Lemma 46 (Lagrange, 1770). If x is a quadratic irrational number, then
its continued fraction
x = lag,a1,...,an,...|

1s ultimately periodic.

Proof. For n > 0, define d,, = ¢,x — p,,. According to Corollary we have

|dn| < 1/qn+1-

Let AX? + BX + C with A > 0 be an irreducible quadratic polynomial
having x as a root. For each n > 2, we deduce from that the convergent
x,, is a root of a quadratic polynomial A4, X? + B, X + C,,, with

A, = Ap?z—l + Bpn-1qn—1 + ngl—l’
B, = 2Apn—1pn—2 + B(pn—lQn—Q + pn—ZQn—l) + 20(]11—1%1—27
C, =A,_1.

Using Az? + Bz + C = 0, we deduce

A, = (QAQS + B)dn_lqn_l + Adi—l?
B, = (2A$ + B)(dn_lqn_z + dn—ZQn—l) + 2Ad,,_1d,—s.

There are similar formulae expressing A, B, C' as homogeneous linear com-
binations of A,, B,, C,, and since (4, B,C) # (0,0,0), it follows that
(An, By, Cy) #(0,0,0). Since x, is irrational, one deduces A, # 0.

From the inequalities

Qn—1|dn—2| < 17 QH—2|dn—1| < 17 qn—1 < Qn, ’dn—ldn—2’ < 17
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one deduces
max{|An|, |Bnl|/2,|Cn|} < A+ |2Az + B].

This shows that |A,|, |By| and |Cy| are bounded independently of n. There-
fore there exists ng > 0 and s > 0 such that x,, = x,,4s. From this we
deduce that the continued fraction of z,,, is purely periodic, hence the con-
tinued fraction of x is ultimately periodic. O

A reduced quadratic irrational number is an irrational number x > 1
which is a root of a degree 2 polynomial ax? + bx + ¢ with rational integer
coefficients, such that the other root z’ of this polynomial, which is the
Galois conjugate of x, satisfies —1 < 2/ < 0. If z is reduced, then so is
—1/2'.

Lemma 47. A continued fraction
Tr = [ag,al,...,an...]

1 purely periodic if and only if x is a reduced quadratic irrational number.
In this case, if © = [ag, a1, ..., as—1) and if £’ is the Galois conjugate of x,
then

—1/2' = [as—1, .-, ar, ag)

Proof. Assume first that the continued fraction of x is purely periodic:
x = [ag, a1, -, Gs—1)-

From as = ap we deduce ag > 0, hence x > 1. From x = [ag, a1, ...,as_1, 7]
and the unicity of the continued fraction expansion, we deduce

Ps—1T + Ps—2
r=—" =

and = = x,.
Qqs—1% + qs—2

Therefore z is a root of the quadratic polynomial
Py(X) = qs 1 X+ (qs—2 — ps—1) X — ps_2.

This polynomial Ps has a positive root, namely x > 1, and a negative root
2’, with the product xz’ = —ps_2/qs—1. We transpose the relation

Ps—1 Ps—2 _ ap 1 ar 1 [ Gs—1 1
ds—1 (s—2 1 0 1 0 1 0
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and obtain

Ps—1 gs—1 as—1 1 (@ 1 ag 1
Ps—2 (s—2 1 0 1 0 1 0/°

Define
Yy = [asfla s )alyaO]a
so that y > 1,
ps—1y+ qs—1
Yy = [as—lv"'7a17a07y] -
ps—2y+ qs—2

and y is the positive root of the polynomial

Qs(X) = ps—2X? + (gs—2 — Ps—1)X — @s—1.

The polynomials Ps and Q; are related by Qs(X) = —X2P(—1/X). Hence
y=-—1/2".

For the converse, assume z > 1 and —1 < 2’ < 0. Let (xy,),>1 be the
sequence of complete quotients of x. For n > 1, define ], as the Galois
conjugate of z,,. One deduces by induction that zj, = a, + 1/x;,, that
—1 < a}, < 0 (hence z, is reduced), and that a, is the integral part of
—1/z;, .

If the continued fraction expansion of x were not purely periodic, we
would have

T = [a07 <o Ap—1,0Qhy - - - 7ah+871]
with ap_1 # apts—1. By periodicity we have xp, = [ap, ..., an1s—1, 23], hence
Ty = Thys, T = Tp,, . From xj = 2, taking integral parts, we deduce
ap—1 = ap+s—1, & contradiction. O

Corollary 48. Ifr > 1 is a rational number which is not a square, then the
continued fraction expansion of \/7 is of the form

VT =lag,a1,...,as_1,2a0]

with ay,...,as—1 a palindrome and ag = [\/T].
Conversely, if the continued fraction expansion of an irrational numbert > 1
s of the form

t = lag,a1,...,as—1,2a9)

with a1, . ..,as—1 a palindrome, then t* is a rational number.
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Proof. If t? = r is rational > 1, then for and ag = |v/#| the number z = t+aq
is reduced. Since t' +t = 0, we have

1
! x— 2a
Hence
r = [2a0,a1,...,05-1], T [as—1,...,a1,2aq]
and aq,...,as_1 a palindrome.
Conversely, if t = [ag,a1,...,as—1,2a9] with ai,...,as—1 a palindrome,

then * = t + ag is periodic, hence reduced, and its Galois conjugate x’
satisfies

1 [ Sa0) 1
—— =la1,...,as—1,2a9] = ,
2 1 s—1 0 .%'—2@0
which means t + ¢’ = 0, hence t? € Q. O

Lemma 49 (Serret, 1878). Let = and y be two irrational numbers with
continued fractions

x =lag,a1,...,an...] and y=[bo,b1,...,bpm...]

respectively. Then the two following properties are equivalent.

(i) There exists a matriz (CCL d with rational integer coefficients and de-
terminant £1 such that

ar +b

cx+d
(ii) There exists ng > 0 and mg > 0 such that ang+k = bmg+k for all k > 0.

Condition (i) means that x and y are equivalent modulo the action of
GL2(Z) by homographies.

Condition (ii) means that there exists integers ng, mo and a real number
t > 1 such that

r = [ao,al,...,ano,l,t] and y= [bo,bl,...,bmofl,t].
Example.

[—a() — 1, 1,a1 — 1,1’2] if ap > 2,

50
[—ao—l,l—i-;(}g] ifa; = 1. ( )

If x = [ag, a1, z2], then —xz = {
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Proof. We already know by that if x,, is a complete quotient of z, then
x and z,, are equivalent modulo GL2(Z). Condition (ii) means that there
is a partial quotient of x and a partial quotient of y which are equal. By
transitivity of the GL2(Z) equivalence, (ii) implies (i).
Conversely, assume (i):
ar +b

cr+d
Let n be a sufficiently large number. From

a b\ (Pn Pn-1\ _ (Un Un—1
c d dn 4dn—1 N Un  Un-—1

Up = APy + bqru Up—1 = aPp—1 + anfla
Up = Cpp + dqn, Vp—1 = cPp—1 + dgn-1,

y:

with

we deduce
_ UpTp41 + Up—1

UnZn+1 + Un—1

We have v, = (cx + d)q, + ¢d,, with 6, = p, — ¢pz. We have ¢, — oo,
Gn > Gn-1 + 1 and 6, — 0 as n — oco. Hence, for sufficiently large n, we
have v, > v,_1 > 0. From part 1 of Corollary we deduce

() = (o) (1 ) (5 )
Up  Un—_1 1 0 1 0 1 0
with ag,...,as in Z and aq,...,as positive. Hence
y = [ao, a1, ..., as, Tpt1].
O

A computational proof of (i) = (ii). Another proof is given by Bombieri [I]
(Theorem A.1 p. 209). He uses the fact that GLy(Z) is generated by the

two matrices
1 1 q 0 1
o 1) ™ 10/

The associated fractional linear transformations are K and J defined by
K(x)=2+1 and J(z)=1/z.
We have J? = 1 and

K(lao.t]) = [ag + 1,4, K([ao,#]) = [ao — 1,1].
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Also J([ao,t]) = [0,a0,t] if ap > 0 and J([0,t]) = [¢]. According to (50),
the continued fractions of x and —z differ only by the first terms. This
completes the proof. []

O

3.7 Diophantine approximation and simple continued frac-
tions

Lemma 51 (Lagrange, 1770). The sequence (|gnx — pn|)n>0 is strictly de-
creasing: for n > 1 we have

g2 — pn| < |Gn-17 — pn—1].
Proof. We use Lemma [27] twice: on the one hand

1 < 1
Tn+19n + Gn—1 qn + qn—1

| — pn| =

because x,41 > 1, on the other hand

1 1 1
> —
Tngn—-1 + qn—2 (an + 1)Qn71 + gn—2 qn + gn-1

IQn—lx - pn—1| =

because =, < a, + 1. ]

Corollary 52. The sequence (|x — pn/qn|)n>0 is strictly decreasing: for
n > 1 we have

Pn
xr— —

dn

Pn—-1
Gn—1

<o-

Proof. For n > 1, since ¢,—1 < ¢p, we have

pu| _ 1 1 _ 1|, Pnoi Pn-1
x— | = —|gpx—pn| < —|gn-12—pn-1| = T = <
dn dn dn n In—1 n—1
O

Here is the law of best approximation of the simple continued fraction.

