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I Cartesian Product of Automata and Shuffle

Alphabet : X Free monoid : X∗ (words)

Automaton associated with a word x1x2 · · ·xn ∈ X∗:

=⇒ 1
x1−−−−→ 2

x2−−−−→ 3
x3−−−−→· · · xn−−−−→ n + 1 =⇒

Series associated with the automaton

⇐=

=⇒ 1
b←−−−−

−−−−→
a

2

is

S1 = e + ab + (ab)2 + · · ·+ (ab)n + · · · = (ab)?,
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The automata associated with a and b:

=⇒ 1
a−−−−→ 2 =⇒ =⇒ A

b−−−−→ B =⇒

have Cartesian product

=⇒ 1A
a−−−−→ 2A

b

y
y b

1B −−−−→
a

2B =⇒

associated with

axb = ab + ba.
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Cartesian product of

=⇒ A0
x1−−−−→ A1

x2−−−−→ A2
x3−−−−→· · · xn−−−−→ An =⇒

and

=⇒ B0
y1−−−−→ B1

y2−−−−→ B2
y3−−−−→· · · yk−−−−→ Bk =⇒

=⇒ A0B0
x1−−−−→ A1B0

x2−−−−→ · · · xn−−−−→ AnB0

y1

y y1

y y1

y
A0B1

x1−−−−→ A1B1
x2−−−−→ · · · xn−−−−→ AnB1

y2

y y2

y y2

y
...

...
...

yk

y yk

y yk

y
A0Bk

x1−−−−→ A1Bk
x2−−−−→ · · · xn−−−−→ AnBk =⇒
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Shuffle Product

x1x2 · · ·xnxy1y2 · · · yk

Definition by induction

xuxyv = x(uxyv) + y(xuxv)

Lemma. The following syntaxic identity holds:

(x0x1)?x(−x0x1)? = (−4x2
0x

2
1)?.
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Proof. The series associated to the automaton
⇐=

=⇒ 1
x1←−−−−

−−−−→
x0

2

is

S1 = e + x0x1 + (x0x1)2 + · · ·+ (x0x1)n + · · · = (x0x1)?,

while the series associated to
⇐=

=⇒ A

x1←−−−−
−−−−→
−x0

B

is

SA = e− x0x1 + (x0x1)2 + · · ·+ (−x0x1)n + · · · = (−x0x1)?.

The following automaton is the Cartesian product of the automata associated

with S1 and SA:
⇐=

=⇒ 1A
x1←−−−−

−−−−→
x0

2A

−x0

y
x x1 −x0

y
x x1

1B
x1←−−−−

−−−−→
x0

2B
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One computes the associated series S1A = S1xSA by solving a system of

linear (noncommutative) equations as follows. Define also S1B , S2A and S2B

as the series of labels of the paths starting at the corresponding state and

ending at a terminal state. Then

S1A = e− x0S1B + x0S2A,

S1B = x1S1A + x0S2B ,

S2A = x1S1A − x0S2B ,

S2B = x1S1B + x1S2A.

One deduces

S1A = e− x0(S1B − S2A), S1B − S2A = −2x0S2B ,

S2B = x1(S1B + S2A), S1B + S2A = 2x1S1A

and therefore

S1A = e + 4x2
0x

2
1S1A,
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Other syntaxic identities:

a∗x(x1 · · ·xn) = a∗x1a
∗x2 · · · a∗xna∗

ax(bc)∗ = (bc)∗(a + bac)(bc)∗, axw∗ = a + w∗(axw)w∗

(a + b)∗ = a∗xb∗

(1 + a)xa∗ = (a∗)2

a∗x(ab)∗ = (a + aa∗b)∗ = (2a + ab− a2)∗(1− a)
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II Polylogarithms

s ∈ Z, s ≥ 1

z ∈ C, |z| < 1
Lis(z) =

∑

n≥1

zn

ns
·

For s ≥ 2, ζ(s) = Lis(1).

