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1. Let G be an additive group. Recall that G is abelian. Let S = {x1, . . . , xm}
be a finite subset of G. Show that the subgroup of G generated by S is

{a1x1 + · · ·+ amxm | a1, . . . , am ∈ Z} .

2. Let G be an abelian multiplicative group. Let S = {y1, . . . , ym} be a finite
subset of G. What is the subgroup of G generated by S?

April 22, 2015

Let n be an integer, n ≥ 2. Give a necessary and sufficient condition on n
for the ring Z/nZ to be a field. Prove the result.
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April 24, 2015

1. Let n ≥ 2 be an integer. Denote by ϕ(n) the number of integers a in the
range 1 ≤ a ≤ n such that gcd(a, n) = 1. Prove that

aϕ(n) ≡ 1 mod n for all a in Z with gcd(a, n) = 1.

2. Let F be a finite field with q elements. Prove

xq−1 = 1 for all x ∈ F×.

Deduce
xq = x for all x ∈ F.

April 25, 2015

Let F be a field, V a F–vector space and f , g two endomorphisms of V .
1. Prove that ker f ⊂ ker(f ◦ g).
2. Prove that ker f = ker(f ◦ g) if and only if imf ∩ ker g = {0}.

April 28, 2015

Let F be a field, f the endomorphism of F3 which maps (a1, a2, a3) ∈ F3 to
(a1 − a2, a2 − a3, a3 − a1).
Give a basis for ker f and for imf .
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April 30, 2015

Show that the two linear forms f1(x, y) = x + y and f2(x, y) = x− y give a
basis of the dual (R2)∗ = LR(R2,R) of the R-vector space R2.

Give the dual basis.

May 7, 2015

Set
H = {(x1, x2, x3, x4) ∈ R4 | x1 + x2 + x3 + x4 = 1}.

Prove that H is an affine subspace of the affine space R4.
What is the underlying vector subspace H of the vector space R4?
Give a frame of H.
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