"Bombieri in [I] gives formulae for J([ao,t]) when ao < —1. He distinguishes eight
cases, namely four cases when ap = —1 (a1 > 2, a1 =2, a1 =1 and az > 1, a1 = as = 1),
two cases when ag = —2 (a1 > 1, a1 = 1) and two cases when ao < =3 (a1 > 1, a1 = 1).
Here, enables us to simplify his proof by reducing to the case ao > 0.
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Lemma 53. Let n > 0 and (p,q) € Z x Z with ¢ > 0 satisfy

lqz — p| < |gnT — pPnl.
Then q > goy1.

Proof. The system of two linear equations in two unknowns u, v

{pnu +Pnp1v =P (54)
qn¥ + Qp+1v = ¢

has determinant +1, hence there is a solution (u,v) € Z x Z.

Since p/q # pn/qn, we have v # 0.

If u=0, then v = q¢/gn+1 > 0, hence v > 1 and ¢ > ¢p+1.

We now assume uv # 0.

Since ¢, g, and g,4+1 are > 0, it is not possible for v and v to be both
negative. In case u and v are positive, the desired result follows from the
second relation of . Hence one may suppose v and v of opposite signs.
Since gnr — py and @n+1T — Ppy1 also have opposite signs, the numbers
u(gnx — pp) and v(¢n+12 — Pnt1) have same sign, and therefore

|an _pn| < |U(an _pn)| + |U(Qn+1x _pn-i-l)’ = |q:C _p| < |Qn$ _pn‘a

which is a contradiction.
O

A consequence of Lemma is that the sequence of p, /¢, produces
the best rational approximations to x in the following sense: any rational
number p/q with denominator ¢ < ¢, has |gz — p| > |gnz — pp|. This is
sometimes referred to as best rational approzimations of type 0.

Corollary 55. The sequence (¢n)n>0 of denominators of the convergents of
a real irrational number x is the increasing sequence of positive integers for

which
lgnzll < llgz| for 1<q < gn.

As a consequence,

Igull = min Jlgz].

The theory of continued fractions is developed starting from Corollary [55| as
a definition of the sequence (gn)n>0 in Cassels’s book [3].
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Corollary 56. Let n >0 and p/q € Q with ¢ > 0 satisfy

o
dn
Then q > qy.
Proof. For q < g, we have
pl_1 1 q p P
x—‘—-mw—p>Mﬂ—nJ"P—”Z’ =
q q q q dn dn

Corollary [56| shows that the denominators ¢, of the convergents are also
among the best rational approrimations of type 1 in the sense that

x_p\>\x_pn
q

an

for 1<¢q<qn,

but they do not produce the full list of them: to get the complete set, one
needs to consider also some of the rational fractions of the form

Pn—1+ apn
Gn—1 + aqn
with 0 < a < ap41 (semi—convergents) — see for instance [I1], Chap. II, § 16.

Lemma 57 (Vahlen, 1895). Among two consecutive convergents py/qn and
Pri1/qni1, one at least satisfies |x —p/q| < 1/2¢>.

Proof. Since x — p,,/qy and x — p,—1/¢n—1 have opposite signs,

1 1 1

B — < .
nn—1 202 2¢%_,

dn—1

Pn Pn-1
Gn dn—1

’ Pn
L Pn
an

+‘l’

The last inequality is ab < (a? + b?)/2 for a # b with a = 1/q, and b =
1/gn—1. Therefore,

either

43



Lemma 58 (E Borel, 1903). Among three consecutive convergents pn—1/qn—1,
Pn/Gn and ppi1/quyt1, one at least satisfies |z — p/q| < 1/v/5¢.

Compare with the implication (i) = (vi) in the irrationality criterion
below (Proposition

That the constant /5 cannot be replaced by a larger one follows from
Proposition[63] This is true for any number with a continued fraction expan-
sion having all but finitely many partial quotients equal to 1 (which means
the Golden number ® and all rational numbers which are equivalent to ®
modulo GLy(Z)).

Proof. Recall Lemma for n >0,
(="

n® —Pn = """
" " Tn+1Gn + Gn—1

Therefore |g,z —pn| < 1/v/5q, if and only if |2, 11¢n +@n_1]| > v/5¢,. Define
Trn = qn—1/Gn. Then this condition is equivalent to |x,41 + 7| > V5.
Recall the inductive definition of the convergents:
1

Tn42

Tpyl = Gpy1 +
Also, using the definitions of r,, rn4+1, and the inductive relation g,+; =
(p+1Gn + Gn-1, We can write

1

T'n+1

= QUp41 + Tn.

Eliminate ay41:
1

Tn+4-2 Tn+1

=Tpy1 +Tn.
Assume now
|33n+1 + 7“7L| S \/5 and |xn+2 + T‘n+1| S \/g

We deduce

1 1 1 1
< +

> =Tpr1+1rp < \/57
V5 — Tn+l  Tntl In+2  Tntl

which yields
T%+1 - \/57"n+1 +1<0.
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The roots of the polynomial X2 —v/5X +1 are ® = (1++/5)/2 and &' =
(v/5—1)/2. Hence r,41 > ®~! (the strict inequality is a consequence of the
irrationality of the Golden ratio). .

This estimate follows from the hypotheses |gnz — pn| < 1/v/5¢, and

|Gn1T — pua1| < 1/3V/5qni1. If we also had |07 — puaz| < 1/v5Gn 12, we
would deduce in the same way 7,42 > ®~!. This would give

1= (ans2 +Tni1)rnee > 1+ Ho 1 =1,

which is impossible.

O]

Lemma 59 (Legendre, 1798). If p/q € Q satisfies |z — p/q| < 1/2¢%, then
p/q is a convergent of x.

Proof. Let r and s in Z satisfy 1 < s < ¢. From
s
1< |gr—ps| = |s(qz —p) —q(sx —1)| < slgx —p|+q|sz—7r| < 2—q+q\sa:—r\

one deduces

| —r|>1——8>—1> | — |
ST xr .
q = 2 2_qq b

Hence |sz — r| > |qr — p| and therefore Lemma [53| implies that p/q is a
convergent of x.

O]

3.8 Appendix

The proof of the following results are left as exercises.

Proposition 60. Let ¥ be a real number. The following conditions are
equivalent:

(i) ¥ is irrational.

(ii) For any e > 0, there exists (p,q) € Z? such that ¢ > 0 and

0<l|gd—p|l<e

(iii) For any € > 0, there exist two linearly independent linear forms in two
variables

Lo(Xo,Xl) = CL()XO + boXl and Ll(Xo, Xl) = alXo + lel,
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with rational integer coefficients, such that

maX{|L0(1719)’ ) ’L1(170)|} <e
(iv) For any real number Q@ > 1, there exists an integer q in the range
1 <q < Q and a rational integer p such that

1
0<|q¥—p|l < —=-
| | 0

(v) There exist infinitely many p/q € Q such that
1
e
q q
(vi) There exist infinitely many p/q € Q such that
p 1
) - ’ <L
q]  V5¢?
Proposition 61. Given a positive integer D which is not a square, there
exists (x,y) € Z* with x > 0 and y > 0 such that x> — Dy? = 1.

Proposition 62. Let D be a positive integer which is not a square. Let x
and y be positive rational integers. The following conditions are equivalent:
(i) 22 — Dy? = +1.

x 1
i) |[VvD-2| < ————.
(1) ‘ yl 292VD -1
T 1
i) [VD—- 2| < ————.
( )‘ y‘ y2VD +1
Proposition 63. For any q > 1 and any p € Z,
P 1
o - ] s
‘ 4l ” VB + (q/2)
On the other hand
lim F2, |6 ——2n |- 2
TLL)HC}O n—1 F’Il—l o ﬁ

4 The theory of finite fields

References:
M. Demazure [4], Chap. 8.
D.S. Dummit & R.M. Foote [5], § 14.3.
S. Lang [9], Chap. 5 § 5.
R. Lidl & H. Niederreiter [10].
V. Shoup [13], Chap. 20.
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4.1 Gauss fields

A field with finitely many elements is also called a Gauss Field. For instance,
given a prime number p, the quotient Z/pZ is a Gauss field. Given two fields
F and F’ with p elements, p prime, there is a unique isomorphism F — F”.
Hence, we denote by F), the unique field with p elements.

The characteristic of finite field F' is a prime number p, hence, its prime
field is F),. Moreover, F' is a finite vector space over F); if the dimension
of this space is s, which means that F' is a finite extension of F, of degree
[F': Fp] = s, then F has p°® elements. Therefore, the number of elements of
a finite field is always a power of a prime number p, and this prime number
is the characteristic of F.