Differential equations:

d

dz
Lis(z) =

1

z
Lis−1(z) (s ≥ 2),

d

dz
Li1(z) =

1

1− z (s = 1).

Initial conditions Lis(0) = 0.
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Li1(z) =
∑

n≥1

zn

n
= − log(1− z) =

∫ z

0

dt

1− t
,

Li2(z) =

∫ z

0

Li1(t)
dt

t
=

∫ z

0

dt

t

∫ t

0

du

1− u
,

and by induction, for s ≥ 2,

Lis(z) =

∫ z

0

Lis−1(t)
dt

t
=

∫ z

0

dt1
t1

∫ t1

0

dt2
t2
· · ·
∫ ts−2

0

dts−1

ts−1

∫ ts−1

0

dts
1− ts

·
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III Chen Iterated Integrals

∫ z

0

ϕ1 · · ·ϕk :=

∫ z

0

ϕ1 · · ·ϕk =

∫ z

0

ϕ1(t)

∫ t

0

ϕ2 · · ·ϕk.

Lis(z) =

∫ z

0

ωs−1
0 ω1,

with

ω0 =
dt

t
, ω1 =

dt

1− t
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Product of iterated integrals:

Let ϕ1, . . . , ϕn, ψ1, . . . , ψk be differential forms with n ≥ 0 and k ≥ 0. Then

∫ z

0

ϕ1 · · ·ϕn
∫ z

0

ψ1 · · ·ψk =

∫ z

0

ϕ1 · · ·ϕnxψ1 · · ·ψk.

Proof. Decompose the Cartesian product

{t ∈ Rn ; z ≥ t1 ≥ · · · ≥ tn ≥ 0} × {u ∈ Rk ; z ≥ u1 ≥ · · · ≥ uk ≥ 0}

into a disjoint union of simplices (up to sets of zero measure)

{v ∈ Rn+k ; z ≥ v1 ≥ · · · ≥ vn+k ≥ 0}.
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We consider the product of two polylogarithms:

Lis(z)Lis′(z) =

∫ z

0

ωs

∫ z

0

ωs′

where

ωs = ωs−1
0 ω1.

We need more general polylogarithms related to ωsxωs′ involving

ωs = ωs1 · · ·ωsk = ωs1−1
0 ω1 · · ·ωsk−1

0 ω1.

for s = (s1, . . . , sk).
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IV Multiple Polylogarithms in One Variable

For k, s1, . . . , sk be positive integers and z ∈ C, |z| < 1, define

Lis(z) =
∑

n1>n2>···>nk≥1

zn1

ns11 · · ·nskk
·

In case s1 ≥ 2, set ζ(s) = Lis(1):

ζ(s) =
∑

n1>n2>···>nk≥1

1

ns11 · · ·nskk
·

For k = 1 one recovers the usual Lis(z) and ζ(s).
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Inductive definition:

d

dz
Li(s1,...,sk)(z) =

1

z
Li(s1−1,s2,...,sk)(z) (s1 ≥ 2)

d

dz
Li(1,s2,...,sk)(z) =

1

1− z Li(s2,...,sk)(z) (s1 = 1).

Recall

ωs = ωs1−1
0 ω1 · · ·ωsk−1

0 ω1.

Hence

Lis(z) =

∫ z

0

ωs.
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Product of multiple polylogarithms

Example. ω1xω0ω1 = 2ω0ω
2
1 + ω1ω0ω1

Li1(z)Li2(z) =

∫ z

0

ω1

∫ z

0

ω0ω1 =

∫ z

0

ω1xω0ω1

= 2

∫ z

0

ω0ω
2
1 +

∫ z

0

ω1ω0ω1

= 2Li(2,1)(z) + Li(1,2)(z).

