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u0 = 1, u1 = (1−
√
5)/2, un = un−1 + un−2

Question : compute u100.

1−
√

5

2
= −0.618033988749894848204586834365 . . .

https://oeis.org/A001622
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Excel file Column A : n Column B : un

u0 = 1, u1 = (1−
√

5)/2, un = un−1 + un−2

A B
1 0 1
2 1 =(1-RACINE(5))/2

A B
1 0 1
2 1 -0.618034

A B
1 0 1
2 1 -0.618034
3 =1+A2 =B1+B2

A B
1 0 1
2 1 -0.618034
3 2 0.38196601

Copy A3 B3 down
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Excel file : u1 to u39
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Excel file : u1 to u39
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Exact value of un

Observations : The signs of un alternate, the absolute value is
decreasing.

Set Φ̃ = (1−
√

5)/2. Notice that Φ̃ is a root of X2 −X − 1,
the other root is Φ = (1 +

√
5)/2, the golden ratio.

From Φ̃n = Φ̃n−1 + Φ̃n−2 with u0 = 1, u1 = Φ̃, we deduce by
induction un = Φ̃n.
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Exact value of u39

Numerical values :

Φ̃ = −0.618 033 988 749 895 . . . ,

log |Φ̃| = −0.481 211 825 059 603 4 . . .

u39 = −Φ̃39 = −e−18.767 261 177 324,453... = −7.071 019 . . . 10−9.

PARI GP : https://pari.math.u-bordeaux.fr/
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Comparing the excel values with the exact values

excel value exact value
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Exact value of u100

The answer to initial question is

u100 = Φ̃100

Φ̃ = −0.618 033 988 749 895 . . . , log |Φ̃| = −0.481 211 825 059 603 4 . . .

Φ̃100 = e−48.121 182 505 960 34... = 1.262 513 338 064 . . . 10−21.
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Excel (continued)

u100 = −19 241.901 833 167 . . .
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The linear recurrence sequence un = un−1 + un−2

From the two solutions Φn and Φ̃n one deduces that any
solution is of the form un = aΦn + bΦ̃n.

Since |Φ| > 1, the term Φn tends to ∞.

Since |Φ̃| < 1, the term bΦ̃n tends to 0.

If a 6= 0, then |un| tends to infinity like aΦn.

If a = 0, then un = bΦ̃n tends to 0.

If two consecutive terms are of the same sign, then all the next
ones have the same sign and |un| tends to infinity.
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