The multiplicative group F'* of a field with ¢ elements has order ¢ — 1,
hence, 971 =1 for all  in F*, and 29 = z for all  in F. Therefore, F'*
is the set of roots of the polynomial X9~ — 1, while F is the set of roots of
the polynomial X7 — X:

xl-1= [ xX-2, X'-Xx=][&X-2). (64)
zeF'X zeF

Exercise 65. (a) Let F' be a finite field with ¢ elements, where ¢ is odd.
Denote by C the set of non—zero squares in F', which is the image of the
endomorphism z — 22 of the multiplicative group F*:

C={2® | ze F*}.
Check

X@ V2 4 =J[(X~2) and X« V2p1= ] (X -2
zeC z€F*X\C

(b) Let p be an odd prime. For a in F,, denote by (%) the Legendre symbol:

0 ifa=0
a
<> =<1 if a is a non-—zero square in F),

—1 if a is not a square in F,

Check
xeh2_1=  J &-a



and
x@-1/2 4 1 H (X —a).

acFy, (%):,1

<a> _ 12
p

Exercise 66. Prove that in a finite field, any element is a sum of two
squares.

Deduce that for a in Fy,

Exercise 67. Prove that if F' is a finite field with ¢ elements, then the
polynomial X9 — X + 1 has no root in F'. Deduce that F' is not algebraically
closed.

Proposition 68. Any finite subgroup of the multiplicative group of a field K
is cyclic. If n is the order of G, then G is the set of roots of the polynomial
X"—1im K.

Proof. The last part of the statement is easy: any element z of G satisfies
" = 1 by Lagrange’s theorem, hence the polynomial X™ — 1, which has
degree n, has n roots in K, namely the elements in (G. Since K is a field,
we deduce
xt—1=]](X -2,
zeG

which means that G is the set of roots of the polynomial X" — 1 in K

Let e be the exponent go GG. By Lagrange’s theorem, e divides n. Any
x in G is a root of the polynomial X¢ — 1. Since G has order n, we get n
roots in the field K of this polynomial X¢ — 1 of degree e < n. Hence e = n.
We conclude by using the fact that there exists in G at least one element of
order e, hence, G is cyclic. O

Second proof of Proposition[68} The following alternative proof of Proposi-
tion [68] does not use the exponent. Let K be a field and G a finite subgroup
of K* of order n. For each d | n, the number of elements x in K satisfying
z% =1 is at most d (the polynomial X% — 1 has at most d roots in K). The
result now follows from exercise [1] (3). O

Programs giving a generator of the cyclic group F, also called a primitive

root or a primitive element in F, are available onlineﬂ

80ne of them (in French) is
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Exercise 69. Let I’ be a finite field, ¢ the number of its elements, k£ a
positive integer. Denote by Cj, the image of the endomorphism z — z* of
the multiplicative group F*:

Cp={a* | z e F*).
How many elements are there in Cj?

When F' = F,, a rational integer a is called a primitive root modulo p
if a is not divisible by p and if the class of ¢ modulo p is a generator of
the cyclic group (Z/pZ)*. More generally, when F is a finite field with ¢
elements, a nonzero element « in F is a generator of the cyclic group F if
and only if « is a primitive (¢ — 1)th root of unity.

The theorem of the primitive element for finite fields is:

Proposition 70. Let F be a finite field and K a finite extension of F'. Then
there exist o € K such that K = F(«).

Proof. Let ¢ = p® be the number of elements in K, where p is the charac-
teristic of F' and K; the multiplicative group K* is cyclic (Proposition ;
let a be a generator. Then

K =0, 1,02, .. .,aq72} =F, (o),

and, therefore, K = F(«).
O

Hence the field K is isomorphic to the quotient F),[X]/(P) where P €
F,[X] is some irreducible polynomial over F, of degree s. We prove below
(cf. Theorem that K is isomorphic to the quotient F,[X]/(P) where
P € F,[X] is any irreducible polynomial over F, of degree s.

Lemma 71. Let K be a field of characteristic p. For x and y in K, we
have (x4 y)P = aP 4 yP.

Proof. When p is a prime number and n an integer in the range 1 < n < p,
the binomial coefficient
(2) = _n
n nl(p —n)!

is divisible by p. O

http://jean-paul.davalan.pagesperso-orange.fr/mots/comb/gfields/index.
html
Computation on finite fields can be done also with

http://wims.unice.fr/~wims/
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We now prove that for any prime number p and any integer s > 1, there
exists a finite field with p® elements.

Theorem 72. Let p be a prime number and s a positive integer. Set q = p°.

Then there exists a field with q elements. Two finite fields with the same
number of elements are isomorphic. If Q) is an algebraically closed field of
characteristic p, then € contains one and only one subfield with q elements.

Proof. Let F be a splitting field over F), of the polynomial X9 — X. Then
F is the set of roots of this polynomial, hence, has ¢ elements.
If F’ is a field with g elements, then F” is the set of roots of the polynomial
X9— X, hence, F” is the splitting field of this polynomial over its prime field,
and, therefore, is isomorphic to F'.
If Q is an algebraically closed field of characteristic p, then the unique
subfield of 2 with ¢ elements is the set of roots of the polynomial X% — X.
O

According to , if Fy is a finite field with ¢ elements and F' an exten-
sion of Fg, then for a € F, the relation a? = a holds if and only if a € F,.
We will use the following more general fact:

Lemma 73. Let Fy be a finite field with q elements, F' an extension of F,
and f € F[X] a polynomial with coefficients in F'. Then f belongs to F,[X]

if and only if f(X9) = f(X)4.

Proof. Since ¢ is a power of the characteristic p of F', if we write
f(X)=a+a1 X+ +a, X",
then, by Lemma
F(X)P =af +af XP + .-+ ah X"P
and by induction
FX)T = af +alXT - 4 al X",

Therefore, f(X)? = f(X?) if and only if a] = a; for alli =0,1,...,n.

From Lemma we deduce:
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Proposition 74. Let F' be a field of characteristic p.
(a) The map
Frob,: FF — F
x +— P

1s an endomorphism of F'.
(b) If F is finite, or if F' is algebraically closed, then Frob, is surjective,
hence is an automorphism of the field F'.

Remark. An example of a field of characteristic p for which Frob, is not
surjective is the field F),(X) of rational fractions in one variable over the
prime field F,,.

Proof. Indeed, this map is a morphism of fields since, by Lemma for x
and y in F,
Frob,(z 4+ y) = Frob,(z) + Frob,(y)

and
Frob,(zy) = Frob,(x)Frob,(y).

It is injective since it is a morphism of fields. If F' is finite, it is surjective
because it is injective. If F' is algebraically closed, any element in F is a
p—th power. ]

This endomorphism of F' is called the Frobenius of F' over F,. It extends
to an automorphism of the algebraic closure of F'.

If s is a non-—negative integer, we denote by Frobj or by Froby: the
iterated automorphism

Frobg =1, Frobys = Frob,:-1 o Frob, (s>1),
so that, for z € F,
Frobg(x) =z, Froby(z) = 27, Frob,:(z) = o Frobys(z) = 27" (s > 0).

If F' has p® elements, then the automorphism Frob, = Frobys of F' is the
identity.

If F'is a finite field with ¢ elements and K a finite extension of F', then
Frob, is a F~automorphism of K called the Frobenius of K over F.

Let I be a finite field of characteristic p with ¢ = p” elements. According
to Proposition the multiplicative group F'* of F is cyclic of order ¢ — 1.
Let o be a generator of F'*, that means an element of order ¢ — 1. For
1<?¢<r wehave 1 <pf—1< p" —1 = ¢—1, hence, aP 1 # 1 and

o1



Frobf,(a) # a. Since Froby, is the identity on F, it follows that Frob, has
order r in the group of automorphisms of F'.

Recall that a finite extension L/K is called a Galois extension if the
group G of K—automorphisms of L has order [L : K], and in this case the
group G is the Galois group of the extension, denoted by Gal(L/K). It
follows that the extension F/F, is Galois, with Galois group Gal(F/F,) =
Aut(F) the cyclic group of order s generated by Frob,,.

We extend this result to the more general case where the ground field
F, is replaced by any finite field.

Theorem 75. [Galois theory for finite fields/

Let F be a finite field with q
elements and K a finite extension
of F' of degree s. Then the ez- s/d<
tension K/F is Galois with Galois
group Gal(K/F) = Autp(K) the
cyclic group generated by the Frobe- d (
nius Frob,. Define G = Gal(K/F).

>3

m— = X

There is a bijection between
() the divisors d of s.
(77) the subfields E of K containing F
(13i) the subgroups H of G.
o If E is a subfield of K containing F, then the degree d = [K : E| of E
over K divides s, the number of elements in E is ¢%, the extension K/F
is Galois with Galois group the unique subgroup H of G of order d, which
is the subgroup generated by Frobga; furthermore, H is the subgroup of G
which consists of the elements o € G such that o(x) =z for all v € E.
o Conversely, if d divides s, then K has a unique subfield E with q% elements,
which is the fived field by Froba:

E={a€ K | Froby(a) = a},

this field E contains F, and the Galois group of K over E is the unique
subgroup H of G of order d.

Proof. Since G is cyclic generated by Frobg, there is a bijection between the
divisors d of s and the subgroups H of G: for d|s, the unique subgroup of
G of order s/d (which means of index d) is the cyclic subgroup generated
by Frob,a. The fixed field of H, which is by definition the set of z in K
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satisfying o(x) = x for all 0 € H, is the fixed field of Frob 4, hence it is the
unique subfield of E with ¢¢ elements; the degree of K over E is therefore
d. If E is the subfield of K with ¢? elements, then the Galois group of K/E
is the cyclic group generated by Froba. O

Under the hypotheses of Theorem the Galois group of F over F' is
the quotient Gal(K/F)/Gal(K/FE).