ω0ω1xω0ω1 = 4ω2
0ω

2
1 + 2ω0ω1ω0ω1

Li2(z)2 = 4Li(3,1)(z) + 2Li(2,2)(z).

ζ(2)2 = 4ζ(3, 1) + 2ζ(2, 2).
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Example. For any n ≥ 1,

Li{1}n(z) =
1

n!

(
− log(1− z)

)n

where

{a}n = (a, a, . . . , a) with n occurences of a.

Proof.

ωn−1
1 xω1 = nωn1

Li{1}n−1
(z)Li1(z) = nLi{1}n(z)

hence

ωxn1 = n!ωn1
(
Li1(z)

)n
= n!Li{1}n(z).
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The Algebra H = Q〈x0, x1〉
and the Subalgebras H1 = Qe + Hx1

and H0 = Qe + x0Hx1.

Define ys = xs−1
0 x1 for s ≥ 1, Y = {y1, y2, y3 . . .} and

ys = ys1 · · · ysk = xs1−1
0 x1 · · ·xsk−1

0 x1

so that Y ∗ = {ys ; s = (s1, . . . , sk)}.
Let x = xε1 · · ·xεp ∈ X∗x1 be a word in x0 and x1 which ends with x1: each

εi is 0 or 1 and εp = 1. If k is the number of x1, we define s1, . . . , sk by

x = xs1−1
0 x1 · · ·xsk−1

0 x1.

Hence

H1 = Qe + Hx1 = Q〈Y 〉.
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For s = (s1, . . . , sk), set

L̂iys(z) = Lis(z).

This defines L̂ix(z) when x ∈ X∗x1:

L̂ix(z) =

∫ z

0

ωε1 · · ·ωεp

when x = xε1 · · ·xεp , where each εi is 0 or 1, and εp = 1.

The subalgebra H0 spanned by x0X
∗x1 (set of words starting with x0 and

ending with x1) is

H0 = Qe + x0Hx1 = Q〈y2, y3, . . .〉.

For s = (s1, . . . , sk) with s1 ≥ 2, set

ζ̂(ys) = ζ(s).

This defines ζ̂(w) for w ∈ x0X
∗x1.
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By linearity, extend the definition of L̂iw(z) to w ∈ H1 and the definition of

ζ̂(w) to w ∈ H0. Notice that, for w ∈ H0,

ζ̂(w) = L̂iw(1).

Proposition. For any w and w′ in H1,

L̂iw(z)L̂iw′(z) = L̂iwxw′(z).

In particular, for z = 1, we find

ζ̂(w)ζ̂(w′) = ζ̂(wxw′)

for any w and w′ in H0.
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Hoang Ngoc Minh, M. Petitot, van der Hoeven:

The map w 7→ Liw(z) defines an injective homomorphism of algebras from

H1
x into the algebra of analytic functions in the unit disc.

The proof rests on the study of the monodromy of the Knizhnik-Zamolodchikov

differential equation

d

dz
L̂i(z) =

(
x0

z
+

x1

1− z

)
L̂i(z).

A solution satisfying the initial condition

lim
z→0

e−x0 log zL̂i(z) = 1

is the generating series

L̂i(z) =
∑

w∈X∗
Liw(z)w,

with a suitable definition of Liw(z) for w ∈ X∗, w 6∈ X∗x1.
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V The Harmonic Algebra

For s ≥ 2 and s′ ≥ 2:

∑

n≥1

n−s
∑

m≥1

m−s
′

=
∑

n>m≥1

n−sm−s
′

+
∑

m>n≥1

m−s
′
n−s +

∑

n≥1

n−s−s
′
,

ζ(s)ζ(s′) = ζ(s, s′) + ζ(s′, s) + ζ(s + s′)

For instance

ζ(2)2 = 2ζ(2, 2) + ζ(4).
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First on X∗, the map ? : X∗×X∗ → H is defined by induction, starting with

xn0 ? w = w ? xn0 = wxn0

for any w ∈ X∗ and any n ≥ 0 (for n = 0 it means e ? w = w ? e = w for all

w ∈ X∗), and then

ysu ? ytv = ys(u ? ytv) + yt(ysu ? v) + ys+t(u ? v)

for u and v in X∗, s and t positive integers.