Exercise 76.

(a) Let F' be a field, m and n two positive integers, a and b two integers
> 2. Prove that the following conditions are equivalent.

(i) n divides m.

(ii) In F[X], the polynomial X™ — 1 divides X™ — 1.

(iii) ™ — 1 divides a™ — 1.

(ii’) In F[X], the polynomial X" — X divides X*" — X.

(iii”) 82" — b divides b2 — b.

(b) Let m, n and a be positive integers with a > 2. Check

ged(a” —1,a™ — 1) = a&dm™) _ 1.

Fix an algebraic closure F,, of F,,. For each s > 1, denote by Fs the
unique subfield of 2 with p* elements. For n and m positive integers, we
have the following equivalence:

F,» C Fpm < n divides m. (77)

If these conditions are satisfied, then Fpm /Fpn is cyclic, with Galois group
of order m/n generated by Frobn.

Let F C F), be a finite field of characteristic p with ¢ elements, and let
z be an element in F,. The conjugates of z over F' are the roots in F, of
the irreducible polynomial of x over F', and these are exactly the images of
x by the iterated Frobenius Frobg:, i > 0.

Two fields with p® elements are isomorphic (cf. Theorem , but if
s > 2, there is no unicity of such an isomorphic, because the set of automor-
phisms of Fp,s has more than one element (indeed, it has s elements).

Remarks.

e The additive group (F,+) of a finite field F' with ¢ elements is cyclic if and
only if ¢ is a prime number.
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e The multiplicative group (F*, X) of a finite field F' with ¢ elements is cyclic,
hence, is isomorphic to the additive group Z/(q — 1)Z.

e A finite field F' with ¢ elements is isomorphic to the ring Z/q¢Z if and only
if ¢ is a prime number (which is equivalent to saying that Z/qZ has no zero
divisor).

Example (Simplest example of a finite field which is not a prime
field). A field F' with 4 elements has two elements besides 0 and 1. These
two elements play exactly the same role: the map which permutes them and
sends 0 to 0 and 1 to 1 is an automorphism of F': this automorphism is noth-
ing else than Frobs. Select one of these two elements, call it j. Then j is a
generator of the multiplicative group F*, which means that F'* = {1, j, 52}
and F = {0, 1,4, j%}.
Here are the addition and multiplication tables of this field F':

(F,H) |0 1§ J° (F,x) |0 1 45 j4°
0 0 1 5 42 0 0 0 0 0
1 1 0 42 3 1 0 1 5 42
J i 3> 0 1 J 0 j 42 1
i | 5 10 2 10 42 1

There are 4 polynomials of degree 2 over Fg, three of them split in Fo,
namely X2, X?2+1 = (X+1)?and X2+ X = X (X +1), and just one which
is irreducible, X2 4+ X + 1, the roots of which are the elements of F' other
than 0 and 1.

Example (The field F5). .

We could write F5 = {0,1,—1,4, —i} with ¢ and —¢ the two roots of
X241, one of them is 2, the other is 3. Notice that there is no automorphism
of F'5 mapping i to —i.

Exercise 78. Check the following isomorphisms, and give a generator of
the multiplicative group of non—zero elements in the field.

(a) Fy = Fo[X]/(X2+ X +1).

(b) Fg = Fo[X]/(X3 4+ X +1).

(C) F16 = FQ[)(}/()(4 + X + 1)

(d) Fi = Fo[X,Y]/(Y?+Y + 1, X2+ X +Y).
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Exercise 79. (a) Give the list of all irreducible polynomials of degree < 5
over Fy.
(b) Give the list of all monic irreducible polynomials of degree < 2 over Fy.

Recall (Theorem that any finite extension of a finite field is Galois.
Hence, in a finite field F', any irreducible polynomial is separable: finite
fields are perfect.

Theorem 80 (Normal basis theorem). Given a finite extension L O K of
finite fields, there exists an element o in L* such that the conjugates of «
over K form a basis of the vector space L over K.

With such a basis, the Frobenius map Froby, where q is the number of ele-
ments in K, becomes a shift operator on the coordinates.

Remark. The normal basis Theorem holds for any finite Galois extension
L/K: given any finite Galois extension L/K, there exists a € L such that
the conjugates of « give a basis of the K vector space L. We first give a
proof of this result when K is infinite, and then a proof for a cyclic extension
L/K. The second proof will give the result for finite fields.

Let G = Gal(L/K). The conjugates of a over K are the elements o(a).
Consider a linear relation with coefficients in K among such numbers, for

an arbitrary « € L:
Z a,0(a) = 0.
celG

For each 7 € G, we also have

Z a,T to(a) = 0.
oceG

Hence, for o € L; a necessary and sufficient condition for the conjugates of
a to give a basis of L over K is

det (T_la(a))TpeG # 0.

Since L/K is a finite separable extension, there exists an element /3 in L such
that L = K () (theorem of the primitive element). Let f be the irreducible
polynomial of 8 over K:

FX) =[x =a(8)).

oeG
For o € G, define ¢g°(X) € L[X] by
70 == T (X -r).

T7eG\{o}
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We have ¢g?(3) # 0 for 0 = 1 and g(f) = 0 for o # 1, hence the determinant

1o
A(X) = det (g™ 7(X)), e
does not vanish at (3; this shows that d(X) is not the zero polynomial

Assume now that the field K is infinite: hence there exists v € L such
that d(vy) # 0. Set
()

“TN-B
Then one checks that « and its conjugates give a basis of L over K.
However this argument does not work for a finite field, which is the case
we are interested in. In this case a different argument is used, which works
more generally for a cyclic extension.

Proof of Theorem [30]
Let o be a generator of G. The elements of G are distinct characters of L™,
namely homomorphisms of multiplicative groups L* — L*, and therefore
they are linearly independent by Dedekind Theorem (theorem of linear in-
dependence of characters). We now consider o as an endomorphism of the
K —vector space L: since 1,0, ...,0% ! are linearly independent over K, with
d = [L : K], the minimal polynomial of the endomorphism ¢ is X% —1, which
is also the characteristic polynomial of this endomorphism. It follows that
there is a cyclic vector, which is an element « in L solution of our problem.
For such a basis «, a9, oﬂz, ...,a? " an element 7 in L has coordinates
ap,ai,...,aq—1 with

v = aga + a1a? + aza® + - + ag_10?
0 1 2 d—1 ;

and the image of v under the Frobenius map Frob, is

2 d—1
v =aq-1 +apa? +ara? + -+ ag_s0?

the coordinates of which are a4_1, a9, a1,...,a4—2. Hence the Frobenius is
a shift operator on the coordinates.
O

Exercise 81.
a) Let G be a group, N be a normal subgroup of finite index in G and H
a subgroup of GG. Show that the index of H N N in H is finite and divides
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the index of N in G. Deduce that if H NN = {1}, then H is finite and its
order divides the index of N in G.

(b) Let L/K be a finite abelian extension and Ej, Fy two subfields of L
containing K. Assume that the compositum of Fy and Fs is L. Show that
[L : Ey] divides [E» : K].

(c) Let F' be a finite field, E an extension of F' and «, 8 two elements in F
which are algebraic over I’ of degree respectively a and b. Assume a and b
are relatively prime. Prove that

F(a, B) = Fla+ ).
One of the main results of the theory of finite fields is the following;:

Theorem 82. Let F' be a finite field with q elements, o an element in an
. . . £

algebraic closure of F'. There exist integers £ > 1 such that ¢ = a. Denote

by n the smallest:

n=min{l >1 | Frobg(a) = a}.

Then the field F(«) has ¢" elements, which means that the degree of o over
F isn, and the minimal polynomial of o over F is

n—1 n—1
H (X — Frobg(a)) = H (X — ozqz) . (83)
=0 £=0

Proof. Define s = [F(a) : F|. By Theorem the extension F(«a)/F is
Galois with Galois group the cyclic group of order s generated by Frob,.
The conjugates of aover F' are the elements Frob; (), 0 <7 < s—1. Hence
s=n.

O]

4.2 Cyclotomic polynomials

Let n be a positive integer. A n—th root of unity in a field K is an element of
K> which satifies ™ = 1. This means that it is a torsion element of order
dividing n.

A primitive n—th root of unity is an element of K* of order n: for k in
Z, the equality =¥ = 1 holds if and only if n divides k.

For each positive integer n, the n—th roots of unity in F' form a finite
¥ < having at most n elements. The union of all these sub-

subgroup of F}
is just the torsion group F. . itself. This group contains 1

X
groups Of Ftors tors
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and —1, but it could have just one element, like for Fy = Z/2Z or Fa(X)
for instance. The torsion subgroup of R* is {£1}, the torsion subgroup of
C* is infinite.

Let K be a field of finite characteristic p and let n be a positive integer.
Write n = p"m with » > 0 and ged(p,m) = 1. In K[X], we have

Xt—1=(Xm-1)".
If x € K satisfies 2 = 1, then ™ = 1. Therefore, the order of a finite
subgroup of K* is prime to p.

It also follows that the study of X™ — 1 reduces to the study of X — 1
with m prime to p.

Let n be a positive integer and {2 be an algebraically closed field of
characteristic either 0 or a prime number not dividing n. Then the number
of primitive n-th roots of unity in Q is ¢(n). These ¢(n) elements are the
generators of the unique cyclic subgroup C,, of order n of %, which is the
group of n-th roots of unity in €:

Co={zeQ | 2" =1}

4.2.1 Cyclotomic polynomials over C[X]

The map C — C* defined by z — €27%/" is a morphism from the additive
group C to the multiplicative group C*; this morphism is periodic with
period n. Hence, it factors to a morphism from the group C/nZ to C*: we
denote it also by z — %7/ The multiplicative group (Z/nZ)* of the ring
Z/nZ is the set of classes of integers prime to n. Its order is ¢(n), where ¢
is Euler’s function.

The ¢(n) complex numbers

62i7rk/n ke (Z/TLZ)X

are the primitive roots of unity in C.
For n a positive integer, we define a polynomial ®,(X) € C[X] by

ou(X)= [ (x—ermm, (84)
ke(Z/nZ)*

This polynomial is called the cyclotomic polynomial of index n; it is monic
and has degree p(n). Since

n—1
X" _1= H(X o e2i7rk/n)’
k=0
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the partition of the set of roots of unity according to their order shows that

Xt—1= [ ®uX). (85)
1§(‘i§n
d|n

The degree of X™ — 1 is n, and the degree of ®4(X) is ¢(d), hence, Lemma
follows also from (85).

The name cyclotomy comes from the Greek and means divide the circle.
The complex roots of X™ — 1 are the vertices of a regular polygon with n
sides.

From , it follows that an equivalent definition of the polynomials
®1, Py, .. in Z[X] is by induction on n:

Xt —1
o (X)=X-1, & X)=cF—"+ (86)
Dq(X)
g a

This is the most convenient way to compute the cyclotomic polynomials ®,,
for small values of n.

Mébius inversion formula (see the second form in § with G the
multiplicative group Q(X)*) yields

O (X) = [ (X = /D,
dln

First examples. One has

X% -1 X3 -1

Po(X) = =X +1, By(X) = T = X2+ X +1,

and more generally, for p prime

CXP -1

—xPloxP24...40X+1.
X1 + + + X +

@, (X)

The next cyclotomic polynomials are

o Xt-1
X211

Dy(X) = X2+ 1=0y(X?),
X0 -1 X4l

Pg(X) = X1 X1 = X2 - X 41=3(—X).
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Exercise 87.
(a) Let p be a prime number and let m > 1. Prove

{ P (XP) = Pp (X) and ©(pm) = pp(m) if p|m,
(I)m(Xp) = (I)pm(X)q)m(X) and gp(pm) = (p - 1)%0(7”) if ng(pam) =1L
Deduce
O, (X) = xP =) o T -2) Ly xPT

when p is a prime and r > 1.
(b) Let n be a positive integer. Prove

w(n if n is odd,
p(2n) = ") U
2p(n) if n is even,
—P(—-X) ifn=1,
Do (X) = ¢ P, (—X) if n is odd and > 3,
P, (X?) if n is even.
Deduce, for £ > 1 and for m odd > 3,
Do (X) = X2 41
Dy (X) = B (=X,
Dy (X) Py (—X) = &, (X?).
Theorem 88. For any positive integer n, the polynomial ®,(X) has its
coefficients in Z. Moreover, ®,(X) is irreducible in Z]X].

Proof of the first part of Theorem[88. We check ®,(X) € Z[X] by induc-
tion on n. The results holds for n = 1, since ®1(X) = X — 1. Assume
®,,(X) € Z[X] for all m < n. From the induction hypothesis, it follows

that
h(X) = [T ®a(X)

d|n
d#n

is monic with coefficients in Z. We divide X" —1 by h in Z[X]: let Q € Z[X]
be the quotient and R € Z[X] the remainder:
X" —1=h(X)Q(X)+ R(X).

We also have X" — 1 = h(X)®,(X) in C[X], as shown by (8F). From the
unicity of the quotient and remainder in the Euclidean division in C[X], we
deduce @ = ®,, and R = 0, hence, ®,, € Z[X]. O
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We now show that ®,, is irreducible in Z[X]. Since it is monic, its content
is 1. It remains to check that it is irreducible in Q[X].

Here is a proof of the irreducibility of the cyclotomic polynomial in the
special case where the index is a prime number p. It rests on Eisenstein’s
Criterion:

Proposition 89 (Eisenstein criterion). Let
C(X) =coX4 -+ cq € Z[X]

and let p be a prime number. Assume C to be product of two polynomials
in Z|X] of positive degrees. Assume also that p divides ¢; for 1 <i < d but
that p does not divide cy. Then p? divides c.

Proof. Let
AX)=apX"+--4+a, and B(X)=b X"+ - +bn

be two polynomials in Z[X] of degrees m and n such that C' = AB. Hence,
d=m+mn, cg = apby, cqg = anby,. We use the morphism of reduction
modulo p, namely ¥, : Z[X] — F,[X]. Write A = U,(A), B = ¥,(B),
C= ¥ (C),

A(X)=aoX" + - +an, B(X)=b X"+ +bm
and )
C(X)=aX"+ - +éa

By assumption ¢y # 0, ¢ = -+ = ¢ég = 0, hence, C’(X) = GX¢ =
A(X)B(X) with & = agby # 0. Now A and B have positive degrees n
and m, hence, a, = by = 0, which means that p divides a,, and b,,, and,
therefore, p? divides cq = anbm. O

Proof of the irreducibility of ®, over Z in Theoremforp prime. We set
X —1=Y, so that

p_
(Y +1) = (Yﬂy)l =yrt4 (?)YP—2+--~+ (§>Y+p€ Z[Y].

We observe that p divides all coefficients — but the leading one — of the monic
polynomial ®,(Y + 1) and that p? does not divide the constant term. We
conclude by using Eisenstein’s Criterion Proposition [89] O

We now consider the general case.
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Proof of the irreducibility of ®, over Z in Theorem 88| for all n. Let f € Z[X]
be an irreducible factor of ®, with a positive leading coefficient and let
g € Z[X] satisfy fg = ®,,. Our goal is to prove f = ®, and g = 1.

Since ®,, is monic, the same is true for f and ¢g. Let ¢ be a root of f
in C and let p be a prime number which does not divide n. Since (P is a
primitive n-th root of unity, it is a zero of ®,,.

The first and main step of the proof is to check that f((P) = 0. If ¢?
is not a root of f, then it is a root of g. We assume ¢(¢(?) = 0 and we will
reach a contradiction.

Since f is irreducible, f is the minimal polynomial of (, hence, from
g(¢?) = 0, we infer that f(X) divides g(XP). Write g(X?) = f(X)h(X) and
consider the morphism ¥,, of reduction modulo p already introduced in .
Denote by F, G, H the images of f, g, h. Recall that fg = ®,, in Z[X],
hence, F(X)G(X) divides X" — 1 in Fp[X]. The assumption that p does
not divide n implies that X™ — 1 has no square factor in F,[X].

Let P € Z[X] be an irreducible factor of F. From G(X?) = F(X)H(X),
it follows that P(X) divides G(X?). But G € F,[X], hence (see Lemma
, G(XP) = G(X)P and, therefore, P divides G(X). Now P? divides the
product F'G, which is a contradiction.

We have checked that for any root ¢ of f in C and any prime number p
which does not divide n, the number (P is again a root of f. By induction
on the number of prime factors of m, it follows that for any integer m with
ged(m,n) = 1 the number (™ is a root of f. Now f vanishes at all the
primitive n—th roots of unity, hence, f = ®,, and g = 1.

O

Let n be a positive integer. The cyclotomic field of level n over Q is
R, = Q({e¥™*/" | ke (Z/nZ)*}) C C.

This is the splitting field of ®,, over Q. If ( € C is any primitive n—th root of
unity, then R,, = Q(¢) and {1,¢, ..., ¢?™ 1) is a basis of R, as a Q-vector
space.

For example we have

RIZRZZQ, R3:R6:Q(])v R4:Q(1’)7

where j is a root of the polynomial X2 + X + 1. It is easy to check that for
n > 1 we have p(n) = 1 if and only if n € {1,2}, ¢(n) = 2 if and only if
n € {3,4,6} and p(n) is even and > 4 for n > 5 with n # 6. That ¢(n), the
degree of R,,, tends to infinity with n can be checked in an elementary way.

62



Exercise 90. Check
n < 2.685p(n)!101

for alln > 1.

Proposition 91. There is a canonical isomorphism between Gal(R,/Q)
and the multiplicative group (Z/nZ)*.

Proof. Let (, be a primitive n-th root of unity and let u, be the group
of n-th roots of unity, which is the subgroup of C* generated by (,. The
map Z — i, which maps m to (' is a group homomorphism of kernel
nZ. When c is a class modulo n, we denote by (¢ the image of ¢ under the
isomorphism Z/nZ ~ p,,.