Example.

y?32 = y2 ? y2 ? y2 = 6y3
2 + 3y2y4 + 3y4y2 + y6.

Lemma. The following syntaxic identity holds:

y∗2 ? (−y2)∗ = (−y4)∗.
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Proof. Denote by t = (t1, t2, . . .) a sequence of commutative variables.

Consider the quasisymmetric series

φ(ys) =
∑

n1>···>nk≥1

ts1n1
· · · tsknk

and extend by linearity. Then

φ(u ? v) = φ(u)φ(v).

On the other hand

φ(y∗2) =
∞∑

k=0

∑

n1>···>nk≥1

t2n1
· · · t2nk ,

φ
(
(−y2)∗

)
=
∞∑

k=0

(−1)k
∑

n1>···>nk≥1

t2n1
· · · t2nk
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φ
(
(−y4)∗

)
= (−1)k

∑

n1>···>nk≥1

t4n1
· · · t4nk .

Hence from the identity

∞∏

n=1

(1 + tnt) =
∞∑

k=0

tk
∑

n1>···>nk≥1

tn1
· · · tnk

one deduces

φ(y∗2) =
∞∏

n=1

(1 + t2n), φ
(
(−y2)∗

)
=
∞∏

n=1

(1− t2n)

φ
(
(−y4)∗

)
=
∞∏

n=1

(1− t4n),

which implies the Lemma.
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Here is the Zagier-Broadhurst formula.

Theorem. For any n ≥ 1,

ζ
(
{3, 1}n

)
= 4−nζ

(
{4}n

)
.

This formula was originally conjectured by D. Zagier and first proved by D.

Broadhurst.

Remark.

ζ
(
{2}n

)
=

π2n

(2n + 1)!

and
1

2n + 1
ζ
(
{2}2n

)
=

1

22n
ζ
(
{4}n

)
.

hence

ζ
(
{3, 1}n

)
= 2 · π4n

(4n + 2)!
·
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Proof.

Goal: to prove

yn4 − (4y3y1)n ∈ ker ζ̂.
From

y∗2 ? (−y2)∗ = (−y4)∗ and y∗2x(−y2)∗ = (−4y3y1)∗

one deduces, for any n ≥ 1,
∑

i+j=2n

(−1)jy2i
2 ? y2j

2 = (−y4)n

and ∑

i+j=2n

(−1)jy2i
2 xy2j

2 = (−4y3y1)n,

hence

yn4 − (4y3y1)n =
∑

i+j=2n

(−1)n−j(y2i
2 ? y2j

2 − y2i
2 xy2j

2 ) ∈ ker ζ̂.
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VI Hoffman Third Standard Relations

ζ̂(x1xw − x1 ? w) = 0 for any w ∈ H0.

Example. For w = x0x1,

x1xx0x1 = x1x0x1 + 2x0x
2
1 = y1y2 + 2y2y1,

x1 ? x0x1 = y1 ? y2 = y1y2 + y2y1 + y3,

hence

y2y1 − y3 ∈ ker ζ̂

and

(Euler) ζ(2, 1) = ζ(3)
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Example. From

ax(ba)∗ =
(
2(ba)∗ − 1

)
a(ba)∗.

one deduces
∑

n≥0

y1xyn2 =


2
∑

h≥0

yh2 − e


 y1

∑

k≥0

yk2

The homogeneous part of weight 2n + 1 is

y1xyn2 = 2
∑

h+k=n

yh2 y1y
k
2 − y1y

n
2 = 2

n∑

i=1

yi2y1y
n−i
2 + y1y

n
2 .