For ¢ € Gal(R,/Q), define §(p) € (Z/nZ)* by

@(Cn) = Cz(w) :

Then 6 is well defined and is a group isomorphism from Gal(R,/Q) onto
(Z/nZ)*.
[

Example. The element 7 in Gal(R,/Q) such that (1) = —1 satisfies
7(¢,) = ¢t But ¢! is the complex conjugate of (,, since |(,| = 1. Hence
7 is the (restriction to R,, of the) complex conjugation.

Assume n > 3. The subfield of R,, fixed by the subgroup 6~ !({1,—1})
of Gal(R,/Q) is the maximal real subfield of R,:

BRI =Q(¢ + ¢ ") =Qcos(2m/n)) = R,NR

with [R, : Rf] = 2.

4.2.2 Cyclotomic Polynomials over a finite field

Since ®,, has coefficients in Z, for any field K, we can view ®,(X) as an
element in K[X]: in zero characteristic, this is plain since K contains Q; in
finite characteristic p, one considers the image of ®, under the morphism
V¥, introduced in : we denote again this image by ®,,.

Proposition 92. Let K be a field and let n be a positive integer. Assume
that K has characteristic either O or else a prime number p prime ton. Then
the polynomial ®,,(X) is separable over K and its roots in K are exactly the
primitive n—th roots of unity which belong to K.
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Proof. The derivative of the polynomial X™ — 1 is nX""!. In K, we have
n # 0 since p does not divide n, hence, X™ — 1 is separable over K. Since
®,,(X) is a factor of X™ — 1, it is also separable over K. The roots in K of
X™ — 1 are precisely the n—th roots of unity contained in K. A n-th root of
unity is primitive if and only if it is not a root of ®; when d|n, d # n. From
, this means that it is a root of ®,,.

O

When n = p"m with r > 0 and m > 1, in characteristic p we have

'

X" 1=(X"—1)",

Therefore, if p divides n, there is no primitive n—th root of unity in a field
of characteristic p.

Exercise 93.
Consider the following polynomials over a field of characteristic p. (a) Prove
that for » > 0 and m > 1 with p fm,

1 if r =0,

By (X) = 0, (X)¥P) with ") =
prm(X) (X) with  o(p") {pr_pr_l _——

(b) Deduce that if p divides m, then in characteristic p we have

Bprm (X) = By (X))

According to , given ¢ = p", the unique subfield of Fp with ¢ elements

is the set F, of roots of X9 — X in F),. The set {X —z | = € F,} is the set

of all monic degree 1 polynomials with coefficients in F,. Hence, is the
special case n = 1 of the next statement.

Theorem 94. Let F' be a finite field with q elements and let n be a positive
integer. The polynomial X9" — X is the product of all irreducible polynomials
in F[X] whose degree divides n. In other terms, for any n > 1,

x"-x=1] ] X

din fEE,(d)

where Eq(d) is the set all monic irreducible polynomials in F¢[X] of degree
d.
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Proof. The derivative of X¢" — X is —1, which has no root, hence, X9" — X
has no multiple factor in characteristic p.

Let f € Fy[X] be an irreducible factor of X¢" — X and a be a root of f
in F,. The polynomial X 7" — X is a multiple of f, therefore, it vanishes at
a, hence, a?" = a which means a € F,». From the field extensions

F, CFy(a) C Fyn,

we deduce that the degree of a over Fy divides the degree of Fyn over F,
that is d divides n.

Conversely, let f be an irreducible polynomial in F,[X] of degree d where
d divides n. Let « be a root of f in F,. Since d divides n, the field F(«) is
a subfield of Fyn, hence a € Fyn satisfies a?" = a, and therefore f divides
X" - X.

This shows that X" — X is a multiple of all irreducible polynomials of
degree dividing n.

In the factorial ring F,[X], the polynomial X 4" — X, having no multiple
factor, is the product of the monic irreducible polynomials which divide it.
Theorem [94] follows.

O

Denote by N,(d) the number of elements in E,(d), that is the number
of monic irreducible polynomials of degree d in F,[X]. Theorem [94] yields,
forn > 1,

¢" = dNy(d). (95)

din
From MGdbius inversion formula (§ , one deduces:

Ny(n) = % > u(d)g .
dln

For instance, when £ is a prime number,

Exercise 97. Let F be a finite field with ¢ elements.

(a) Give the values of Na(n) for 1 <n <6.
(b) Check, for n > 2,

o < Ny(n) <

qn
2n — ;
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(c) More precisely, check, for n > 2,

n

q" — an/QJ—&—l

qg —dq
< N, < .
n Q(n)_ n

(d) Let F' be a finite field of characteristic p. Denote by F,, the prime subfield

of F. Check that more than half of the elements « in F' satisfy F' = F,(«).
(e) Check that when p™ tends to infinity, the probability that a polynomial

of degree n over F,, be irreducible in F,[X] tends to 1/n.

Remark. From (c) one deduces that the number N, (n) of monic irreducible
polynomials of degree n over F satisfies

n n/2
Ny(n) = % +0 (q> .

n

This Prime Polynomial Theorem is the analog for polynomials of the Prime
Number Theorem which asserts that the number 7(x) of primes p < z is
asymptotically equal to

Todt x

5 logt logx’

Li(z) =

while the Riemann Hypothesis is equivalent to the assertion that the re-
mainder term 7(z) — Li(z) is bounded above by z'/2t°(1) This analogy
takes into account the fact that x is the number of integers < x while ¢" is
the number of monic polynomials of degree n over F,.

4.3 Decomposition of cyclotomic polynomials over a finite
field

In all this section, we assume that n is not divisible by the characteristic p
of Fy.
We apply Theorem [82] to the cyclotomic polynomials.

Theorem 98. Let F, be a finite field with q elements and let n be a pos-
itive integer not divisible by the characteristic of . Then the cyclotomic
polynomial ®,, splits in F,[X] into a product of irreducible factors, all of the
same degree d, where d is the order of ¢ modulo n.

Recall (see § that the order of ¢ modulo n is by definition the order
of the class of ¢ in the multiplicative group (Z/nZ)* (hence, it is defined
if and only if n and ¢ are relatively prime), it is the smallest integer ¢ such
that ¢ is congruent to 1 modulo n.
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Proof. Let ¢ be a root of &, in a splitting field K of the polynomial &,
over F,. The order of ¢ in the multiplicative group K* is n. According to
Theorem the degree of ¢ over F; is he smallest integer s > 1 such that
¢! = 1. Hence it is the smallest positive integer s such that n divides

q° — 1, and this is the order of the image of ¢ in the multiplicative group
(Z/nZ)*. O

Since an element ( € F; has order n in the multiplicative group F; if
and only if ¢ is a root of ®,, an equivalent statement to Theorem [98]is the
following.

Corollary 99. If( € F; has order n in the multiplicative group F;, then
its degree d = [Fy(C) : Fy] over Fy is the order of ¢ modulo n.

The special case d = 1 of corollary [99] produces the next result:

Corollary 100. The polynomial ®,,(X) splits completely in Fy[X] (into a
product of linear polynomials) if and only if ¢ = 1 mod n.

This follows from Theorem but it is also plain from Proposition
and the fact that the cyclic group F of order ¢ — 1 contains a subgroup of
order n if and only if n divides ¢ — 1, which is the condition ¢ = 1 mod n.

The special case d = ¢(n) of corollary [99| produces the next result:

Corollary 101. The following conditions are equivalent:
(i) The polynomial ®,(X) is irreducible in F,[X].

(ii) The class of ¢ modulo n has order o(n).

(iii) ¢ is a generator of the group (Z/nZ)*.

This can be true only when this multiplicative group is cyclic, which
means (see Exercise |5|) that n is either

2, 4, 0%, 20°
where /¢ is an odd prime and s > 1.

Corollary 102. Let q be a power of a prime, s a positive integer, and
n = q°* — 1. Then q has order s modulo n. Hence, ®,, splits in Fy[X] into
wrreducible factors, all of which have degree s.

Notice that the number of factors in this decomposition is ¢(¢* — 1)/s,
hence it follows that s divides ¢(¢® — 1).
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Numerical examples

Recall that we fix an algebraic closure F, of the prime field F,, and for
q a power of p we denote by F, the unique subfield of Fp with ¢ elements.
Of course, F, is also an algebraic closure of F,,.

Example. The field F,, quadratic extension of Fy (see also example
. We consider the quadratic extension F4/F9. There is a unique irre-
ducible polynomial of degree 2 over Fa, which is ®3 = X2 + X + 1. Denote
by ¢ one of its roots in Fy. The other root is ¢ with ¢(? = ¢ + 1 and

F,={0, 1, ¢, ¢}

If we set 7 = (2, then the two roots of ®3 are n and n?, with n?> =+ 1 and

Fy={0, 1, n, n°}.

There is no way to distinguish these two roots, they play the same role. It
is the same situation as with the two roots +i of X2 + 1 in C.

Example. The field Fg, cubic extension of Fo. We consider the cubic
extension Fg/Fo. There are 6 elements in Fg which are not in Fg, each of
them has degree 3 over Fa, hence, there are two irreducible polynomials of
degree 3 in Fy[X]. Indeed, from (96), it follows that No(3) = 2. The two
irreducible factors of ®; are the only irreducible polynomials of degree 3
over Fo:

XX =X(X+)(X}+X+1)(XP+X2+1).

The 6 = ¢(7) elements in F§ of degree 3 are the six roots of ®7, hence, they
have order 7. If ¢ is any of them, then

F8 - {07 17 C? Cza C37 C4> <57 CG}

Since [Fg : F3] = 3, there are three automorphisms of Fg, namely the
identity, Froby and Frobs = Frob3. If ¢ is aroot of Q1(X) = X3+ X +1, then
the two other roots are ¢? and ¢*, while the roots of Q2(X) = X%+ X2+ 1
are 3, ¢® and ¢®. Notice that (5 = (7! and Q2(X) = X3Q1(1/X). Set
n = (1. Then

Fs = {07 L, n, 7727 7737 7747 7757 776}

and
QuX)=(X-OX =X =¢Y, QX)=(X—n)X—-n)(X—n").
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For transmission of data, it is not the same to work with ¢ or with = ¢~1.
For instance, the map z — x + 1 is given by

<+1:C37<2+1:C67<3+1:CaC4+1:C57C5+1:<47C6+1:<2
and by
17+1:775’772+1:773’773+1:772,774_’_1:7767775_’_1:77’776_’_1:?74'

Example. The field Fy, quadratic extension of F3. We consider the
quadratic extension Fg/F3. Over Fs,

X X=XX-DX+DX*+)(X*+ X - 1)(X* - X -1).

In FJ, there are 4 = ¢(8) elements of order 8 (the four roots of ®g) which
have degree 2 over F3. There are two elements of order 4, which are the
roots of @y4; they are also the squares of the elements of order 8 and they
have degree 2 over F3, their square is —1. There is one element of order
2, namely —1, and one of order 1, namely 1. From , it follows that
N3(2) = 3: the three monic irreducible polynomials of degree 2 over F3 are
®,4 and the two irreducible factors of Pg.

Since [Fg : F3] = 2, there are two automorphisms of Fg, namely the
identity and Frobs. Let ¢ be a root of X? + X — 1 and let n = ¢~!. Then

n=¢",n*=¢ and
X4 X 1= (X -O(X = ¢%), X2 X —1=(X —n)(X —nP).
We have
F9 = {Oa 17 Cv sz C37 <4a C5a Cﬁv <7}
and also
Fy = {0, 1, n, %, 7% n*, v°, 0%, 0"}

The element (* = n* = —1 is the element of order 2 and degree 1, and the
two elements of order 4 (and degree 2), roots of X2 + 1, are ¢ = 1% and

o=
Exercise 103. Check that 3 has order 5 modulo 11 and that
X = Xx-DNX -X34+X2-X-D(X°+ X - X3+ X2-1)

is the decomposition of X! — 1 into irreducible factors over Fs.
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Exercise 104. Check that 2 has order 11 modulo 23 and that X23 — 1 over
F5 is the product of three irreducible polynomials, namely X — 1,

X11+X10+X6—|—X5+X4—|—X2+1

and
XU x93 XT 4 x4 X5+ X+ 1.

Example. Assume that ¢ is odd and consider the polynomial ®4(X) =
X2 + 1. Corollary implies:

e If ¢ = 1 mod 4, then X2 + 1 has two roots in F,.
e If g = —1 mod 4, then X? + 1 is irreducible over F,,.

Example. Assume again that ¢ is odd and consider the polynomial ®g(X) =
X4 4 1.

e If ¢ =1 mod 8, then X* + 1 has four roots in F,.

e Otherwise X% +1 is a product of two irreducible polynomials of degree
2 in Fy[X].

For instance, Example [4.3] gives over F3
X' 4+1=(X2+X-1)(X2-X —1).

Using Example one deduces that in the decomposition of X® — 1 over
F,, there are

8 linear factors if ¢ = 1 mod 8,
4 linear factors and 2 quadratic factors if ¢ = 5 mod 8,
2 linear factors and 3 quadratic factors if ¢ = —1 mod 4.

Exercise 105. Check that the polynomial X* 4 1 is irreducible over Q but
that it is reducible over F), for all prime numbers p.

Example. The group (Z/5Z)* is cyclic of order 4, there are p(4) = 2
generators which are the classes of 2 and 3. Hence,

e If g =2 or 3 mod 5, then ®j5 is irreducible in F,[X],
e If ¢ = 1 mod 5, then ®5 has 4 roots in F,

e If g = —1 mod 5, then ®5 splits as a product of two irreducible poly-
nomials of degree 2 in F,[X].
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Exercise 106. Let F, be a finite field with ¢ elements. What are the
degrees of the irreducible factors of the cyclotomic polynomial ®15 over F,?
For which values of ¢ is ®15 irreducible over F,?

Exercise 107. Let p be a prime number, r a positive integer, ¢ = p".
Denote by F 2 a field with ¢ elements.

(a) Consider the homomorphism of multiplicative groups FZQ — FZQ which
maps = to 297 1. What is the kernel? What is the image?

(b) Show that there exists a € F 2 such that o' is not in F,. Deduce that
(a,a?) is a basis of the F,—vector space F .

Decomposition of ®,, into irreducible factors over F,

As usual, we assume ged(n,q) = 1. Theorem tells us that ®,, is
product of irreducible polynomials over F all of the same degree d. Denote
by G the multiplicative group (Z/nZ)*. Then d is the order of ¢ in G. Let
H be the subgroup of G generated by ¢:

H = {1,(1,(]27 sty qd_l}‘

Let ¢ be any root of ®,, (in an algebraic closure of Fy, or if you prefer in
the splitting field of ®,(X) over F,;). Then the conjugates of ¢ over F, are
its images under the iterated Frobenius Frob, which maps = to z9. Hence,
the minimal polynomial of ¢ over F, is

d—1 _
Py(X)=[(x =¢") =[x =M.
=0 heH

This is true for any root ¢ of ®,. Now fix one of them. Then the others are
¢™ where ged(m,n) = 1. The minimal polynomial of (" is, therefore,

d—1

[Tx —¢m).

i=0
This polynomial can be written

Pou(X)= J] x-¢M

hemH

where mH is the class {mq’ | 0 <i < d— 1} of m modulo H in G. There
are p(n)/d classes of G modulo H, and the decomposition of ®4(X) into
irreducible factors over F, is



Factors of X™ — 1 in Fy[X]
Again we assume ged(n, ) = 1. We just studied the decomposition over F,
of the cyclotomic polynomials, and X™ — 1 is the product of the ®4(X) for
d dividing n. This gives all the information on the decomposition of X™ —1
in F,[X]. Proposition below follows from these results, but is also easy
to prove directly.

Let ¢ be a primitive n-th root of unity in an extension F' of F,. Recall
that for j in Z, ¢/ depends only on the classe of j modulo n. Hence, ¢’
makes sense when i is an element of Z/nZ:

xr—1= J] x-¢).

i€Z/nZ

For each subset I of Z/nZ, define

Qr(X) =[x -¢).

el

For I ranging over the 2" subsets of Z/nZ, we obtain all the monic divisors
of X” —1 in F[X]. Lemma 73| implies that Q; belongs to F,[X] if and only
if Qr(X1) = Qr(X)".

Since ¢ and n are relatively prime, the multiplication by ¢, which we
denote by [g], defines a permutation of the cyclic group Z/nZ:

7 la] 7

L

Z/nZ —— Z/nZ
x — qe.

The condition Q(X9) = Qr(X)? is equivalent to saying that [¢](I) = I,
which means that multiplication by ¢ induces a permutation of the elements
in I. We will say for brevity that a subset I of Z/nZ with this property is
stable under multiplication by q. Therefore:

Proposition 108. The map I — Q7 is a bijective map between the subsets
I of Z/nZ which are stable under multiplication by q on the one hand, and
the monic divisors of X™ — 1 in Fy[X| on the other hand.

An irreducible factor of X™ —1 over F is a factor () such that no proper
divisor of @) has coefficients in Fy. Hence,
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Corollary 109. Under this bijective map, the irreducible factors of X™ — 1
correspond to the minimal subsets I of Z/nZ which are stable under multi-
plication by q.

Here are some examples:

e For I =10,Qy=1.

o For I =Z/nZ, Qz/nz = X" — 1.
e For I = (Z/nZ)*, Qz/nz)x = Pn.
e For I = {0}, Qo(X)=X —1.

e If n is even (and ¢ odd, of course), then for I = {n/2}, Q,/23(X) =
X+ 1.

e Let d be a divisor of n. There is a unique subgroup C, of order d
in the cyclic group Z/nZ. This subgroup is generated by the class of
n/d, it is the set of k € Z/nZ such that dk = 0, it is stable under
multiplication by any element prime to n. Then Q¢,(X) = X d_1,

e Let again d be a divisor of n and let Ey be the set of generators of
Cy: this set has ¢(d) elements which are the elements of order d in
the cyclic group Z/nZ. Again this subset of Z/nZ is stable under
multiplication by any element prime to n. Then @ g, is the cyclotomic
polynomial ®, of degree ¢(d).