On the other hand for the harmonic product

y1 ? y
n
2 =

n∑

i=0

yi2y1y
n−i
2 +

n−1∑

h=0

yh2 y3y
n−h−1
2 .

29

        

Hence

y1xyn2 − y1 ? y
n
2 =

n∑

i=1

yi2y1y
n−i
2 −

n−1∑

h=0

yh2 y3y
n−h−1
2 .

and
n∑

i=1

ζ
(
{2}i, 1, {2}n−i

)
=
n−1∑

h=0

ζ
(
{2}h, 3, {2}n−1−h

)
.

For instance

ζ(2, 1) = ζ(3),

ζ(2, 1, 2) + ζ(2, 2, 1) = ζ(3, 2) + ζ(2, 3),

ζ(2, 1, 2, 2) + ζ(2, 2, 1, 2) + ζ(2, 2, 2, 1) = ζ(3, 2, 2) + ζ(2, 3, 2) + ζ(2, 2, 3).

30

          

VII Regularized Double Shuffle Relations

The map ζ̂ : H0 → R is a morphism of algebra of H0
x into R and also a

morphism of algebras of H0
? into R:

ζ̂(uxv) = ζ̂(u)ζ̂(v) and ζ̂(u ? v) = ζ̂(u)ζ̂(v).

Question : is-it possible to extend ζ̂ into a morphism of algebras H1 → R
for both laws x and ??

Answer : NO! One can do it for each product, but not simultaneously for

both.

x1xx1 = 2x2
1, x1 ? x1 = y1 ? y1 = 2y2

1 + y2

and

ζ̂(y2) = ζ(2) 6= 0.
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Radford’s structure Theorem for the shuffle algebra:

Hx = H1
x[x0]x = H0

x[x0, x1]x and H1
x = H0

x[x1]x.

Hoffman’s structure Theorem for the harmonic algebra:

H? = H1
?[x0]? = H0

?[x0, x1]? and H1
? = H0

?[x1]?.

From H1
x = H0

x[x1]x and H1
? = H0

?[x1]? we deduce that there are two uniquely

determined algebra morphisms

Ẑx : H1
x −→ R[T ] and Ẑ? : H1

? −→ R[T ]

which extend ζ̂ and map x1 to T .
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Theorem (Boutet de Monvel, Zagier). There is a R-linear isomorphism

% : R[T ]→ R[X] which makes commutative the following diagram:

R[X]

Ẑx ↗

H1

x %

Ẑ?
↘

R[T ]

An explicit formula for % is given by means of the generating series

∑

`≥0

%(T `)
t`

`!
= exp

(
Xt +

∞∑

n=2

(−1)n
ζ(n)

n
tn

)
.
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Denote by regx the Q-linear map H → H0 which maps w ∈ H onto its

constant term when w is written as a polynomial in x0, x1 in the shuffle

algebra H0[x0, x1]x. Then regx is a morphism of algebras Hx → H0
x.

Theorem (Boutet de Monvel, Ihara-Kaneko).

For w ∈ H1 and w0 ∈ H0,

regx(wxw0 − w ? w0) ∈ ker ζ̂.

For w = x1 since x1xw0 − x1 ? w0 ∈ H0 for any w0 ∈ H0, one recovers the

third standard relations of Hoffman.
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VIII Diophantine Conjectures

Conjecture (Petitot-Hoang Ngoc Minh, Zagier, Cartier, Ihara-

Kaneko,. . . ). All existing algebraic relations between the real numbers ζ(s)

lie in the ideal generated by the ones described above.

Petitot and Hoang Ngoc Minh: up to weight s1 + · · · sk ≤ 16, the three

standard relations

ζ̂(u)ζ̂(v) = ζ̂(uxv),

ζ̂(u)ζ̂(v) = ζ̂(u ? v)

and

ζ̂(x1xw − x1 ? w) = 0

for u, v and w in x0X
∗x1 suffice.
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