Example. The field F4, quartic extension of Fo. Taken = 15, ¢ = 2.
The minimal subsets of Z/15Z which are stable under multiplication by 2
modulo 15 are the classes of

{0}, {5,10}, {3,6,9,12}, {1,2,4,8}, {7,11,13,14}.
We recover the fact that in the decomposition
X 1 =3 (X)P3(X)P5(X)P15(X)

over Fo, the factor ®; is irreducible of degree 1, the factors ®3 and ®5 are
irreducible of degree 2 and 4 respectively, while ®15 splits into two factors
of degree 4 (use the fact that 2 has order 2 modulo 3, order 4 modulo 5 and
also order 4 modulo 15).

It is easy to find the two factors of ®15 of degree 4 over Fo. There are
four polynomials of degree 4 over Fy without roots in Fo (the number of
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monomials with coefficient 1 should be odd, hence should be 3 or 5) and
<I>§ = X*+ X241 is reducible; hence, there are three irreducible polynomials
of degree 4 over Fa:

X4 X341, X4 X411, (X)) =X+ X34+ X2+ X+ 1
Therefore, in Fo[ X],
Pi5(X) = (X + X3+ D)X+ X +1).

We check the result by computing ®15: we divide (X' —1)/(X5 — 1) =
X104+ X5+ 1 by ®3(X) = X?+ X + 1 and get in Z[X]:

Pis(X) =X - X"+ X5 - X4 X3 - X +1.

Let ¢ is a primitive 15-th root of unity (that is, a root of ®;5). Then
¢ = 1 is the root of ®1, ¢° and ('° are the roots of ®3 (these are the
primitive cube roots of unity, they belong to Fy), while ¢3,¢%,¢?, ¢'? are the
roots of ®5 (these are the primitive 5-th roots of unity). One of the two
irreducible factors of ®5 has the roots ¢, (2, ¢4, (8, the other has the roots
¢7 ¢, ¢3¢ Also, we have

{¢ P Ay = {Th R R

The splitting field over Fo of any of the three irreducible factors of degree
4 of X1° — 1 is the field Fyg with 2% elements, but for one of them (namely
®5) the 4 roots have order 5 in Fg, while for the two others the roots have
order 15.

Hence, we have checked that in Fjj, there are

e 1 element of order 1 and degree 1 over Fy, namely {1} C Fo,

e 2 elements of order 3 and degree 2 over Fa, namely {¢°, (1%} C Fy,
e 4 elements of order 5 and degree 4 over Fo, namely {¢3, (5, ¢?, ¢'?},
e 8 elements of order 15 and degree 4 over Fs.

Example. The field Fy7, cubic extension of F3. Let us write, in
F3[X],
XX =X(XB-1)(XxB+1),

XB 1= (X+V)fifafsfs, XP—1=(X-1Vfsfefrfs
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with f; of degree 3. The roots of fi, fa, f3, f4 are the 12 = ©(26) generators
of the cyclic group FJ; = Cag, the roots of fs, fs, f7, fs are the 12 = (13)
elements of order 13 which generate the unique cyclic subgroup of FJ; of
order 13, the root of X + 1 is the unique element of order 2.

We are going to exhibit the set {fi,..., fs} by looking at the degree 3
irreducible polynomials over F3. We will first describe the set {f1,..., fa}.
Then we can take fi1;(X) = —fi;(—X) (replace X% by —X?/ and keep the
sign for X%*1).

In order to get the decomposition of X!3 4 1, we write the table of
discrete logarithms for Fo7. We need a generator. One among 4 solutions is
to take a root a of X3 — X 4 1.

Exercise: check a3 = —1.
Hint. Check a® =a -1, = —1=a+1, a2 =0a? - 1.

Hence the roots of X2 — X +1 are a, a® = a — 1 and o = a + 1.
We deduce that the roots of the reciprocal polynomial X3 + X2 4+ 1 are
al=aP-a?—a-1,a?=aP¥=—-a—-landa? =a"=—-a?+a.
We compute the irreducible polynomial of o’ = a? —a — 1, which is also
the irreducible polynomial of a?! = a? + 1 and of a% = o'l = a? + a + 1,

we find X2 + X% — X + 1.

The irreducible polynomial of o® = a=2! = —a?+a+1, which is also the
irreducible polynomial of a'® = a1 = 2a? and of o*® = a!? = a” = —a? —
a—1 is the reciprocal polynomial of the previous one, namely X3—X24+X+1.

Therefore

XB+1 = (X+D)(XP-X+D)(XP =X+ (X + X=X +1) (X - X2+ X +1).

The roots of X3 — X + 1 are o, o, o”.
The roots of X2 — X2+ larea ' =a®, a2 =a?, o =al7
The roots of X2 + X2 — X + 1 are o', o, o't
The roots of X2 — X2+ X +1area ' =a!?, a2 =a? a1l =alb.
This gives the list of 12 generators of F.

The twelve elements of order 13 in F3; are the roots of (X'3—1)/(X —1),
where

XB 1 =(X-1)(XP-X-D)(X*-X?-1)(X]-X?-X-1)(X3+X?+X-1).
Exercise: give the list of the three roots of each of the four factors of (X3 —

1)/(X —1) over Fs.
Hint: consider the change of variable x — —z using —1 = '3,
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Exercise 110. Let F, be a finite field with ¢ elements of characteristic p.
Show that the following conditions are equivalent.

(i) Any element « in Fy such that F, = F,(«) is a generator of the cyclic
group F.

(ii) The number ¢ — 1 is a prime number.

4.4 Trace and Norm

Let F' be a finite field with ¢ elements and let E be a finite extension of
degree s of F'. For a € E, the norm of a from E to F is the product of the
conjugates of a over F, while the trace of a from E to F' is the sum of the
conjugates:

Ng/p(a H FrobZ = a(qs_l)/(q_l), Trg/p(a Z FrobZ Z ot

For a € F, we have Ng/p(a) = o and Trg/p(a) = sa. The norm Ng/p
induces a surjective morphism from E* onto F'*. The trace Trg/p is a F—
linear surjective map from E onto F', the kernel of which is the set of roots
of the polynomial X + X9+ ---+ X‘f '

Exercise 111. (a) Let F' be a finite field, E a finite extension of F' and «
a generator of the cyclic group £*. Check that Ng, p(a) is a generator of
the cyclic group F*.

(b) Deduce that the norm Ng,r induces a surjective morphism from E*
onto F*.

(c) Given extensions of finite fields K C F' C E, check Ng/x = Ng/poNp .
(d) For x € F, define

0 ifa=0
a
(—) =<1 if a is a non—zero square in F'

—1 if a is not a square in F.
Hence Legendre symbol (Exercise is
5)-(%)
b Fp

for a € Z and a = a (mod p) € F),. Check that if F' has ¢ elements with ¢
odd, then, for a € F,
(ﬁ) — gla—D/2,

F
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Deduce, for a € E,
(a _ (Ng/r(a)
- (55

Exercise 112. The field Fi4, quadratic extension of F,.

Write Fy = Fa(j) with j root of X2 4+ X + 1.
(1) List the irreducible polynomials of degree 2 over Fy.
(2) Decompose the 6 irreducible polynomials of Fg of degree 4 into irre-
ducible factors of degree 2 over Fs.
(Explain why it should be so)
(3) Select a generator of Fy and an irreducible polynomial of degree 2 over
F,4 of which « is a root in Fi4. Write the discrete logarithm table of leﬁ

with basis a. For each of the 15 elements of with 0 < k < 14, tell which
one is the irreducible polynomial of o*.

Exercise 113. Let F, be a finite field of odd characteristic p with ¢ = p”
elements.
(a) Check —1 is a square if and only if ¢ =1 mod 4.
(b) Assume p = —1 mod 4. Let i be a root of X? + 1 in F 2. For a and b
in F), check

(a+1ib)P = a — ib.

(Automorphisms of F,2).

(c) Let p be a Mersenne prime, p = 2¢ — 1 with ¢ prime. Check that for a
and bin F,, a+1b is a generator of the cyclic group F; if and only if a2+ b?
is a generator of the cyclic group F).

4.5 Infinite Galois theory

Let p be a prime number. For each pair (n, m) of positive integers such that
n divides m, there exists a field homomorphism from F,» into F,». Such a
morphism is not unique if n < m: if we compose it with the Frobenius over
F,, we get another one. For each n|m, we choose one of them, say .y m,
which allow us to consider Fj» as a subfield of F,».Then one checks that
the union of the increasing family of fields F . is an algebraic closure of F,.

Let F, be an algebraic closure of F,. The extension F,/F,, is algebraic,
infinite, normal and separable: it is an infinite Galois extension. Its Galois
group Gal(F,/F)) is the group of automorphisms of F,. It is the projective
limit of the Galois groups of the finite extensions of F,, contained in F,/F,:

Gal(F,/F,) = lim Gal(L/F,).
[L:Fpl<oco
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This group Gal(F,/F,) is

7 := lim Z/nZ.
b
The projective limite is the set of (a)n>1 in the Cartesian product [ [, Z/nZ
which satisfy spm(an) = an, for all pairs of positive integers (n, m) where m

divides n, where
Spm : LNl — Z/mZ

lis the canonical surjective morphism.
We also have

Z:=1[2, avec Z,= lim Z/p'Z.

P r—00

See, for instance, [5] exercise 19 p. 635. and [7] Appendice.
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